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Preface 


The  objective  of  this  study  was  to  examine  the  influence  of  attenuation  and  scattering  on 
regional  high  frequency  seismograms.  This  is  a  wide-ranging  topic  because  of  deficiencies 
in  our  knowledge  of  basic  aspects  of  attenuation  and  scattering,  complicating  attempts  to 
assess  their  effects  on  regional  seismograms.  This  final  report  consists  of  a  Ph.D.  Thesis,  a 
paper,  and  three  preprints  of  papers  either  submitted  or  in  preparation,  on  work  supported 
by  this  project.  Each  of  these  five  publications  forms  a  section  in  this  report;  they  include 
both  basic  work  on  attenuation  and  scattering,  and  applications  to  regional  seismograms.  In 
addition,  preliminau'y  work  on  the  problem  of  the  radiation  from  an  explosive  source  in  an 
anisotropic  medium  was  performed  under  this  contract. 

The  first  section  is  E.E.  Charrette’s  Ph.D  thesis  and  discusses  the  application  of  the  finite 
difference  method  to  problems  in  scattering  and  attenuation  due  to  scattering  in  a  random 
medium.  In  the  first  three  chapters  of  the  thesis,  the  basic  issue  of  the  application  of  Born 
theory,  widely  used  in  seismology,  to  scattering  and  scattering  attenuation  is  assessed.  A 
method  of  incorporating  Born  theory  into  the  finite  difference  formalism  is  used  to  accomplish 
this.  Results  indicate  that  the  failure  of  Born  theory  to  remove  energy  from  the  in'  ident  wave 
is  often  the  greatest  inaccuracy  resulting  from  this  theory.  The  fourth  chapter  applies  two- 
dimensional  finite  difference  calculations  to  explain  the  observed  scattering  phenomena  at  the 
NORSAR  and  NORESS  arrays  in  Norway.  Although  these  calculations  are  two-dimensional, 
they  examine  all  of  the  aspects  of  scattering — amplitude  and  travel  time  fluctuations  of  the 


V 


first  arrival,  coda  level,  and  coherency  of  the  first  arrival  and  coda.  This  is  the  first  Liiri<-  II 
of  these  aspects  have  been  considered  together. 

The  remaining  sections  of  the  report  are  papers,  either  published  or  preprints.  The 
second  section  discusses  the  radiation  pattern  of  explosive  sources  in  anisotropic  media.  In 
such  a  situation,  both  SV  and  SH  waves  may  be  generated,  and  the  radiation  pattern  for 
S  waves  may  look  like  that  of  an  earthquake.  If  the  source  is  near  the  surface  in  a  layered 
medium,  both  Raleigh  and  Love  surface  waves  may  be  produced,  including  Lg-like  pheises. 
This  work  is  now  being  continued  under  a  separate  contract.  The  third  section  examines 
the  problem  of  Lg  blockage  across  crustal  extension  zones  by  the  method  of  coupled  modes. 
The  calculations  indicate  that  this  blockage  may  occur  due  solely  to  the  geometrical  effects 
of  the  crustal  thinning;  attenuation  in  sedimentary  basins  is  not  neccessary.  The  fourth 
section  is  concerned  with  the  fundamental  problem  of  scattering  of  the  reflected  wave  from 
a  rough  interface.  The  subject  is  treated  both  experimentally  in  water  tank  experiments 
and  theoretically  by  finite  difference  for  the  case  of  randomly  spaced  parallel  grooves.  The 
presence  of  the  grooves  has  a  strong  effect  on  the  refracted  wave  and  hence  its  interaction 
with  the  reflected  wave  near  the  critical  angle.  The  grooves  can  also  affect  the  reflected 
wave  by  producing  amplitude  fluctuations  and  coda.  The  final  section  applies  transport 
theory  to  Rg  data  from  a  U.S.  Geological  Survey  experiment  in  Maine.  The  purpose  is 
to  determine  the  attenuation  mechanism  for  these  waves.  In  this  area,  attenuation  due  to 
anelastic  mechanisms  and/or  scattering  to  body  waves  dominates  over  Rg  to  Rg  scattering. 
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Abstract 

The  earth  is  often  modeled  as  a  series  of  simple  homogeneous  layers.  Such  an  ap¬ 
proach  can  lead  to  synthetic  seismograms  which  match  the  dominant  arrivals  in  the 
field  data  very  well,  but  lack  the  random  travel  time  and  amplitude  fluctuations 
and  signal  generated  noise  commonly  observed  on  seismic  recordings.  These  sec¬ 
ondary  features  are  often  due  to  scattering  from  small-scale  variations  in  the  earth. 
The  small-scale  variations  are  too  numerous  and  distributed  too  irregularly  to  allow 
deterministic  charax:terization,  so  these  features  are  often  characterized  by  their  sta¬ 
tistical  distribution.  This  thesis  is  concerned  with  modeling  elastic  waves  in  randomly 
heterogeneous  media 

We  first  explore  the  general  principles  and  assumptions  concerning  statistical  char¬ 
acterization  and  introduce  several  commonly  used  statistical  models.  Both  analyt¬ 
ical  and  numerical  techniques  have  been  applied  to  this  problem.  Most  analytical 
techniques  Jissume  scattering  is  weak  and  use  the  Born  or  Rytov  approximation  to 
generate  relatively  simple  closed  form  solutions.  These  solutions  can  be  limiting  is 
some  applications  because  they  neglect  the  effects  of  multiple  scattering,  and  assume 
the  incident  wave  travels  though  a  smooth  background  medium.  In  the  random  me¬ 
dia  studied  here,  it  is  shown  that  these  assumptions  can  cause  serious  errors  in  the 
amplitude  and  phase  of  the  scattered  wavefield.  In  order  to  investigate  these  errors,  a 
new  numerical  technique  is  developed.  The  technique  starts  with  the  el^lstodynamic 
equation  of  motion.  Using  the  Born  approximation  and  perturbation  analysis,  the 
elastic  wave  equation  is  reduced  to  a  single  scattering  wave  equation  which  can  be 
solved  with  finite  differences.  The  utility  of  the  new  technique  is  that  both  the  single 
and  multiple  scattering  (m  calculated  by  conventional  finite  difference  techniques) 
solutions  can  be  generated  for  the  same  complex  velocity  model.  In  Chapter  3,  this  is 
done  for  two  different  random  media.  The  first  is  an  impedance  scattering  medium; 
a  medium  which  has  impedance  variations,  but  no  velocity  variations.  In  such  a 
medium,  the  dominant  scattering  mechanism  is  back  scattering  and  the  efficiency 
which  energy  is  scattered  varies  inversely  with  the  size  of  the  heterogeneity.  In  this 


medium,  the  two  solutions  (single  and  multiple  scattering)  agreed  well,  except  around 
the  first  arrival.  Near  the  first  arrival,  the  amplitude  of  the  single  scattering  solution 
is  consistently  greater  than  the  multiple  scattering  solution.  This  is  a  consequence 
of  the  Born  approximation,  which  does  not  account  for  the  removal  of  energy  in  the 
incident  wave  due  to  scattering.  The  general  shape  and  arrival  time  of  the  scattered 
field  is  consistent  with  the  multiple  scattering  solution. 

In  the  second  model,  the  material  properties  were  chosen  so  that  the  medium  con¬ 
tained  significant  velocity  anomalies,  but  almost  no  impedance  anomalies.  Because 
scattering  is  stronger  in  this  medium,  agreement  between  the  two  solutions  is  not  as 
good  as  the  previous  case.  Again,  the  single  scattering  solution  had  too  much  energy 
in  the  first  arrival,  which  in  turn  lead  to  an  overestimated  scattered  field.  Unlike  the 
previous  example,  the  velocity  anomalies  also  created  significant  travel  time  a. Ter¬ 
ences  between  the  two  solutions.  These  errors  were  present  in  both  the  scattered  and 
incident  waves  and  occurred  because  the  Born  approximation  assumes  the  incident 
wave  travels  in  the  background  field  (which  is  often  assumed  to  be  homogeneous). 

It  is  generally  agreed  that  the  Earth’s  crust  and  lithosphere  have  heterogeneities. 
However,  the  distribution  and  exact  nature  of  these  heterogeneities  have  not  yet  been 
resolved.  Using  the  techniques  presented  in  this  thesis  and  data  from  the  NORSAR 
and  NORESS  arrays  we  develop  a  model  for  the  statistical  heterogeneities  present 
under  Fennoscandia.  In  the  course  of  choosing  the  final  model,  we  investigated  many 
randomly  heterogeneous  models.  We  began  with  a  simple,  single  layered  model  with 
a  Gaussian  autocorrelation  function.  We  also  considered  other  single  layered  mod¬ 
els  with  more  roughness,  like  that  proposed  by  Frankel  and  Clayton  (1986),  as  well 
as  multi-layered  models  like  that  proposed  by  Flatte  and  Wu  (1988).  Based  on  co¬ 
herency  measurements  and  travel  time  and  amplitude  fluctuations,  we  propose  that 
the  random  velocity  variations  in  the  lithosphere  can  be  modeled  by  as  a  three  lay¬ 
ered  random  medium.  Satisfactory  results  were  obtained  when  the  power  spectrum  of 
the  fluctuations  in  the  uppermost  layer  (0-3  km)  was  a  bandlimited  white  spectrum 
(0.05  km“*  <  I  >  1.1  km~*,  where  k_  is  the  wavenumber  vector)  and  the  rms  veloc¬ 
ity  variation  was  2%.  The  middle  layer  was  meant  to  simulate  the  remaining  portion 
of  the  crust  (3-35  km)  and  the  fluctuations  in  this  layer  were  described  by  the  0th 
order  von  Karman  function.  The  correlation  length  of  the  von  Karman  function  was 
10  km  and  there  was  3%  rms  variation  in  velocity.  The  third  layer  extended  from 
the  base  of  the  crust  to  a  depth  of  250  km  and  was  characterized  by  an  anisotropic 
Gaussian  correlation  function.  The  horizontal  and  vertical  correlation  lengths  in  this 
region  were  20  km  and  5  km,  respectively  and  there  was  2%  rms  variation  in  velocity. 

Thesis  Supervisor;  M.  Nafi  Toksoz 

Title:  Director,  k>arth  Resources  Laboratory 
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Chapter  1 


Introduction 


1.1  Thesis  Objectives 

Most  wave  propagation  studies  concentrate  on  identifying  the  coherent  features  in 
seismic  data.  These  features  are  often  indicative  of  major  structural  trends,  and  are 
of  great  interest  in  many  branches  of  geophysics.  The  small  incoherent  arrivals  which 
occur  between  the  major  reflections  and  refractions  also  contain  information  about 
the  earth,  yet  these  features  are  often  dismissed  as  noise,  or  classified  as  coda.  In 
fact,  numerous  techniques,  such  as  stacking,  beamforming,  etc  have  been  developed 
to  suppress  these  arrivals. 

The  primary  objective  of  this  thesis  is  to  investigate  the  attributes  of  seismic  waves 
which  have  propagated  through  a  highly  heterogeneous  medium.  This  is  accomplished 
using  two  different  finite  difference  modtrling  techniques.  One  of  the  techniques  is 
a  conventional  second  order  finite  difference  technique  (Alford  et  al.,  1974;  Kelly 
et  al.,  1976),  which  provides  a  full,  iterative  solution  to  the  elastic  wave  equation. 
The  second  is  a  new  technique  which  is  based  on  the  elastic  wave  equation  and 
the  3orn  approximation.  The  Born  approximation  has  received  great  attention  for 
both  forward  and  inverse  modeling,  because  it  serves  to  linearize  the  elastodynamic 
equations  of  motion  (e.g.,  Nayfeh,  1973;  Beydoun  and  Tarantola,  1988).  Although 
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this  approximation  has  been  commonly  used  to  study  scattering,  there  is  reason  to 
question  the  validity  of  this  approach.  The  Born  approximation  assumes  scattering 
is  weak,  and  as  a  result  three  important  assumptions  arise.  First,  it  is  assumed  the 
incident  wavefield  paisses  through  the  heterogeneous  region  undisturbed.  Second,  the 
only  source  of  scattering  is  the  interaction  of  the  incident  wave  with  the  perturbations 
in  the  medium.  As  a  result  secondary  scattering  is  ignored.  Third,  the  total  field  is 
the  sum  of  the  incident  and  scattered  fields.  Together,  these  assumptions  violate  the 
law  of  energy  conservation. 

The  final  and  most  important  objective  of  this  thesis  is  to  apply  what  is  learned 
from  the  forward  modeling  to  actual  field  data.  To  do  this,  waveforms  from  an  under¬ 
ground  nuclear  explosion  were  analyzed.  These  data  were  also  compared  to  synthetic 
waveforms  generated  for  a  variety  of  previously  published  random  lithospheric  mod¬ 
els  (e.g.,  Aki,  1973;  Frankel  and  Clayton,  1986;  Flatte  and  Wu,  1988).  Using  travel 
time  and  amplitude  fluctuations,  coherency  measurements  and  coda  generation  to 
constrain  the  modeling,  we  propose  that  the  lithosphere  below  NORSAR  is  best 
modeled  as  the  three  layered  model  described  below. 


1.2  Large-Scale  Variations 

In  whole  earth  seismology,  the  earth’s  velocity  field  is  often  approximated  by  a  series 
of  radially  symmetric  shells.  Similarly,  in  exploration  seismology  the  velocity  field  is 
often  simplified  to  constant  velocity  layers.  Data  from  these  simplified  models  lacks 
the  high  degree  of  variability  often  seen  on  field  data.  Between  the  major  reflec¬ 
tions  and  refractions,  field  observations  have  small  incoherent  arrivals  that  cannot  be 
accounted  for  by  the  model. 

Instead  of  attempting  to  understand  these  arrivals,  they  are  routinely  dismissed  ais 
“noise”.  As  a  result,  geophysical  efforts  have  been  directed  towards  data  processing 
techniques  to  enhance  the  impact  of  the  coherent  arrivals  and  diminish  the  incoherent 
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arrivals  (Robinson,  1957;  iVlayne,  1962).  Tiiis  ii-.i'.ilo  '  urc  c  f  seismic  data  has  identified 
many  major  features  within  the  earth  and  has  estohlisL  d  le.^niic  if.iaging  as  a  m  ;c 
tool  for  oil  and  gas  exploration.  These  successes  in  both  whole  earth  and  exploration 
seismology,  occurred  because  the  “signal”  was  used  to  identify  major  changes  in 
lithology  and/or  structure.  In  fact,  that  is  the  only  information  the  “signal”  carries. 
It  can  tell  us  little  of  what  lies  between  the  interfaces. 

It  is  sometimes  the  case  that  the  material  between  major  lithographic  boundaries 
is  more  important  than  the  boundaries  themselves.  Of  particular  interest  are  the 
small-scale  velocity  anomalies  in  the  crust.  These  features  are  often  smaller  than  the 
shortest  recorded  wavelength  and  can  be  indicative  of  changes  in  lithology,  porosity, 
pore  pressure,  fracture  density  or  permeability.  The  two  key  features  of  these  v£iri- 
ations  are  their  small  size  and  large  number.  Both  factors  coalesce  to  produce  an 
incoherent  scattered  field  which  cannot  be  explained  by  a  simple  layered  model. 

1.3  Characterization  of  Small-Scale  Variations 

Due  to  the  large  number  and  random  distribution  of  small-scale  variations,  these 
features  are  often  characterized  by  their  statistics  (e.g.,  Chernov,  1960;  Hudson  and 
Heritage,  1981).  The  advantage  of  statistical  characterization  is  that  it  allows  some 
aspects  of  the  velocity  field  to  be  described  by  only  a  few  parameters.  Much  like 
a  horizontal  formation  in  reflection  seismology  might  be  characterized  by  its  depth, 
thickness  and  velocity,  highly  heterogeneous  media  can  be  characterized  by  their 
spatial  autocorrelation  function,  correlation  length,  perturbation  index,  and  average 
velocity. 

In  scattering  theory,  it  is  common  to  normalize  both  the  wavelength  A  of  the 
incident  wave  and  the  extent  L  of  the  heterogeneous  region  by  the  scale  length  of  the 
scatterers  a  (e.g.,  Chernov,  1960;  Wu  and  Aki,  1985c).  The  product  ka  =  27ra/A  is 
the  normalized  wavenumber,  and  Lfa  \s  the  normalized  propagation  length 
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These  normalized  parameters  define  different  scattering  regimes.  When  ka  <  .01, 
the  heterogeneities  are  too  small  to  individually  affect  the  passage  of  seismic  energy, 
thus  the  spatially  varying  properties  of  the  medium  can  be  replaced  by  some  effective 
bulk  properties.  For  .01  <  fca  <C  1,  the  low  frequency  approximation  (i.e.,  Rayleigh 
scattering)  is  valid  and  the  power  of  the  scattered  wave  is  proportional  to  k^.  When 
fca  S3  1,  the  size  of  the  scatterers  is  comparable  to  a  wavelength.  This  is  often  called 
the  Mie  scattering  regime,  and  is  dominated  by  isotropic  scattering,  with  some  pref¬ 
erence  to  the  forward  direction.  When  ka  ^  1,  scattering  is  strongly  concentrated  in 
the  forward  direction.  In  this  regime,  mode  conversion  and  backscattering  are  small, 
so  parabolic  approximations  to  the  wave  equation  can  provide  accurate  solutions.  For 
relatively  short  propagation  paths,  Lja  <  100,  ray  theory  can  be  successfully  used, 
but  for  longer  propagation  paths  analytical  techniques  are  usually  used  (Wu  and  Aki, 
1990). 

A  third  parameter  is  cormnonly  used  to  quantify  the  strength  of  a  scatterer.  The 
perturbation  index  v  is  defined  as  the  rms  deviation  in  velocity  v  (or  Lame’s  param¬ 
eters,  density,  etc). 


where  vq  is  the  average  velocity  of  the  medium.  If  v  <  .1  the  scattered  field  will 
be  small  compared  to  the  incident  field  and  the  Born  approximation  may  give  good 
results.  Stronger  variations  lead  to  strong  multiple  scattering,  thus  invalidating  the 
Born  approximation. 

1.4  Characterization  of  the  Scattered  Field 

The  amplitude  and  travel  time  of  seismic  waves  are  affected  by  propagation  through 
a  random  medium.  If  the  correlation  length  of  the  medium  is  small,  the  incident 
wnv''  ’.vil!  be  strongly  scattered  by  the  medium.  If  the  correlation  length  is  large,  the 
wavefront  will  alternately  be  focused  and  defocused  by  the  medium,  creating  large 
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variations  in  both  c.inpJiLude  ami  travel  tin;t  *>ui  li'  i!.*  ;'<'tiering.  in  either  case,  the 
statistics  of  the  wavefield  may  contain  mforuiation  r- iating  to  the  statistics  oi  ri  '* 

medium. 

One  technique  commonly  used  to  estimate  the  statistics  of  the  wave  field  is  the 
coherency.  Coherency  is  a  measure  of  similarity  between  a  pair  of  time  series.  The 
technique  has  been  used  to  study  spatial  and  temporal  trends  in  both  strong  ground 
motion  (Harichandran  and  Vanmarcke,  1984)  and  regional  (Dainty  and  Toksoz,  1990) 
studies  and  is  a  frequency  domain  equivalent  of  the  correlation  function  used  by 
Bungum  et  al.  (1985)  and  lugate  et  al.  (1985).  The  coherency  function  is  useful  in 
practice  because  it  provides  a  dimensionless  measure  of  similarity  between  two  traces. 
Due  to  the  variability  in  traces  which  have  propagated  through  a  random  medium, 
coherency  studies  of  this  kind  are  often  done  on  arrays  of  seismic  data. 


1.6  Wave  Propagation  in  Random  Media 

Seismic  wave  propagation  through  random  media  can  be  approached  either  statisti¬ 
cally  or  deterministicly. 

1.6.1  Statistical  Modeling 

Most  studies  of  wave  scattering  in  random  media  use  the  statistical  approach.  The 
typical  methodology  is  to  first  assume  a  spectral  model  for  the  random  medium,  then 
attempt  through  analytical  means  to  predict  the  statistical  behavior  of  the  propa¬ 
gating  wave  field.  This  course  of  action  has  the  advantage  that  if  successful,  the 
statistical  variations  in  the  observed  wave  field  can  be  directly  related  to  those  in  the 
medium. 

hi  generad,  there  is  no  exact  closed  form  solution  for  elastic  wave  propagation  in  an 
highly  heterogeneous  medium.  Several  approximate  solutions  have  been  presented, 
however.  If  scattering  is  very  strong,  the  transportation  of  energy  can  be  modeled 
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with  the  diffusion  equation.  The  diffusion  models  presented  by  Aki  and  Chouet  (1975) 
and  Dainty  and  Toksoz  (1975)  use  energy  conservation  to  derive  seismic  envelopes  for 
strong  scattering  media.  These  techniques  are  valid  only  when  all  of  the  energy  in  the 
medium  is  multiply  scattered  and  no  direct  energy  remains.  Thus,  these  techniques 
are  of  limited  use  when  intrinsic  attenuation  is  strong,  or  scattering  is  weak. 

When  scattering  is  weak,  the  single  scattering  model  may  provide  an  accurate 
solution  (e.g.,  Aki,  1969;  Aki,  1973;  Sato,  1977a).  These  theories  have  the  advantage 
that  they  are  well  suited  to  perturbation  analyses,  where  the  medium  and  the  wave 
field  are  decomposed  into  a  background  part  plus  a  perturbative  part.  This  decom¬ 
position  leads  naturally  to  the  Born  approximation.  Chernov  (1960)  investigated  the 
applicability  of  the  Born  approximation  for  scattering  in  random  acoustic  media.  The 
generality  of  his  analysis  lead  to  an  overly  strict  validity  criterion.  Kennett  (1972b), 
was  the  first  one  to  extend  Chernov’s  analysis  to  the  elastodynamic  case.  His  analysis 
was  limited  to  two-dimensions  and  aimed  at  the  problem  of  a  horizontally  stratified 
perturbation  in  a  layered  structure.  For  this  geometry,  he  found  the  following  validity 
condition, 

^  ,  HW .  ^ 

<  1,  (1.2) 

Wo 

where  u;  is  the  radial  frequency,  is  the  background  shear  wave  velocity,  k^ax  is  the 
largest  wavenumber  contributing  to  the  solution,  and  H,  W  and  v  are  the  the  height, 
width  and  strength  the  scatterer.  The  strength  of  the  scatterer  is  measured  often 
defined  in  terms  of  the  perturbation  index,  which  is  equal  to  the  rms  variation  nor¬ 
malized  by  its  mean  (where  the  variations  may  defined  in  terms  of  Lame’s  parameters, 
density,  or  velocity).  Hudson  and  Heritage  (1981)  investigated  the  accuracy  of  the 
Born  approximation  for  the  3-D  elastic  case.  They  present  several  inequalities  which 
give  the  range  of  validity  of  the  Born  approximation  and  show  that  in  all  cases,  these 
criteria  are  violated  by  typic2J  teleseismic  frequencies  and  scatterer  sizes.  They  argue 
that  to  satisfy  the  validity  criteria,  observations  would  have  to  be  made  at  periods 
on  the  order  of  100  seconds,  or  greater. 
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1.5.2  Deterministic  Modeling 

One  way  to  minimize  the  uncertainties  and  errors  associated  with  statistical  modeling 
is  to  approach  the  problem  deterministically,  that  is,  construct  a  “random”  medium 
with  known  statistical  parameters  and  investigate  that  model.  This  is  the  approach 
taken  here. 

In  this  thesis,  numerical  (finite  difference)  modeling  is  used  to  propagate  energy 
in  a  variety  of  random  media.  The  finite  difference  technique  was  chosen  because 
it  can  produce  a  full  solution  to  the  elastodynamic  equation  of  motion,  and  unlike 
high  frequency  approximations  (such  as  raytracing),  the  technique  is  valid  over  a 
wide  range  of  scatterer  to  wavelength  ratios.  Another  advantage  of  the  technique 
is  the  ability  to  make  synthetic  seismograms  and  snapshot  pictures  of  the  vector 
displacement  field  at  any  point  in  time. 

This  is  not  the  first  time  the  finite  difference  technique  has  been  used  to  study 
scattering  in  random  media.  Frankel  and  Clayton  (1986)  used  the  technique  to  assess 
the  accuracy  of  Chernov  (1960)  scattering  theory.  They  also  found  that  the  travel 
time  and  amplitude  variations  in  teleseismic  arrivals  at  NORSAR  and  LASA  could 
be  explained  by  random  heterogeneities  having  a  von  Karman  distribution  and  length 
scales  less  than  50  km  (a  >  10  km).  Dougherty  and  Stephens  (1988)  used  the  tech¬ 
nique  to  study  scattering  in  the  ocean  crust  and  found  that  much  of  the  seafloor 
"noise”  could  be  traced  to  scattering  of  the  primary  wave  into  both  scattered  body 
and  Stoneley  modes.  In  this  thesis,  the  finite  difference  technique  is  used  both  to 
model  single  and  multiple  scattering. 

1.6  Thesis  Plan 

In  the  scattering  literature,  highly  heterogeneous  media  are  often  approximated  by 
random  fields.  The  advantage  of  this  approach  is  that  a  complex,  multi-dimensional 
velocity  function  can  be  expressed  in  terms  of  a  few  simple  statistical  parameters.  The 
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conditions  under  which  statistical  characterization  is  justified  are  outlined  in  Chap¬ 
ter  2.  One  statistical  parameter  which  can  be  used  to  describe  the  variability  of  a 
velocity  field  is  the  autocorvelation  function.  The  properties  of  three  commonly  used 
autocorrelation  functions,  the  Gaussian,  exponential,  and  von  Karman  functions  are 
investigated,  and  their  likely  applicability  to  the  earth  is  discussed.  All  three  spectra 
are  nearly  flat  at  low  wavenumbers,  but  at  higher  wavenumbers  the  Gaussian  falls  off 
exponentially,  while  the  exponential  and  von  Karman  fall  off  with  a  power  law  depen¬ 
dence.  The  fall  off  rate  controls  the  roughness  of  the  medium.  Those  characterized 
by  the  Gaussian  autocorrelation  are  smoothly  varying,  while  the  exponential  and  von 
Karman  functions  are  more  highly  textured.  Although  not  directly  related  to  wave 
scattering,  the  ideas  presented  in  Chapter  2  are  important  to  the  developments  in  the 
later  chapters. 

In  Chapter  3,  a  new  semi-analytical  technique  is  introduced  to  calculate  the  single- 
scattered  field.  The  technique  is  based  on  the  Born  approximation  and  makes  use 
of  the  full  elastic  wave  equation.  In  this  technique,  an  incident  wave  is  either  an¬ 
alytically  or  numerically  propagated  in  a  background  medium.  When  the  incident 
wave  interacts  with  the  perturbations  in  the  medium,  body  forces  are  generated  and 
introduced  into  a  separate  finite  difference  calculation.  Unlike  similar  analytical  tech¬ 
niques  (Appendix  B),  the  body  forces  are  calculated  numerically  making  the  technique 
applicable  to  arbitrarily  complex  velocity  models.  The  ability  to  produce  synthetic 
seismograms  based  on  the  single  scattering  approximation  in  arbitrarily  complex  me¬ 
dia  is  unique  and  of  great  interest  because  these  traces  can  then  be  compared  one  to 
one  with  traces  from  the  multiple  scattering  solution.  These  comparisons  are  made 
in  Chapter  3.  In  addition,  the  effect  of  the  single  scattering  approximation  on  coda 
and  coherency  statistics  is  investigated. 

In  Chapter  4,  numerical  simulations  and  data  collected  at  the  NORSAR  and 
NORESS  arrays  are  used  to  evaluate  several  different  lithospheric  models.  We  begin 
the  study  with  the  simple  single  layer  models  proposed  by  Aki  (1973),  Capon  (1974) 
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and  others.  These  matchtd  the  ’  .'.’i- i'km  ’  t  .<i  \’l  tin  es  and  amplitude 

well,  but  could  not  ge :u.r<.te  the  samt  hi  short  period  .■* 

The  overlapping  two  layered  model  proposed  by  Flattv  .u.  i  \Vu  ^1988)  also  matched 
the  observed  variations  in  travel  times  and  amplitude  and  produced  more  coda,  but 
the  wavefield  produced  by  this  model  was  considerably  more  coherent  than  the  field 
data.  After  experimenting  with  numerous  statistical  models  of  the  lithosphere,  we 
found  a  three-layered  model  which  matched  the  variations  observed  at  NORSAR 
better  than  any  previously  proposed  models.  The  autocorrelation  of  the  fluctuations 
in  the  top  layer  (0-3  km)  is  a  bandlimited  white  spectrum  with  2%  rms  velocity 
variations.  We  found  this  layer  necessary  in  order  to  match  the  observed  variations 
across  small  array  such  as  NORESS.  The  middle  layer  (3-35  km)  is  characterized 
by  the  0th  von  Karman  function  and  has  larger  (3%)  velocity  variations.  This  layer 
contributes  to  both  the  generation  of  the  coda,  and  to  the  travel  time  and  amplitude 
variations  observed  at  the  surface.  The  bottom  layer  (35-250  km)  is  characterized 
by  a  Gaussian  autocorrelation  and  2%  rms  velocity  variations.  We  found  the  best 
results  when  this  layer  was  made  to  have  a  20  km  correlation  length  in  the  horizontal 
direct  and  a  5  km  vertical  correlation  length.  Evidence  from  seismic  profiles  near 
NORSAR  (e.g.,  Cassell  and  Fuchs,  1979)  and  coupled-mode  inversions  (e.g.,  Kennett 
and  Nolet,  1990;  Kennett  ajid  Bowman,  1990)  also  suggest  that  heterogeneities  in 
the  upper  mantle  might  have  different  scale  lengths  in  the  horizontal  and  vertical 
directions.  In  particular,  Kennett  and  Bowman  (1990)  analyzed  data  from  seismic 
arrays  with  apertures  between  100  to  1000  km  and  suggested  that  tlie  heterogeneities 
in  the  upper  mantle  have  horizontal  scale  lengths  on  the  order  of  300  TOO  km,  but 
a  vertical  scale  length  of  about  100  km  at  a  depth  of  200  km.  They  also  suggest 
the  vertical  .scale  length  might  increase  with  depth.  These  studies  used  surface  wave 
data  with  frequencies  on  the  order  of  0.02  Hz  and  body  waves  with  frequencies  on  the 
order  of  0.04  Hz,  which  might  explain  the  larger  scale  sizes  observed  in  these  studies. 

Chapter  5  contains  the  conclusions  which  can  be  formed  from  the  material  pre- 
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sentcd  in  tliis  thesis.  In  this  chapter,  there  is  a  review  of  the  technique  used  to 
generate  the  single  scattered  field,  as  well  as  a  summary  of  some  of  the  differences 
between  the  single  and  multiple  scattering  solutions.  Limitations  in  single  scattering 
theory  lead  us  to  use  finite  difference  modeling  to  calculate  the  multiple  scattering 
solutions  presented  in  Chapter  4.  These  data  are  reviewed  in  Chapter  5,  as  is  a 
model  for  the  random  heterogeneities  thought  to  exist  in  the  lithosphere  beneath  the 
NORSAR  array. 
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Chapter  2 


Seismic  Velocities 


as  Random 


Fields 


2.1  Introduction 

Velocity  variations  in  the  earth  can  be  separated  into  two  broad  classes;  those  which 
are  “organized”  enough  to  be  treated  discretely  and  those  which  are  not.  Large  scale 
lithographic  boundaries  and  small  isolated  objects  fall  into  the  first  category,  which 
we  will  refer  to  as  deterministic  variations  (or  deterministic  scatterers).  The  second 
category  is  characterized  by  small-scale  features  such  as  subtle  velocity  variations, 
or  localized  changes  in  composition,  saturation,  pore  pressure,  etc.  These  variations 
«ire  often  irregularly  distributed  and  so  numerous  and  small  that  they  can  only  be 
treated  effectively  with  statistical  techniques;  hence  the  name  stochastic  or  random 
variations. 

Waves  scattered  by  discrete  scatterers  tend  to  produce  strongly  coherent  arrivals. 
The  coherency  of  the  scattered  waves  makes  them  clearly  visible  across  neighboring 
seismometers,  thus  these  were  the  first  waves  to  be  studied  by  seismologists.  The 
scattered  field  due  to  stochastic  variations  lacks  coherency.  These  waves  are  thought 
to  be  the  cause  of  the  significant  travel  time  and  amplitude  anomalies  which  are  of- 
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ten  observed,  even  between  elements  of  tightly  spaced  arrays  (Aki,  1973;  Wu,  1982a; 
Ringdal  and  Husebye,  1982;  FVankel  and  Clayton,  1986;  Flatte  and  Wu,  1988).  Be- 
caus<‘  of  their  small  amplitudes,  uncorrelated  nature  and  erratic  arrival  time,  these 
waves  have  historically  been  treated  as  noise.  Only  recently  has  their  importance 
in  crustal  studies  (e.g.,  Aki,  1973;  Aki  and  Chouet,  1975;  Wu,  1985;  Frankel  and 
Clayton,  1986),  upper  mantle  studies  (e.g.,  Berteussen  et  al.,  1975b;  Mereu  and  Ojo, 
1981:  Ojo  and  Mereu,  1986),  core-mantle  boundary  studies  (Haddon  and  Cleary,  1974; 
Bataille  et  al.,  1990)  and  reservoir  characterization  (Greaves  and  Fulp,  1987)  been 
realized. 


2.2  Seismic  Velocities  as  Random  Fields 

In  the  scattering  literature,  highly  heterogeneous  media  are  often  represented  by 
random  fields  (e.g..  Capon,  1974;  Sato,  1978;  Macaskill  and  Ewart,  1984;  Wu  and 
Aki,  1990).  The  justification  for  such  an  approach  hinges  on  the  2issumption  that  the 
scale  length  of  the  heterogeneities  is  much  smaller  than  the  extent  of  the  study  area. 
When  satisfied,  the  complex,  multi-dimensional  velocity  function  can  be  expressed 
in  terms  of  a  few  simple  statistical  parameters.  Due  to  practical  considerations,  the 
most  commonly  used  statistical  parameters  are  the  low  order  statistical  moments  (the 
mean,  variance,  and  correlation  function). 

2.2.1  Decomposition  of  the  Velocity  Field 

With  the  above  discussion  in  mind,  consider  the  velocity  function  u(x)  which  may 
vary  with  position  x  over  some  region  of  the  earth  3?.  The  velocity  function  can  be 
decomposed  into  two  parts;  a  deterministic  part  Vo{x)  and  a  stochastic  part  ^u(x ), 

^(i)  =  Uo(ai)  +  ^v(2.)  i  e  (2.1) 

It  should  be  pointed  out  that  the  two  different  types  of  heterogeneities,  deterministic 
and  stochzistic,  are  not  inherent  properties  of  the  medium.  This  decomposition  is 


19 


arbitr2iry  and  done  simply  as  a  modeling  apprcacli.  vVis  n  ‘  his  in  mind,  we  will  assume 
that  the  deterministic  (or  background)  part  of  tiio  /f'of  ity  Held  contains  all  lc,  g‘ 
scale  velocity  variations.  Such  variations  might  arise  from  gross  changes  in  lithology; 
where  a  shale  meets  a  limestone,  for  instance. 

Although  interesting,  scattering  from  discrete  variations  is  well  understood,  and 
numerous  techniques  have  been  developed  (e.g.,  travel  time  analysis,  migration,  r- 
p  methods,  etc.)  which  are  capable  of  estimating  that  portion  of  the  velocity  field 
(e.g.,  Aki  ajid  Richards,  1980;  Claerbout,  1985).  In  this  thesis,  the  focus  will  be 
on  scattering  from  the  small-scale  features  of  the  velocity  field.  Most  materials  in 
nature  contain  stochastic  variations,  yet  the  distribution  of  these  features  is  poorly 
understood. 

Stochastic  variations  are  capable  of  affecting  the  passage  of  seismic  energy,  al¬ 
though  usually  to  a  lesser  extent  than  deterministic  variations.  Three  mechanisms 
are  commonly  attributed  to  scattering  from  stochastic  variations.  One  is  the  genera¬ 
tion  of  coda;  scattered  energy  arriving  at  the  receiver  after  the  direct  arrival  (Aki  and 
Chouet,  1975;  Herrmann,  1980).  A  second  is  attenuation  due  to  scattering;  energy 
which  is  scattered  by  the  medium  and  never  arrives  at  the  receiver  (Dainty,  1981; 
Wu,  1982b;  Dainty,  1984).  A  third  is  through  travel  time  fluctuations;  changes  in 
arrival  time  of  the  initial  pulse  due  to  fluctuations  in  the  medium  (Aki,  1973;  Ojo  and 
Mereu,  1986;  Flatte  and  Wu,  1988).  The  first  two  mechanisms  are  interrelated  and 
have  been  shown  to  be  controlled  by  backscattering.  Travel  time  fluctuations  arise 
from  scattering  within  a  narrowly  defined  cone  about  the  propagation  direction,  and 
are  thus  controlled  by  forward  scattering.  These  three  mechanisms  contribute  to  the 
complexity  of  most  seismograms  observed  in  the  earth. 

2.2.2  General  properties  of  a  Random  Field 

A  random  field  provides  a  probabilistic  description  of  a  physical  phenomenon  which 
varies  spatially  according  to  the  laws  of  probability.  For  statistical  reasons,  it  is  often 
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necessary  to  treat  a  random  field  as  one  element  randomly  selected  from  an  infinite 
population  or  ensemble  of  fields.  Each  member  of  the  ensemble  shares  the  same 
statistical  properties,  but  is  a  unique  realization  of  that  ensemble.  In  this  context, 
the  earth’s  velocity  field  is  but  one  realization  of  an  infinite  ensemble  of  functions 
which  might  have  been  observed. 

The  statistical  description  is  achieved  by  associating  each  point  in  space  x  with 
a  random  variable  V(x ).  It  is  assumed  that  the  range  of  x  and  sample  space  of  the 
random  variable  are  infinite. 


0  >  |x|  <  oo 

— oo  <  V'(x)  <  oo,  (2.2) 

and  the  probability  density  function  {pdf)  atnd  all  the  joint  pdfs  are  known  .  When 
this  is  true,  a  field  can  be  described  by  an  ordered  set  of  random  variables  V(a.). 

At  any  point  in  space,  the  univariate  moments  of  the  random  field  can  be  written 
in  terms  of  its  pdf  fv(x){^v), 

E[V{xr]  =  r  i6v)^fvir)){6v)d{6v),  (2.3) 

J  —oo 

where  m  is  the  order  of  the  statistical  moment  and  E  denotes  the  expectation  opera¬ 
tor.  Since  little  is  known  about  the  statistical  distribution  of  scatterers  in  the  crust, 
it  is  conunonly  assumed  in  the  scattering  literature  that  velocities  are  Gaussian  dis¬ 
tributed.  Then,  the  pdf  of  the  velocity  field  can  be  completely  described  by  its  mean 
(first  statistical  moment)  and  variance  (second  statistical  moment). 

Similarly,  the  bivariate  moments  of  the  random  field  can  be  written  in  terms  of 
its  joint  probability  density  function  {jpdf), 

E[Vix,)’^V{x,)-]=  r  r{6v^)’^{6v^)-fvi.,)V(.,){Sv^,Sv,)di^v,)d{^v,).  (2.4) 

J  —  OO  J  —  oo 

The  multivariate  moments  describe  the  dependence  between  values  of  the  velocity 
field  at  two  points  in  space. 
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The  simplest,  and  in  practice  most  importont,  uf  .br  bivariate  moments  is  the 
covariance.  We  define  the  autocovariance  fun ‘lion  {<uvfj  by, 

7vv(£i,i2)  =  El{V{x,)  -  £(xi))(K(x2)  -  E{x2))]  =  6'on[V(x  .),  V(X2)],  (2.5) 

where  Cov  denotes  the  covariance  between  two  random  variables.  Since  the  acvf 
depends  on  the  variance  of  the  distribution,  a  normalized  form  of  the  acvf  is  often 
used  to  describe  random  fields.  The  normalized  acvf  or  autocorrelation  function 
(oc/),  is  given  by, 


Pvv(3LuS.2)  = 


Ccfv[V{xi),  K(x2)] 


\JV  ar{x\\V  ar\gi2] 

where  Var  is  the  variance  of  a  random  variable.  From  these  two  relations,  it  is  clear 


,  ,  7VV'(x,,X2) 

Pvv{xuSLi)  =  /  —  -  •  (2.7) 

\J'1Vv{3L\',X.\)1VV\X.2,SL2) 

If  the  acw/ depends  only  on  the  spatial  separation,  the  random  field  is  said  to  be 
stationary  (Tatarski,  1961).  Then,  the  ac»/and  the  ac/can  be  simplified  to 

7vv(x  i,x  2)  =  ^vv(x2  -  X  1),  (2.8) 


PVV(X  i,X2)  = 


^vv(x  2  —  X  1) 


^vv(O) 

Stationarity  is  almost  always  assumed  in  seismic  scattering  studies,  in  part  because 
it  simplifies  most  analytical  approaches. 

One  ca.u  imagine  regions  in  the  lithos|)li<‘r<‘  where  the  flurtiiations  in  the  velocity 
field  have  a  preferred  orientation.  One  example  might  be  the  deposition  of  overlapping 
lenses  with  different  lithologies.  The  lens  shape  suggests  that  the  correlation  length 
of  these  features  might  be  different  in  the  '  orizontal  and  vertical  direction.  Although 
e^h  lens  may  have  isotropic  elastic  moduli,  the  composite  medium  may  display  an 
“effective”  or  “apparent”  anisotropy.  The  preferred  orientation  of  the  fluctuations 
should  be  reflected  in  the  acvf  For  simplicity,  it  will  be  assumed  that  all  azimuthal 
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variation  in  the  ac/ can  be  explained  through  the  dimensionless  ellipsoidal  norm, 

,1/2 


=  ^  (Uj  -  Iir£{l2  -II))’ 


(2.10) 


where  Q  is  a  symmetric,  positive-definite  matrix.  The  eigenvectors  e,,  i  =  1, 2, 3  of  Q 
point  along  the  axes  of  the  ellipsoid,  and  the  eigenvalues  A,  are  inversely  proportional 
to  the  square  of  the  correlation  length  along  that  axis,  such  that 

3 

(2.11) 

t=i 

If  the  fluctuations  have  no  preferred  orientation.  Equation  2.11  reduces  to 


g=\L  (2.12) 

where  ^  is  the  identity  matrix.  Then  for  a  stationary,  isotropic  random  field,  the  acvf 
and  the  ac/ depend  only  on  the  spatial  separation  r  =|  ^2  —  ^.i  |> 


and 


7^(11, ^2)  =  ^vv(r), 

Pvv{xuX2)  = 


(2.13) 


(2.14) 


^vv(O)’ 

Under  these  assumptions,  the  autocovariance  and  autocorrelation  functions  have  sev¬ 
eral  useful  properties. 


1.  The  zero  lag  value  of  the  acvf  \s  equal  to  the  variance  of  the  distribution.  Then, 
from  Equation  2.7,  the  zero  lag  of  the  ac/ is  unity,  pvv(O)  =  1.  This  property 
makes  it  possible  to  normalize  different  distributions  baised  on  their  total  vari¬ 
ance  (zero  lag  value  of  the  acf).  It  can  also  be  shown  that  |  pvv{r)  |<  1  for  all 
r. 


2.  If  the  random  field  is  continuous,  then  pwi^)  must  be  a  continuous  function  of 
the  lag  r  (Jenkins  and  Watts,  1968). 

3.  Lastly,  the  power  spectrum  of  a  random  field  is  the  Fourier  transform  of  its 
correlation  function  (Tatarski,  1961).  This  property  is  central  to  the  technique 
used  to  construct  the  realizations  presented  in  the  later  chapters. 
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2.3  Commonly  Used  Autocorrelation  Functions 


The  autocorrelation  function  is  commonly  used  to  charac  terize  random  fields  and 
is  a  measure  for  quantifying  the  similarity  between  neighboring  points  in  a  random 
medium.  It  has  the  property  that  it  is  the  Fourier  transform  of  the  power  spectrum 
(Tatarski,  1961).  This  relationship  allows  us  to  build  realizations  from  a  desired 
coirrelation  function  in  the  wavenumber  domain.  Throughout  this  thesis,  realizations 
were  constructed  by  convolving  the  square  root  of  the  power  spectrum  with  a  phase 
term  of  the  form  e*®,  where  0  is  a  random  number  drawn  from  a  uniform  distribution 
over  the  range  0  <  <  27r.  Since  the  norm  of  the  phase  term  is  one,  the  shape  of  the 

power  spectrum  Md  the  total  power  within  that  spectrum  are  unchanged. 

Although  the  statistical  derivation  outlined  above  was  carried  out  for  the  con¬ 
tinuum  case,  all  computations  were  performed  on  a  digital  computer.  As  a  result, 
it  was  necessary  to  convert  the  continuum  equations  to  their  discrete  counterparts. 
The  conversion  is  known  to  be  inaccurate  if  the  discrete  medium  is  not  well  sampled 
(e.g.,  Jenkins  and  Watts,  1968;  Bracewell,  1978).  To  minimize  these  errors,  special 
care  was  taken  to  ensure  that  the  power  at  the  Nyquist  frequency  was  small.  This 
was  necessary  because  truncation  of  the  power  spectrum  at  the  spatial  Nyquist  is 
equivalent  to  convolution  with  a  rectangular  window  function.  Prange  (1989)  showed 
that  when  this  occurs,  oscillations  eu-e  introduced  into  the  acf. 

Three  correlation  functions  have  received  a  great  deal  of  attention  in  the  scat¬ 
tering  literature;  the  Gaussian,  the  exponential  and  the  von  Karman  functions  (e.g,, 
Chernov,  1960;  Tatarski,  1961;  Dainty,  1984;  Frankel  and  Clayton,  1986;  Wu  and 
Aki,  1990).  The  commonly  used  form  of  these  functions  and  their  power  spectra  are 
given  in  Table  1,  and  shown  graphically  in  Figure  1. 

In  both  the  Gaussian  and  exponential  functions,  the  correlation  length  a  marks  the 
lag  where  the  correlation  function  has  the  value  e  '  (Figure  1).  In  the  wavenumber 
domain,  both  spectra  are  flat  out  to  a  coiner  wavenumber  which  is  approximately 
equal  to  1/a.  The  difference  between  the  (wo  spectra  is  most  noticeable  at  higher 
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Table  1.  Correlation  Functkjns  and  Their  Spectra 


Gaussian 

Exponential 

von 

Karman 

-—r  /a 

^-rja 

1 

[^1  }(  (r/a) 

2a 

2*'-ir(«/) 

T{u  +  l/2) 

2ir^/^a 

o\-kyi4 

1  +  ky 

a* 

T{u) 

r(«/  + 1) 

(1  +  ky)^+y^ 

47ra* 

1  OWcil  Lilli 

2 

(1  +  kyf!^ 

8xa^ 

r(,/) 

r(»/  +  3/2) 

(1  +  kyy+^ 

U  X  OWCl  vl  Ulll 

(1  +  ib?a*)2 

Tiu) 

(1  +  kyy+^/^ 
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Autocovariance  Functions 


ID  Power  Spectra 


Figure  1;  The  model  autocovariance  functions  (top)  and  their  1-D  power  spectra  (bottom). 
The  spectra  are  normalized  so  that  they  have  the  same  power. 
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wavenumbers,  where  the  Gaussian  falls  off  exponentially,  and  the  exponential  falls  off 
as  where  N  is  the  number  of  space  dimensions.  The  fall  off  rate  of  the  spectra 

controls  the  2unount  of  roughness  in  the  realization.  Spectra  with  more  energy  at  high 
wavenumbers  are  expected  to  show  more  roughness  (Figure  3)  than  those  which  are 
localized  near  zero  wavenumber  (Figure  2). 

The  von  Karman  function  was  first  introduced  to  characterize  the  random  velocity 
field  of  a  turbulent  medium  (von  Karman,  1948).  In  the  spatial  domain,  the  von 
Karman  function  is  peaked  about  the  origin.  The  peak  is  especially  severe  when 
u  =  0,  since  then  the  modified  Bessel  function  Ky  goes  to  infinity  as  r/a  goes  to  zero. 
Although  the  parameter  u  can  take  on  any  value  in  the  range  0  to  1,  is  has  some 
special  properties  at  0,  0.3,  0.5  and  1.  When  i/  =  0  the  spectrum  defines  a  multi¬ 
dimensional  Markov  field  (GofF  and  Jordan,  1988)  i>  =  0.3  defines  Kolmogorov’s 
turbulence  (Wu  and  Aki,  1990),  while  for  t/  =  0.5  the  von  Karman  function  simplifies 
to  an  exponential  and  when  i/  =  1.0  to  an  autoregressive  field. 

In  this  thesis  we  will  be  most  interested  in  the  von  Karman  function  where  u  = 
0.  Our  reason  for  choosing  this  parameterization  is  two-fold.  Earlier  studies  have 
shown  that  it  might  best  describe  the  random  heterogeneities  which  exist  in  the 
crust,  (Frankel  and  Clayton,  1986;  GofF  and  Jordan,  1988;  Toksoz  et  al.,  1988).  In 
addition,  the  0th  order  {v  =  0)  von  Karman  function  is  least  similzu-  to  the  Gaussian 
and  thus  will  offer  us  a  suitable  comparison  to  that  function. 

The  peakedness  of  the  correlation  function  leewls  to  a  wide  spectral  representation, 
indicating  that  media  characterized  by  the  von  Karman  function  contain  a  significant 
amount  of  roughness  (Figure  4).  As  in  the  Gaussian  and  exponential  functions,  the 
power  spectrum  of  the  von  Karman  function  is  flat  up  to  a  corner  wavenumber  roughly 
equal  to  1/a.  The  difference  is  that  at  higher  wavenumbers  the  spectrum  falls  off  as 
considerably  slower  than  the  Gaussian  or  exponential  functions.  Thus  for 
the  von  Karman  (and  exponentiad)  function,  1/a  defines  a  corner  wavenumber  and 
the  parameter  u  controls  the  rate  of  decay  of  the  power  spectrum  (Figure  1). 
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Figure  2;  A  2-D  realization  of  a  laiKlorii  merii-no  with  a  (lanssi.oi  aulor  orrelation  function. 
The  correlation  lengtli  in  this  r''alization  is  20in.  ami  tiieie  is  >/(  liMS  deviation  in  the 
velocity.  Note  the  .smoof  hnes.s  of  fhis  ifvih:  at  ion  o  ir.'i[>arr'l  to  those  in  Figures  3  and  4. 
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Figure  3:  Same  as  Figures  2  and  4,  but  with  an  exponential  autocorrelation  function. 
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Figure  4:  Same  as  Figures  2  aiui  4,  but.  with  a  0th  ordei  von  Karman  autocorrelation 
function. 
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The  von  Karman  function  has  an  additional  property  that  its  slope  is  discontinuous 
at  zero  lag.  This  property  qualifies  the  von  Karman  function  as  a  fractal  (Maiidelhrot, 
1977).  Fractals  are  unique  and  of  interest  because  they  contain  variations  on  all 
wavelengths.  Since  many  physical  characteristics  in  the  crust  also  display  variation 
on  a  wide  variety  of  length  scales,  this  autocorrelation  function  may  be  well  suited 
to  crustal  applications.  The  self-similar  nature  of  fractals  can  be  easily  seen  by 
examining  the  variance  as  a  function  of  wavenumber.  Figure  5  shows  a  series  of 
1-D  realizations  taken  from  the  three  ac/described  above.  All  three  realizations  have 
the  same  correlation  length  (a  =  20  m)  and  were  generated  by  the  same  random 
seed.  At  low  wavenumbers  there  is  little  variation  in  shape  and  variance  between  the 
traces.  This  is  consistent  with  the  power  spectra  (Figure  1),  which  are  flat  at  low 
wavenumber  for  all  three  functions.  At  high  wavenumbers,  there  is  no  variance  in  the 
Gaussian  trace,  and  the  variance  in  the  exponential  trace  is  smaller  than  it  was  at 
low  wavenumber.  Thus,  for  these  media,  the  variance  over  equal  logarithmic  intervals 
of  wavelength  decreases  as  the  wavelength  decreases  (Frankel,  1989).  This  is  not  so 
for  the  0th  order  von  Karman  function.  The  variance  for  that  function  is  roughly 
constant  over  length  scales  smaller  than  2x0  (Figure  5). 

At  this  point  it  is  worth  restating  a  subtle  distinction.  Three  acf  are  commonly 
used  in  scattering  literature  to  represent  spatial  velocity  fluctuations  in  the  earth; 
the  exponential  function,  the  von  Karman  function,  and  the  Gaussian  function.  It  is 
important  not  to  confuse  the  Gaussian  ac/with  the  Gaussian  statistics  of  the  medium. 
The  former  describes  the  spatial  dependence  of  the  medium,  while  the  later  describes 
the  pdf  of  the  random  variable. 

2.4  Conclusions 

In  this  chapter  we  have  outlined  the  statistical  background  necessary  to  generalize 
the  complex  velocity  fluctuations  in  the  earth  to  a  random  field.  Statistical  charac- 
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CU)  Older  von  Karmen 


Figure  6:  Random  realizations  from  the  ID  Gaussian,  exponential,  and  0th  order  von 
Kirmin  autocorrelation  functions,  a)  unfiltered,  b)  bandpass  filtered  allowing  wave¬ 
lengths  2.5a-5a,  c)  bandpass  filtered  allowing  wavelengths  a/4-a/2.  All  realizations  were 
Constructed  with  the  same  random  seed,  and  arc  plotted  at  constant  scale. 
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terization  is  considered  reasonable  because  changes  in  lithology,  fracture  density,  pore 
pressure,  regional  stresses,  etc,  all  cause  seismic  velocities  in  the  earth’s  crust  to  vary 
irregularly  with  position.  Many  of  these  features  are  too  small  and  too  numerous  to 
define  deterministically,  thus  we  have  little  recourse  but  to  treat  them  stochastically. 

Although  all  the  features  mentioned  above  can  affect  seismic  velocities,  their  spa¬ 
tial  extent  may  vary  by  many  orders  of  magnitude.  Contrast  a  typical  micro-crack 
which  may  be  only  a  few  microns  wide  and  a  fault  zone  which  may  be  a  kilometer 
wide;  the  range  of  length  scales  is  10  orders  of  magnitude.  This  wide  range  of  length 
scales  presents  a  problem  when  numerical  techniques  are  used  to  model  wave  propa¬ 
gation  in  the  earth.  Most  often  only  the  large-scale  variations  (i.e.  van  ’k  ns  larger 
than  a  seismic  wavelength)  are  included  in  the  velocity  model.  As  a  result,  synthetic 
seismograms  generated  from  these  models  often  lack  the  “background  noise”  observed 
in  real-earth  seismograms.  By  including  these  small-scale  random  features,  we  are 
able  to  achieve  a  better  match  between  the  synthetic  seismograms  and  those  recorded 
in  the  earth.  We  do  this  not  only  to  better  model  wave  propagation  in  the  earth,  but 
also  in  an  attempt  to  understand  the  velocity  distributions  within  the  earth.  These 
distributions  are  capable  of  describing  a  little  known  and  poorly  understood  aspect  of 
the  earth  and  may  hold  great  potential  in  reservoir  characterization,  fracture  density 
studies,  seismic  anisotropy,  mantle  studies  (with  respect  to  convection),  etc. 

In  this  chapter  we  also  introduced  the  autocovariance  functions  most  commonly 
cited  in  the  scattering  literature.  We  will  use  these  functions  in  the  chapter  on  forward 
modeling  in  stochastic  media.  It  was  shown  that  random  processes  with  Gaussian 
autocorrelation  funct'jns  give  rise  to  smoothly  varying  realizations,  while  random 
processes  with  von  Karman  autocorrelation  functions  produce  realizations  with  a 
strongly  textured  appearance. 
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chapter  3 

Seattering  in  tiandom  Media 


S.l  Intfoduction 

Seismic  wave  scattering  is  a  complex  phenomenon  which  depends  on  the  size,  dis¬ 
tribution  and  magnitude  of  the  heterogeneities  in  the  earth.  In  general,  the  exact 
distribution  of  these  heterogeneities  is  unknown,  and  we  have  no  recourse  but  to  use 
some  simplified  model.  Historically,  the  earth  has  often  been  modeled  as  a  simple 
str&tiiied  medium,  each  of  the  strata  having  constant  velocity  and  density.  Seismo¬ 
grams  from  these  models  tend  to  match  the  gross  features  recorded  in  field  data,  but 
lick  the  variations  in  amplitude  and  travel  time  and  the  incoherent  energy  which  is 
often  observed  after  the  major  arrivals.  Both  of  these  features  are  symptomatic  of 
Scattering  from  small-scale  changes  in  velocity  or  density. 

The  scattering  problem  is  difficult  to  solve  exactly,  in  part  because  the  problem 
is  recursive.  That  is,  a  wave  scattered  from  a  particular  heterogeneity  is  further 
influenced  by  other  heterogeneities  in  the  medium.  When  scattering  is  weak,  it  is 
common  to  consider  only  the  incident  wave  and  the  first  scattered  wave.  This  is  the 
single  scattering  solution  (e.g.,  Aki,  1969;  Aki  and  Chouet,  1975;  Sato,  1977a;  Sato, 
1977b;  Aki,  1980;  Wu  and  Aki,  1985c;  Chouet,  1990).  The  problem  is  often  further 
simjjhfied  by  invoking  the  first  Born  approximation,  which  will  be  referred  to  as  simply 
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the  Born  approximation.  In  the  Born  approximation,  it  is  assumed  that  the  incident 
wave  is  unchanged  during  propagation  through  the  heterogeneous  region.  As  a  result, 
energy  scattered  from  the  incident  wave  is  not  subtracted  from  the  background  field 
and  the  total  energy  in  the  medium  increases  with  time.  Although  this  limitation  is 
clearly  stated  in  much  of  the  scattering  literature,  the  Born  approximation  continues 
to  be  used  for  both  forward  and  inverse  modeling  of  random  continua. 

Whereas  most  analytic  solutions  for  scattered  waves  are  valid  only  when  scattering 
is  weak,  it  may  be  possible  to  solve  the  problem  exactly  via  numerical  methods. 
The  first  numerical  simulations  of  seismic  wave  propagation  in  stochastic  media  were 
accomplished  using  a  two-dimensional  ray  tracing  technique  (Mereu  and  Ojo,  1981). 
In  that  study  it  was  found  that  the  variations  in  travel  time  and  amplitude  of  the 
incident  wave  are  controlled  mainly  by  the  long  wavelength  variations  in  the  medium. 
Frankel  and  Clayton  (1984)  used  the  finite  difference  technique  to  model  acoustic 
waves  in  random  media  and  were  able  to  produce  coda  waves  and  study  apparent 
attenuation.  For  the  three  random  media  they  studied  (characterized  by  the  Gaussian, 
exponential,  and  von  Karman  autocorrelation  functions),  they  found  that  apparent 
attenuation  increased  with  frequency  until  the  correlation  length  of  the  scatterers 
was  comparable  to  a  wavelength.  At  higher  frequencies,  there  was  no  decrease  in 
apparent  attenuation  in  the  exponential  and  von  Karman  media,  but  there  was  a 
noticeable  decrease  in  the  Gaussian  media.  These  results  agree  well  with  analytic 
solution  (Dainty,  1984).  Finite  difference  modeling  has  also  been  applied  to  the 
elastic  wave  equation;  both  to  study  the  relationship  between  the  medium  and  the 
observed  scattered  field  (Frankel  and  Clayton,  1986;  McLaughlin  and  Anderson,  1987; 
Dougherty  and  Stephens,  1988)  and  to  study  the  response  of  typical  seismic  processing 
streams  used  on  data  collected  in  highly  heterogeneous  regions  (Gibson  and  Levander, 
1988). 

In  this  chapter,  the  focus  is  on  the  differences  between  the  single  and  multiple  scat¬ 
tering  solution.  To  accomplish  that  end,  a  new  semi-analytical  technique  to  calculate 
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the  single  scattering  solution  is  developed.  The  technique  uses  single  scattering  theory 
and  the  Born  approximation  to  calculate  the  equivalent  body  forces  in  the  medium 
due  to  the  interaction  between  the  incident  field  and  the  heterogeneities.  These  equiv¬ 
alent  sources  are  then  propagated  in  the  background  medium  via  the  finite  difference 
technique.  The  most  important  advantage  of  this  new  technique  is  that  it  can  be  used 
to  generate  the  single  scattering  solution  for  any  particular  velocity  model.  This  will 
allow  us  to  compare  the  single  scattering  solution  to  the  multiple  scattering  solution, 
as  calculated  by  a  conventional  finite  difference  technique,  for  a  variety  of  random 
media.  It  is  important  to  point  out  that  both  techniques  make  use  of  finite  difference 
modeling,  but  in  one  case  (the  single  scattering  solution)  special  steps  are  taken  to 
include  only  single  scattered  waves  in  the  solution. 


3.2  Single  Scattering 
3.2.1  Theory 

Consider  an  isotropic,  elastic  medium  which  is  homogeneous  except  for  some  small 
region  Si.  Outside  the  region  Si,  let  Aq,  /io>  end  po  be  Lame’s  parameters  and  density. 
Inside  Si,  the  material  properties’  cm  be  written  as  the  sum  of  the  homogeneous 
parameters  plus  a  spatially  varying  perturbative  term, 

A(i)  =  Ao  +  ^A(x)  (5A  =  0  X  ^  Si 

+  =  0  X  ^  Si 

p{x)  =  Po-\-^p{£.)  Sp  =  0  X  ^  Si.  (3.1) 

Both  inside  and  outside  Si,  particle  displacements  can  be  described  by  the  general 
elastodynamic  equation  of  motion  (Aki  and  Richards,  1980) 

pui  -  (AV  ■  m),.  -  [/i(u,.j  +  u>,i)]j  =  5,,  (3.2) 

where  u.  =  U.{x.tt)  is  the  displacement  vector,  and  2.  =  2(2.,  t)  is  the  body  force 
vector. 
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Outside  the  material  properties  are  spatially  invariant  and  Equation  3.2  can 
be  simplified  to 

Pofit  -  (Ao  +  /io)(V  •  M ),.  -  /ioV^Ui  =  Si.  (3.3) 

Inside  3?  Equation  3.1  can  be  inserted  into  Equation  3.2. 

PoUi  -  (Ao  +  /io)(V  •  u  ),.  -  poV^Ui  =  Si  +  Qi,  (3.4) 

where 

Qi  =  -Bpui  +  (5A  +  6/i)(V  •  ti),i  +  SfiV'^Ui  +  (^A),jV  •  u  +  {6n)j{uij  +  Uj,j).  (3.5) 

Notice  that  Elquation  3.4  is  similar  to  Equation  3.3,  with  terms  involving  the  hetero¬ 
geneities  appearing  as  a  body  force  term. 

If  the  scattered  field  is  small  compared  to  the  incident  field,  the  problem  can  be 
simplified  by  introducing  the  first  Born  approximation.  Under  that  assumption,  the 
displacement  field  can  be  decomposed  into  two  parts;  the  incident  field  and  the 
scattered  field  u*, 


u  =  u°  -f-  u  * 

(3.6) 

(3.7) 

It  is  assumed  that  scattering  is  weak  enough  that  the  perturbations  in  the  medium 
have  no  effect  on  the  incident  wave  and  all  scattering  is  due  to  the  interactions  between 
the  incident  wave  and  the  perturbations  in  the  medium  (i.e.  secondary  scattering  is 
ignored). 

Inserting  Equation  3.6  into  Equations  3.4  and  3.5  and  neglecting  terms  involving 
the  interaction  between  the  scattered  field  and  the  perturbations  in  the  medium  yields, 

/>oti?-(Ao+/io)(V.2i°),,-^oV^u°-hpoti!-(Ao+/^o)(V.u‘),-/ioV2uJ  =  Si+Q°,  (3.8) 

where 

QO  =  _SpuO  +  (a  +  ^^)(V  .  ii°),  +  (^A),  V  •  2i“  {SpUul  -h  ul,).  (3.9) 
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The  first  three  terms  in  Equation  3.8  account  for  the  displacements  of  the  inci¬ 
dent  field  in  the  homogeneous  background.  From  Equation  3.2  these  terms  can  be 
subtracted,  leaving  an  equation  of  motion  for  the  scattered  field, 

Pou]  -  (Ao  +  /io)(V  •  u »),  -  =  Ql  (3.10) 

Under  the  Born  approximations  then,  both  the  incident  and  scattered  fields  travel  in 
the  background  medium.  As  a  result,  the  incident  wave  is  not  affected  by  the  pertur¬ 
bations  in  the  medium,  and  the  scattered  field  is  generated  only  by  the  interaction 
between  the  incident  field  u°  and  the  perturbations. 

3.2.2  Limitations  of  the  Born  Approximation 

Although  the  Born  approximation  in  commonly  used  in  both  forward  and  inverse 
modeling,  surprisingly  few  studies  have  been  published  which  explore  the  range  of 
validity  of  the  technique  (e.g.,  Chernov,  1960;  Hudson  and  Heritage,  1981). 

Chernov  (1960)  showed  that  it  was  possible  to  estimate  the  power  carried  by 
the  scattered  field  in  a  random  acoustic  medium.  In  that  derivation,  gradients  in 
the  material  properties  were  neglected  (i.e.  smooth  perturbations  only)  and  it  was 
assumed  that  the  receiver  point  was  far  from  the  heterogeneous  region.  Then,  for  a 
medium  with  a  Gaussian  correlation  function,  the  ratio  of  the  power  in  the  scattered 
field  to  the  power  in  the  incident  field  is  given  by 

=  y/irhk^aL{\  —  e~^  ®  ),  (311) 

whftte  n  is  the  rms  deviation  in  the  refractive  index,  k  is  the  wavenumber  of  the 
incident  wave,  a  is  the  correlation  length  of  the  medium  and  L  is  the  propagation 
length  within  the  heterogeneous  region. 

Erom  Equations  3.11  and  3.7,  the  range  of  validity  for  the  Born  approximation  in 
an  acoustic  medium  is  given  by 

\fKv{ka  Y—  -C  1,  for  ka  «C  1  (3. 12) 

a 
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(3.13) 


\/Trv(ka)^—  ■Cl,  for  otherwise. 
a 


When  ka  is  small,  the  wavelength  is  much  larger  than  the  scatterer,  and  the  scattered 
field  has  the  characteristic  Rayleigh  scattering  k*  dependence.  When  ku  is  large,  the 
scattering  coefficient  increases  as  the  square  of  the  ka.  In  either  case,  it  is  clear  that 
the  Born  approximation  is  probably  not  adequate  when  the  propagation  path  is  long 
compared  to  the  correlation  length  of  the  medium.  This  is  precisely  the  case  in  a 
random  continuum  studied  here. 

Hudson  and  Heritage  (1981)  carried  out  a  similar  analysis  for  the  elastic  wave  case. 
Using  several  simplifying  assumptions,  they  were  able  to  define  a  range  of  validity  for 
the  Born  approximation, 


max(A,/i)  <  1, 


(3.14) 


where  fl  is  the  maximum  angular  frequency,  ^  is  the  background  shear  wave  velocity, 
d  is  the  size  of  the  region  bounded  at  each  instant  of  time  by  the  scattering  centers 
corresponding  to  scattering  from  the  incident  wavefront  to  the  observer  by  the  least 
time  path  and  A,  fi  and  p  are  the  normalized  rms  deviations  in  Lame’s  parameters 
and  density.  In  that  study,  the  authors  warn  that  Equation  3.14  is  extremely  strict 
and  the  Born  approximation  will  work  well  in  many  media  which  violate  this  limit. 

These  studies  suggest  that  although  the  Born  approximation  has  been  shown  to 
produce  excellent  agreement  with  other  analytical  solutions  when  the  scatterer  is  a 
discrete,  isolated  feature  (e.g.,  Wu  and  Aki,  1985c),  the  technique  may  not  be  valid 
for  random  continuous  media. 


3.2.3  Numerical  Implementation 

In  Appendix  A,  the  single  scattering  and  Born  approximations  are  used  to  generate 
closed  form  solutions  to  a  variety  of  scattering  problems.  In  all  cases,  the  inhomoge¬ 
neous  region  is  assumed  to  be  a  single,  discrete,  isolated  anomaly.  These  solutions  are 
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useful  for  gaining  insight  into  the  nature  of  scattering,  but  they  may  not  be  adequate 
to  study  scattering  in  the  earth.  An  alternative  to  these  analytical  solutions  is  to 
solve  solve  the  problem  numerically.  The  advantage  of  numerical  solutions  is  that 
they  can  be  used  to  study  scattering  in  media  which  may  be  too  complex  to  study 
with  known  analytic  techniques. 

Many  numerical  techniques  exist  which  can  be  used  to  compjite  synthetic  seismo¬ 
grams  in  laterally  heterogeneous  media.  High  frequency  techniques  such  as  ray  tracing 
are  valid  only  when  the  size  of  the  scatterer  is  large  compared  to  a  wavelength  (e.g., 
ka  >  10)  (Cerveny  et  al.,  1982).  Methods  based  on  Kirchoff- Helmholtz  integration  are 
very  accurate  for  sharp  interfaces,  but  these  techniques  ignore  the  effects  of  multiple 
scattering  and  are  invalid  in  smoothly  varying  media  where  the  size  of  the  scatterer  is 
similar  to  that  of  a  wavelength  (Scott  and  Helmberger,  1983).  Perturbation  methods 
consider  only  scattering  of  the  incident  wave,  thus  cannot  be  used  to  study  media  in 
which  multiple  scattering  may  be  important  (Kennett,  1972a;  Prange,  1989).  Finite 
difference  modehng  overcomes  many  of  these  shortcomings  and  has  been  used  success¬ 
fully  in  a  number  of  scattering  studies  (e.g.,  Flatte  and  Tappert,  1975;  Macaskill  and 
Ewart,  1984;  Frankel  and  Clayton,  1984;  McLaughlin  et  al.,  1985;  Frankel  and  Clay¬ 
ton,  1986;  McLaughlin  and  Anderson,  1987;  Dougherty  and  Stephens,  1988;  Toksoz 
et  al.,  1991). 

The  chief  advantage  of  the  finite  difference  technique  is  that  it  is  capable  of  prop¬ 
agating  the  complete  wavefield  through  an  arbitrarily  complex  model.  The  technique 
is  accurate  over  a  wide  range  of  scattering  regimes  (0.1  <  ka  <  1000),  and  all  wave 
types  (direct,  reflected,  diffracted,  and  guided  modes)  are  included  in  the  solution. 
In  addition,  seismograms  can  be  calculated  at  any  point  in  the  medium  and  “snap¬ 
shot”  pictures  of  the  displacement  field  can  be  generated  over  the  whole  extent  of 
the  model.  I'he  snapshot  pictures  have  proven  to  be  extremely  useful  as  they  provide 
an  excellent  opportunity  to  view  both  mode  conversion  and  coda  generation.  The 
main  disadvantage  of  finite  difference  modeling  is  its  computational  burden.  This  has 
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proved  to  be  the  limiting  constraint  in  extending  the  technique  to  three  dimensions. 

The  finite  difference  scheme  used  throughout  this  study  is  presented  in  Appendix  B. 
It  is  an  explicit,  second-order  scheme  in  which  displacements  are  propagated  on  a  dis¬ 
crete  grid.  The  material  properties  of  the  medium,  A,  /i,  and  p  are  allowed  to  vary 
freely  cis  a  function  of  position  and  are  discretized  at  the  same  spatial  position  as  the 
wavefield.  The  second-order  scheme  was  chosen  because  it  was  easy  to  implement 
aind  it  allowed  the  two  components  of  the  displacement  vector  to  be  calculated  at  the 
same  spatial  position  (unlike  a  staggered  scheme,  where  displacements  and  stresses 
are  calculated  at  different  points  in  space).  Also,  the  non-staggered  scheme  technique 
works  well  with  published  free  surface  and  absorbing  boundary  conditions.  The  cost 
of  these  simplifications  is  a  loss  of  accuracy,  which  we  will  show  can  cause  observable 
errors  in  the  wavefield. 

The  algorithm  to  numerically  compute  the  single  scattering  solution  is  straight¬ 
forward.  First,  the  incident  field  is  propagated  one  time  step  on  a  finite  difference 
grid.  The  Born  approximation  states  that  the  incident  field  is  unaffected  by  the 
perturbations  in  the  medium,  therefore  the  velocity  field  for  this  simulation  is  the 
background  field.  Next,  the  source  term  arising  from  the  interactions  between  the  in¬ 
cident  wave  and  the  scatterers  is  calculated  from  Equation  3.9.  This  body  force  is  then 
introduced  into  a  second  finite  difference  simulation  which  has  the  same  background 
velocity  model  (Equation  3.10).  The  second  finite  difference  simulation  is  updated 
one  iteration  and  the  process  is  repeated.  If  desired,  the  background  (displacement) 
field  may  also  be  simultaneously  propagated  on  the  second  finite  difference  grid,  thus 
providing  the  total  (single  scattered)  field. 

It  is  important  to  note  that  the  new  technique  is  not  meant  to  replace  conventional 
finite  difference  techniques.  It  is  simply  a  technique  which  can  be  used  to  obtain 
the  single  scattered  solution  for  any  complex  velocity  model.  Therefore,  this  new 
technique  and  conventional  finite  difference  modeling  are  complimentary,  and  for  the 
case  of  an  isolated  point  scatterer  should  converge  to  the  same  solution.  In  the  next 
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section,  we  will  exploit  this,  and  use  the  conventional  finite  difference  technique  to 
assess  the  accuracy  of  the  numerically  derived  single  scattering  solution. 

3.2.4  Validation  of  the  Single  Scattering  Solution 

In  this  section,  the  scattered  field  due  to  a  plane  P-wave  incident  on  a  point  diffractor 
is  calculated  using  both  the  single  and  multiple  scattering  finite  difference  techniques. 
The  incident  wave  was  a  Ricker  wavelet  with  a  center  frequency  of  60  Hz  and  the 
scatterer  was  a  point  diffractor  with  a  33%  perturbation  in  /z.  The  resulting  displace¬ 
ments  were  recorded  by  a  circular  array  of  receivers  centered  about  the  diffractor  with 
a  radius  of  lOQ  m  (Figure  6). 

To  limit  errors  due  to  inaccuracies  in  the  finite  difference  technique,  the  dominant 
wavelength  of  the  source  was  sampled  at  60  points  per  wavelength  (PPW).  Since 
the  frequency  band  of  the  source  extends  to  three  times  the  center  frequency  and 
the  medium  was  a  Poisson  solid,  the  highest  frequency  shear  waves  (waves  with  the 
shortest  wavelengths)  were  sampled  at  a  rate  of  greater  than  10  PPW.  At  these 
sampling  rates,  the  maximum  errors  due  to  the  finite  difference  technique  should  be 
less  than  5%,  and  at  the  center  frequency  errors  should  be  less  than  2%  (Appendix  B). 

Figures  7  and  8  show  the  radiation  patterns  for  P-P  and  P-S  scattering  for  both 
the  single  and  multiple  scattering  solutions.  The  radiation  patterns  were  calculated 
by  first  converting  the  horizontal  and  vertical  components  of  the  displacement  field 
to  radial  and  transverse  motion  relative  to  the  position  of  the  scatterer.  Then  the 
traces  were  enveloped  and  the  maximum  displacement  on  the  radial  components  was 
taken  to  be  the  P-wave  radiation  and  the  maximum  displacement  on  the  transverse 
component  was  taken  to  be  the  S-wave  radiation. 

From  Figure  7  it  is  clear  that  the  single  scattering  solution  underestimates  the 
scattered  field  in  the  forward  direction,  but  overestimates  the  scattered  field  in  the 
backward  direction.  There  are  two  causes  for  this  disagreement.  First,  the  two  tech¬ 
niques  use  different  finite  difference  operators  to  find  the  gradient  of  the  perturbation. 
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Incident  P  5X  =  8p  a  o 

Wave  5h  =  .33h 


Figure  6:  The  source- receiver  geometry  used  to  validate  the  numerical  single  scattering 
solution. 
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Scattered  P-wave 
(Point  Diffractor) 


Figure  7:  Comparison  of  the  single  and  multiple  scattering  solutions  for  a  plane  P-wave 
incident  on  a  point  diffractor  (33%  variation  in  /r).  Shown  is  the  peak  amplitude  of  the 
scattered  P-wave  aa  a  function  of  angle. 
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Scattered  S-wave 
(Point  Diffractor) 


Figure  8:  Comparison  of  the  single  and  multiple  scattering  solutions  for  a  plane  P-wave 
incident  on  a  point  diffractor  (33%  variation  in  p).  Shown  is  the  peak  amplitude  of  the 
scattered  S-wave  as  a  function  of  angle. 
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The  conventional  finite  difference  technique  (multiple  scattering)  uses  a  more  ziccu- 
rate  hadf-step  finite  difference.  Second,  errors  in  the  lim^e  differeiu  es  arise  due  to  the 
sharp  gradients  in  the  velocity  model.  These  gradients  cause  the  equivalent  sources 
in  the  single  scattering  solution  to  be  injected  into  the  finite  difTerence  simulation 
without  any  spatial  smoothing.  The  lack  of  smoothing  introduced  high  wavenumbers 
into  the  displacement  field,  which  are  known  to  cause  large  errors  in  the  solution  (Ap¬ 
pendix  B).  This  problem  could  be  minimized  either  by  adopting  a  staggered  finite 
difference  formulation  (Virieux,  1986),  or  by  smoothing  the  velocity  model  slightly 
(Fornberg,  1987).  The  same  general  trends  observed  in  the  P-wave  radiation  axe  also 
visible  in  the  S-wave  radiation  (Figure  8). 

To  isolate  the  errors  caused  by  sharp  gradients  in  the  medium,  the  previous 
experiment  was  repeated  for  a  slightly  smoothed  point  diffractor.  The  smoothed 
point  diffractor  was  constructed  so  that  the  velocity  models  had  the  shape  of  a  two- 
dimensional  Gaussian  function  (<t^=1  grid  spacing).  The  Gaussian  shape  was  cho¬ 
sen  because  in  wavenumber  domain,  the  power  spectrum  is  dominated  by  the  low 
wavenumber  components.  As  can  be  seen  in  Figures  9  and  10  the  eliinination  of  high 
wavenumbers  in  the  model  increased  the  accuracy  of  the  solution.  Notice  that  the 
overall  shape  of  the  radiation  pattern  is  consistent  with  the  previous  point  diffractor, 
but  the  amplitude  of  the  scattered  field  is  roughly  three  times  greater.  The  increased 
amplitude  is  predicted  from  the  analytical  solutions,  which  shows  that  in  the  Rayleigh 
scattering  regime  the  amplitude  of  the  scattered  field  is  proportional  to  the  size  of 
the  scatterer  (Appendix  A). 

This  simple  experiment  demonstrates  that  there  is  sufficient  agreement  between 
the  numerically  calculated  single  and  multiple  scattering  solution  to  warrant  the  use  of 
our  finite  difference  technique  for  calculating  the  single  scattering  solution.  It  was  also 
shown  that  the  accuracy  of  the  single  scattered  solution  is  improved  if  the  technique 
is  limited  to  sufficiently  smooth  models.  It  is  possible  that  adopting  a  staggered  finite 
difference  formulation  would  further  improve  the  accuracy  of  the  single  scattering 
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Scattered  P-wave 
(Smoothed  Diffractor) 


Figure  9:  Same  as  Figure  7,  hut  for  the  smoothed  point  diffractor.  Notice  the  improvement 
in  the  equivalent  source  solution.  The  increase  in  size  of  the  smoothed  point  diffractor  is 
manifest  in  larger  peak  amplitude  values  in  the  scattered  field  (Appendix  A). 
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Scattered  S-wave 
(Smoothed  Diffractor) 


Figure  10:  S*me  4s  Figure  8,  but  for  the  smoothed  point  diffractor.  Notice  the  improvement 
ifl  the  equiviilent  source  solution.  The  increase  in  size  of  the  smoothed  point  diffractor  is 
manifest  in  larger  peak  amplitude  values  in  the  scattered  field  (Appendix  A). 


48 


solution,  since  that  technique  is  more  accurate  in  media  with  sharp  discontinuities 
(e.g.,  Virieux,  1986;  Stephen,  1988).  For  these  reasons,  the  single  scattering  formu¬ 
lation  will  be  used  only  on  fairly  smooth  random  media  (such  as  those  characterized 
by  the  Gaussian  correlation  function).  Solutions  for  more  textured  random  media 
(such  as  those  characterized  by  the  exponential  or  von  Karman  correlation  functions) 
will  be  postponed  until  the  technique  can  be  implemented  using  a  staggered  finite 
difference  approach. 


3.3  Single  vs  Multiple  Scattering:  A  Case  Study 


Having  established  the  validity  and  limitations  of  the  finite  difference  technique  for 
calculating  the  single  scattering  field,  we  can  now  compare  the  single  scattering  solu¬ 
tion  to  the  full,  multiple  scattering  solution  for  two  randomly  heterogeneous  media. 
Both  velocity  models  (VEL  and  IMP)  were  generated  from  the  same  random  realiza¬ 
tion  for  Lame’s  parameter  A  (Figure  11).  The  realization  had  Gaussian  statistics  with 
a  mean  of  unity  and  10%  rms  deviation.  The  spatial  distribution  of  A  had  a  Gaussian 
correlation  function,  where  the  correlation  length  a  of  the  medium  was  equivalent  to 
the  dominant  wavelength  of  the  source  (29  m). 

In  one  of  the  random  media  (VEL),  the  perturbations  in  the  medium  obeyed  the 
following  relationships. 


(3.15) 


^A  8p 

Ao  Po  po 

This  combination  of  parameters  produced  random  variations  in  both  the  shear  and 
compressional  wave  velocities,  but  little  variation  in  impedance  (Figure  12).  As  a 
result,  the  majority  of  the  scattering  in  this  model  is  due  to  the  velocity  perturbations. 
In  Appendix  A  this  situation  was  referred  to  as  velocity  scattering  and  the  scattered 
field  from  an  isolated  scatterer  was  shown  to  dominated  by  forward  scattering. 

In  the  second  model  (IMP)  the  relationships  between  Lame’s  parameters  and 
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Figure  H:  The  realization  of  Lame’s  parameter  X  used  to  construct  the  two  random  media 
(YEL  and  IMP).  The  realization  h^ls  Caussian  statistics,  10%  rms  deviation  in  A  and  is 
chltracterized  by  a  Gaussian  correlation  function  with  a  correlation  length  of  29  m.  The 
while  dots  are  receiver  positions. 
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Figure  12:  The  P-wave  and  S-wave  velocities,  elastic  moduli,  density  and  P-wave  [ap]  and 
S-wave  {0p)  impedances  for  the  velocity  scattering  model. 
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density  are  given  by, 


(3.16) 

Ao  /‘o  Po 

A  medium  with  this  combination  of  parameters  has  no  velocity  variations,  only 
impedance  variations  (Figure  13).  In  Appendix  A  it  was  shown  that  in  these  me¬ 
dia  P  to  P  scattering  is  strongest  in  the  backward  direction.  In  addition,  it  was  also 
shown  that  the  magnitude  of  the  backscattered  field  is  inversely  related  to  the  size 
of  the  scattering  body.  Therefore,  in  th*s  medium  scattering  should  be  strongest  for 
low  frequency  waves. 

In  both  media,  the  single  scattering  solution  was  obtained  using  the  finite  dif¬ 
ference  approach  outlined  above,  and  the  multiple  scattering  solution  W2is  generated 
using  a  conventional  finite  difference  formulation  (Appendix  B).  The  source  was  a 
plane  P-wave  which  was  introduced  near  the  top  of  the  grid.  The  source  time  func¬ 
tion  was  a  Ricker  wavelet  centered  at  60  Hz,  and  the  su-ea  around  the  source  region 
was  assumed  to  be  homogeneous.  In  addition,  the  transition  between  the  homoge¬ 
neous  and  heterogeneous  regions  was  smoothed  to  prevent  reflections.  To  prevent 
contamination  from  the  sides  of  the  finite  difference  grid,  the  models  were  assumed 
to  be  horizontally  periodic  and  absorbing  boundary  conditions  were  used  on  the  top 
and  bottom  of  the  grids  (Clayton  and  Engquist,  1977).  Both  models  were  256  nodes 
wide  and  2100  nodes  long.  The  spatial  grid  spacing  was  dx  =  0.5m  (60  points  per 
wavelength  (PPW)  at  60  Hz).  This  resulted  in  a  model  which  was  0.128  km  (w4.5 
wavelengths)  x  1.05  km  (ft!40  wavelengths). 

To  compare  the  single  and  multiple  scattering  solutions,  four  separate  simulations 
were  made.  The  single  scattering  solution  in  the  medium  with  velocity  variations 
is  denoted  by  SS-VEL,  while  that  in  the  medium  with  only  impedance  variations  is 
denoted  by  SSJMP.  Similarly,  the  multiple  scattering  solutions  are  labeled  MS-V^EL 
and  MSJMP.  Synthetic  seismograrra  (vertical  component  of  the  displacement  vector) 
from  the  four  simulations  are  shown  in  Figures  14  -  17.  The  individual  seismograms 
within  each  plot  have  constant  gain  and  since  scattering  in  the  impedance  scattering 
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Figure  13:  The  P-wave  and  S-wave  velocities,  elastic  moduli,  density  and  P-wave  (ap)  and 
S-wave  {0p)  impedances  for  the  impedance  scattering  model. 
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Figure  14:  Synthetic  seismograms  from  the  mtilliple  scattering  solution  in  the  impedance 
scattering  medium.  The  distance  between  traces  is  10%  of  the  peak  amplitude  in  the 
spurce.  Scattering  is  small  and  seems  to  come  from  only  relatively  a  few  isolated  scat- 

terers. 
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Figure  15:  Synthetic  seismograms  from  the  single  scattering  solution  in  the  impedance  scat¬ 
tering  medium.  The  scale  is  the  same  as  Figure  14.  Notice  the  similarity  to  the  multiple 
scattering  solution  in  the  later  arrivals,  but  the  difference  near  the  first  arrival. 
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Figure  16:  Synthetic  seismograms  from  the  nniltijjle  sraltering  solution  in  the  velocity  scat¬ 
tering  medium.  The  scale  is  twice  that  in  the  previous  figures  to  reflect  the  increase  in 
scattering  in  the  velocity  scattering  medium.  Notice  the  lack  of  coherent  arrivals  in  the 
coda  and  variations  in  amplitude  and  travel  time  in  the  first  arrival. 
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Figure  17:  Synthetic  seismograms  from  the  single  scattering  solution  in  the  velocity  scattering 
medium.  The  scale  is  the  same  as  that  in  Figure  16.  Unlike  the  impedance  scattering 
solutions,  the  single  and  multiple  scattering  solutions  in  the  velocity  scattering  medium 
aie  quite  different. 
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model  was  less  than  that  in  the  velocity  scattering  model,  seismograms  from  the 
imped^ce  scattering  model  are  shown  at  twice  the  scale  The  detectable  up-going 
wave  in  the  seismograms  from  the  impedance  scattering  models  is  a  reflect  from  the 
bottom  of  the  finite  difference  grid. 

In  the  multiple  scattering  solution  for  the  impedance  scattering  medium  (MS  JMP), 
the  most  obvious  feature  is  the  relative  lack  of  scattering.  The  incident  wave  travels 
through  the  medium  with  only  minor  fluctuations  in  amplitude  and  no  travel  time 
fluctuations  (Figure  14).  Tfie  amount  of  energy  scattered  from  the  incident  wave  is 
small  and  seems  to  emanate  from  only  a  few  points  in  the  medium.  The  scattered 
arrivads  undergo  little  subsequent  scattering  and  therefore  appear  as  coherent  arrivals 
across  many  neighboring  receivers.  Both  from  the  particle  motion  (Figure  18)  and 
from  the  moveout  across  the  array,  it  is  clear  that  the  majority  of  the  backscattered 
energy  is  P-wave  energy. 

The  low  magnitude  of  the  scattered  field  is  a  consequence  of  the  material  paraim- 
eters  and  the  relatively  large  size  and  smoothness  of  the  scatterers.  The  relationship 
between  the  perturbations  favors  backward  scattering  (Equation  3.16),  but  the  size  of 
the  scatterers  is  large  enough  to  effectively  reduce  backward  scattering  (Appendix  A). 
With  these  two  factors  in  mind,  it  is  clear  that  low  frequencies  should  dominate  the 
scattered  field.  A  plot  of  the  power  in  the  scattered  field  (where  the  scattered  field 
is  defined  as  the  total  multiple  scattered  field  less  the  same  incident  wave  travel¬ 
ing  through  a  similar  homogeneous  medium)  shows  this  to  be  the  Ccise  (Figure  19a). 
When  normalized  to  the  power  contained  in  the  source  pulse,  this  observation  is  made 
even  more  evident  (Figure  I9b). 

Seismograms  from  the  single  scattering  solution  (Figure  15)  look  much  like  those 
from  the  multiple  scattering,  except  for  the  concentration  of  energy  around  the  first 
arrival.  The  excess  energy  is  due  to  the  accumulation  of  errors  in  the  scattered  field. 
These  errors  only  affect  the  solution  immediately  following  the  incident  wave  and 
result  because  errors  in  the  finite  difference  operator  add  in  phase  in  the  forward 
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Fieure  18'  Hodogram  (particle  motion  plots)  from  a  receiver 
impedance  scattering  model.  The  hodogram  is  constructed 
solution  and  clearly  demonstrates  that  the  majority  of  the 
to  P-wave  to  P-wave  scattering. 
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Figure  19:  (Top)  The  power  in  the  multiple  scattered  field  from  the  impedance  scattering 
model  (magnified  20X)  compared  to  that  in  the  source  pulse.  (Bottom)  The  ratio  of  the 
power  in  the  scattered  wave  to  that  in  the  source  pulse.  In  this  medium,  the  scattered 
field  is  dominated  by  low  frequencies. 
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direction.  It  is  important  to  stress  however  that  these  errors  in  no  way  affect  the 
accuracy  of  the  backscattered  waves.  Although  the  gain  used  in  Figure  15  make  the 
errors  in  the  single  scattering  solution  look  extremely  large,  it  should  also  be  noted 
that  even  at  the  furthest  offsets  the  amplitude  of  these  errors  are  less  than  10%  of 
the  amplitude  of  the  incident  wave.  The  latter  part  of  the  scattered  field  is  generally 
overestimated  under  the  Born  approximation  and  the  disparity  between  the  single 
and  multiple  scattering  solutions  should  be  expected  to  increase  with  propagation 
distance.  Enlarging  and  comparing  some  of  the  traces  in  Figures  14  and  15,  it  can  be 
seen  that  except  for  the  region  around  the  first  arrival,  the  two  solutions  agree  very 
well  (Figure  20).  As  expected,  at  far  offsets  the  size  of  the  scattered  field  is  generally 
overestimated,  but  the  general  character  of  the  late  arrivals  is  still  remarkably  similar. 

When  the  dominant  form  of  scattering  is  velocity  scattering,  the  difference  be¬ 
tween  the  multiple  scattering  and  single  scatter  solutions  is  more  obvious.  Unlike  the 
previous  example,  the  multiple  scattering  solution  to  the  velocity  scattering  model 
can  contain  significant  travel  time  and  amplitude  variations  in  the  first  arrival,  as 
well  as  significant  amounts  of  energy  late  in  the  seismogram  (Figure  16).  Note  the 
lack  of  coherent  arrivals  in  the  coda,  as  well  as  the  frequency  content  of  the  coda. 
Compared  to  the  impedance  scattering  medium,  the  coda  has  a  wider  frequency  range 
(Figure  21),  and  it  appears  from  these  results  that  the  maximum  scattering  in  this 
medium  occurs  near  the  center  frequency.  These  observations  are  consistent  with 
earlier  observations  in  both  acoustic  and  elastic  media  (e.g.,  Chernov,  1960;  Frankel 
and  Clayton,  1986). 

The  most  obvious  difference  between  the  single  and  multiple  scattering  solutions 
in  the  velocity  scattering  medium  is  the  lack  of  late  arrivals  in  the  single  scattering 
solution.  This  effect  is  most  noticeable  at  near  offsets  (Figure  23).  Also  notice  that 
in  the  single  scattering  solution,  several  scattered  waves  form  coherent  arrivals  across 
neighboring  receivers.  This  occurs  because  there  is  no  secondary  scattering  of  these 
waves.  FK  analysis  of  the  coda  reveals  that  most  of  the  early  arrivals  result  from 
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Impedance  Scattering  Model 


Figure  20:  An  overlay  of  the  single  and  multiple  scattering  solutions  from  the  impedance 
scattering  medium  show  that  the  later  arrivals  agree  very  well.  The  disagreement  near 
the  first  arrival  is  a  consequence  of  the  Born  approximation. 
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Figure  21:  (Top)  The  power  in  the  multiple  scattered  field  from  the  velocity  scattering  model 
compared  to  that  in  the  source  pulse.  (Bottom)  The  ratio  of  the  power  in  the  scattered 
wave  to  that  in  the  source  pulse.  In  this  medium,  there  is  significant  power  in  the  coda 
at  all  frequencies. 
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P  to  P  scattering,  while  the  later  arrivals  were  dominated  by  P  to  S  scattering. 
These  observations  were  confirmed  by  particle  motion  analysis  (Figure  22).  Another 
important  difference  between  the  two  solutions  is  the  lack  of  travel  time  variations  in 
the  single  scattering  solution.  This  occurs  because  in  the  single  scattering  solution, 
the  incident  wave  travels  in  the  homogeneous  background  medium. 

As  was  true  for  the  previous  random  medium,  the  magnitude  of  the  scattered  wave 
increases  with  propagation  distance  in  the  single  scattering  solution,  but  decreases  in 
the  multiple  scattering  solution.  Since  the  majority  of  the  scattering  in  this  medium 
is  forward  directed  (Appendix  A),  there  should  be  less  frequency  dependence  in  the 
coda.  This  is  confirmed  by  Figure  21  which  shows  that  there  is  little  frequency 
dependence  in  the  coda,  except  for  possibly  a  slight  peak  near  the  center  frequency. 
Plotting  several  of  the  seismograms  in  Figures  16  and  17  side  by  side  shows  that  there 
is  little  agreement  between  the  two  solutions  and  highlights  the  lack  of  coda  in  the 
single  scattering  solution  (Figure  17). 

Power  in  the  coda  of  the  single  scattering  solution  is  significantly  different  than 
that  in  the  multiple  scattering  solution  (Figure  24a).  Although  there  is  power  at  low 
frequencies,  the  dominant  feature  in  the  data  is  the  linear  increase  in  power  with 
frequency.  When  normalized  to  the  source  spectrum,  it  would  appear  that  all  of  the 
high  frequency  energy  in  the  source  has  been  redistributed  to  the  coda  (Figure  24b). 
This  is  not  a  real  effect,  but  an  error  due  to  the  Born  approximation.  Beydoun 
and  Tarantola  (1988)  found  similar  results  for  an  acoustic  medium  and  were  able 
to  show  that  the  errors  in  amplitude  of  the  transmitted  wave  increase  linearly  as  a 
function  of  wL,  where  u)  is  the  angular  frequency,  and  L  is  the  propagation  distance. 
Although  the  presentation  here  is  based  on  forward  modeling,  the  results  are  also 
consistent  with  Snieder  (1990)  who  showed  that  inversion  techniques  based  on  the 
Born  approximation  are  only  capable  of  reconstructing  the  low  wavenumber  parts 
of  the  model.  This  occurs  because  upon  inverse  (Born)  modeling,  the  wavefield  is 
dainped  by  a  factor  which  is  inversely  proportional  to  frequency  (or  wavenumber). 
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Figure  22;  Hodogram  (particle  motion  plots)  from  a  receiver  located  at  the  center  of  the 
velocity  scattering  model.  The  hodogram  is  constructed  from  the  multiple  scattering 
solution.  It  was  found  from  these  hodograms  that  the  early  coda  is  dominated  by  P  to 
P  scattering  and  the  later  coda  by  P  to  S  scattering. 


Velcxiity  Scattering  Model 


Figure  23!:  Seismograms  from  the  multiple  (top)  and  single  (bottom)  scattering  solutions 
plotted  side  by  side.  Notice  the  lack  of  late  arrivals  at  the  near  offsets  in  the  single 
scattering  solution.  At  far  offsets,  the  single  scattered  field  is  dominated  by  P-waves  near 
the  first  arrival  and  S-waves  later  in  the  coda. 
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3.3.1  Attenuation  and  Coda 


One  way  to  quantify  the  loss  of  energy  due  to  scattering  is  through  the  dimensionless 
attenuation  parameter  Q.  A  variety  of  different  techniques  have  been  introduced  to 
measure  Q.  One  formulation  relates  the  log  decrement  in  amplitude  of  the  transmitted 
wave  to  the  propagation  distance, 

A{u,x)  =  (3.17) 

where  the  incident  wave  is  assumed  to  be  a  plane  wave,  Aq  is  the  initial  amplitude  of 
the  transmitted  pulse,  is  the  angular  frequency,  x  is  distance,  and  v  is  velocity.  This 
relation  has  been  used  to  quantify  the  attenuation  due  to  scattering  (i.e.  Q  =  Q*) 
(e.g.,  Frankel  and  Clayton,  1986;  Toksoz  et  ah,  1988),  as  well  ais  to  describe  the  loss 
due  to  intrinsic  attenuation  (i.e.  Q  =  Qi)  (e.g.,  Aki  and  Richards,  1980).  As  a  result, 
this  Q  is  often  termed  the  scattering  or  transmission  Q.  The  fact  both  processes  can 
be  explained  by  the  same  equation  suggesting  that  it  might  be  difficult  to  discriminate 
between  attenuation  due  to  scattering  and  intrinsic  attenuation.  This  lead  Aki  (1980) 
to  combine  both  type  of  attenuation  when  he  studied  scattering  and  attenuation  of 
shear  waves  in  the  lithosphere. 

Other  measures  of  Q  also  exist.  Aki  (1969)  suggested  that  seismic  coda  waves  from 
local  earthquakes  are  composed  primarily  of  backscattered  waves.  He  speculated  the 
backscatter  was  caused  by  small-scale  variations  in  the  Earth’s  crust.  Due  to  the 
large  number  and  random  distribution  of  these  scatterers,  he  suggested  treating  the 
heterogeneities  statistically.  Aki  and  Chouet  (1975)  expanded  on  Aki’s  original  work 
and  prraented  a  single  scattering  model  in  which  the  coda  amplitude  A{uj,t)  is  given 
by 

(\  1/2 

(318) 

where  v  is  velocity,  o  is  a  constant  which  depends  on  the  geometrical  spreading,  Q, 
is  the  “scattering  Q”  and  Qc  is  the  “coda  Q”.  The  term  under  the  radical  is  often 
referred  to  as  the  turbidity  of  the  medium  and  is  proportional  to  the  energy  scattered 
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per  unit  distance  traveled.  Aki  (1980)  showed  that  in  a  medium  without  intrinsic 
attenuation  the  scattering  Q  is  equivalent  to  the  coda  Q.  Equation  3.18  was  derived 
for  either  a  point  or  line  source,  and  thus  not  directly  applicable  for  the  geometry 
studied  here. 

Equations  3.18  and  3.17  represent  two  different  measures  for  describing  the  rate 
energy  is  scattered  by  the  medium.  Qc  is  derived  from  the  coda  of  the  seismogram, 
while  Qf  is  derived  from  the  first  arrival.  Hudson  and  Heritage  (1981)  suggest  that 
if  the  scattering  region  is  strong,  the  Born  approximation  will  be  violated  after  some 
length  of  time  because  scattering  from  far  away  will  be  diminished  by  multiple  scat¬ 
tering.  They  stress  that  the  early  scattering  process  is  dominated  by  single  scattering, 
but  as  the  effective  scattering  region  (i.e.  the  region  between  the  source  point  and 
the  incident  wavefront)  increases  multiple  scattering  should  becomes  more  important. 
This  suggests  that  the  rate  of  coda  decay  will  be  different  between  the  two  solutions 
at  sufficiently  long  times. 

To  calculate  the  scattering  Q,  955  seismograms  from  each  of  multiple  scattering 
models  were  first  bandpass  filtered  (±5  Hz)  around  a  series  of  frequencies  (5,  15, 
25,  35,  45,  55,  65,  75,  85,  95,  105,  115,  125,  135,  145,  155,  165  and  175  Hz),  then 
enveloped.  The  natural  log  of  the  maximum  value  of  the  envelope  was  then  plotted 
against  distance  and  fit  with  a  straight  line  (Figure  25).  The  slope  of  the  line  W2is 
then  used  to  calculate  Q,  as  a  function  of  frequency, 


Q.= 


—U)X 


(3.19) 


[2a  In  [A(u;,i)/Ao]. 

This  is  the  same  procedure  used  by  Frankel  and  Clayton  (1986),  except  no  correction 
for  geometric  spreading  was  necessary  since  the  source  was  a  plane  wave.  For  all 
frequencies,  the  fall-off  was  roughly  linear  with  distance.  This  suggests  that  the 
attenuation  model  presented  in  Equation  3.17  is  capable  of  accurately  explaining 
attenuation  due  to  scattering  in  these  media.  Since  this  method  uses  the  decrease  in 
amplitude  of  the  transmitted  wave  to  calculate  Q,  it  is  not  appropriate  for  the  single 
scattering  solutions,  in  which  the  amplitude  of  the  total  field  increases  with  propa- 
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Figure  25;  Logarithm  of  the  peak  amplitude  after  the  data  were  bandpass  filtered  (60d:5Hz), 
and  enveloped.  These  are  some  of  the  data  used  to  compute  Qi  for  the  impedance  (top) 
and  velocity  (bottom)  multiple  scattering  media. 
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gation  distance. 

The  calculated  attenuation  curves  for  the  two  models  are  shown  in  Figure  26. 
As  expected,  attenuation  is  greatest  at  low  frequencies  in  the  impedance  scattering 
medium.  At  higher  frequencies  the  attenuation  curve  falls  off  quickly,  «  The 

attenuation  curve  for  the  velocity  scattering  medium  was  clearly  different.  Atten¬ 
uation  increases  with  frequency  until  w  1,  then  at  higher  frequencies  decreases 
slowly.  This  behavior  has  been  observed  in  both  elastic  (Frankel  and  Clayton,  1986) 
and  acoustic  (Chernov,  1960)  media  which  are  characterized  by  the  Gaussian  correla¬ 
tion  function.  The  attenuation  curves  confirm  what  was  evident  on  the  seismogra*  s; 
the  velocity  scattering  medium  scatters  more  energy  from  the  incident  wave  than  t. 
impedance  scattering  medium.  Since  the  medium  is  assumed  to  be  perfectly  elastic, 
energy  scattered  from  the  primary  wave  must  eventually  be  recorded  as  coda  by  an¬ 
other  receiver.  At  low  frequencies  (25  Hz),  the  two  media  show  comparable  amounts 
of  coda  and  similar  coda  decay  rates  (Figure  27).  At  higher  frequencies,  the  velocity 
scattering  medium  has  more  coda,  but  still  has  roughly  the  same  coda  decay  rate, 
indicating  this  coda  decay  rates  by  themselves  cannot  be  used  to  distinguish  between 
velocity  and  impedance  scattering  (Figures  28  -  29). 

As  was  mentioned  earlier,  another  measure  of  attenuation  is  the  rate  at  which  the 
code  decays.  Figures  27  -  29  show  the  rate  of  coda  decay  in  the  single  and  multiple 
scattering  solutions  for  both  random  media.  The  data  used  in  these  figures  are  taken 
from  the  40  second  window  shown  in  Figures  14  -  17.  The  raw  time  series  was  first 
bandpass  filtered,  enveloped,  and  then  plotted  in  semi-log  format.  Several  interesting 
features  emerge  from  the  data.  At  low  frequencies  (25  Hz),  the  coda  in  the  impedance 
scattering  medium  is  nearly  flat  and  there  is  little  difference  between  the  single  and 
multiple  solutions  (Figure  27).  The  agreement  is  not  as  good  in  the  velocity  scattering 
medium,  but  the  rate  of  coda  decay  is  still  consistent  between  the  two  solutions.  Near 
the  center  frequency  (Figure  28),  there  is  more  slope  to  the  coda  curves  and  in  both 
media  the  two  solutions  are  no  longer  similar.  The  same  trends  persist  at  the 
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Apparent  Attenuation 
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Figure  26;  Attenuation  as  a  function  of  normalized  frequency  ka  for  the  two  random  media. 
In  the  velocity  scattering  medium,  attenuation  peaks  near  ka=l,  while  m  the  impedance 
scattering  attenuation  is  greater  for  low  frequencies. 
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Figure  27:  Coda  decay  rates  at  25  K  for  the  four  models  investigated  here.  Data  were  taken 
from  the  center  of  the  models  (Figures  14-  17)  and  were  windowed  (.4-. 8  sec),  enveloped 
and  plotted  on  semi-log  axes. 
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Figure  28:  S^e  as  Figure  27,  but  bandpass  filtered  around  65  Hz.  At  65  Hz,  the, single  and 
multiple  scattering  solutions  begin  to  diverge. 
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Figure  29:  Same  as  Figure  28,  but  bandpciss  filtered  around  105  Hz.  Note  the  rate  of  decay 
in  the  single  scattering  solutions  is  faster  than  that  in  the  multiple  scattering  solutions. 
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highest  frequency  (Figure  29),  where  the  single  scattering  solution  clearly  decays 
faster  than  the  multiple  scattering  solution.  This  is  the  most  familiar  distinction 
between  the  single  and  multiple  scattering  solutions.  Reasoning  along  these  lines, 
one  must  conclude  that  any  attempt  to  use  single  scattering  theory  to  estimate  coda 
Q  in  a  medium  with  significant  multiple  scattering  will  tend  to  underestimate  the 
true  Q  of  the  medium. 


3.4  Overview  of  the  Scattering  Process 

In  scattCTing  studies,  the  divergence  and  curl  of  the  displacement  field  are  often  calcu¬ 
lated  as  a  means  of  estimating  the  relative  amounts  of  P-waves  and  S- waves.  Strictly 
speaking  this  is  only  valid  when  the  medium  is  homogeneous.  If  the  medium  contains 
perturbations,  the  gradient  of  the  perturbations  also  contribute  to  the  divergence  and 
curl  of  the  wavefield  and  as  a  result,  the  two  modes  (P-waves  and  S-waves)  are  not 
completely  decoupled.  With  these  limitations  in  mind,  the  divergence  and  curl  of  the 
displacement  field  are  shown  for  the  four  simulations  discussed  above  (Figures  30  - 
33). 

The  divergence  snapshots  from  the  impedance  scattering  model  show  a  clear  dif¬ 
ference  between  the  multiple  (Figure  30)  and  single  (Figure  31)  scattering  solutions. 
Since  there  are  no  velocity  variations,  travel  time  variations  in  the  direct  P-wave  are 
small  for  the  multiple  scattering  solution.  This  is  contrary  to  the  single  scattering 
solution,  which  contains  both  amplitude  and  travel  time  variations.  These  varia¬ 
tions  are  due  to  transmission  errors  inherent  in  the  Bom  approximation  (Beydoun 
and  Taxantola,  1988)  and  are  even  more  pronounced  in  the  velocity  scattering  model 
(Figure  33).  The  agreement  between  the  single  and  multiple  scattering  solutions  is 
much  better  in  the  curl  snapshots  (Figures  30  and  31).  Here,  the  snapshots  are  nearly 
identical. 

The  wider  range  of  frequencies  in  the  scattered  energy  is  clearly  visible  in  the 
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Figure  30:  Snapshot  picture  of  the  divergence  and  curl  of  the  displacement  field  at  t  =  .52  s. 
Shown  here  is  the  multiple  scattering  solution  from  the  impedance  scattering  medium. 
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Figure  32:  Snapshot  picture  of  the  divergence  and  curl  of  the  displacement  field  at  i  =  52  s. 
Shown  here  is  the  multiple  scattering  solution  from  the  velocity  scattering  medium. 
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Figure  33;  Same  as  Figure  32,  but  calculated  using  the  single  scattering  technique. 
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results  from  the  velocity  scattering  models  (Figures  32  and  33).  Note  the  complete 
loss  of  a  coherent  direct  arrival  in  the  multiple  scattering  solution.  Also  interesting,  is 
the  ratio  in  the  peak  divergence  to  peak  curl.  Note  that  unlike  the  previous  example, 
the  curl  snapshot  is  quiescent  near  the  first  arrival  and  and  strongest  late  in  the  coda. 
This  implies  that  multiple  scattering  may  be  important  in  the  generation  of  S-waves. 

The  divergence  snapshot  from  the  velocity  scattering  medium  (Figure  33)  is  very 
similar  to  that  from  the  impedance  scattering  medium  (Figure  31).  The  cause  of 
this  seems  to  be  the  accumulation  of  errors  in  the  Bom  approximation.  The  curl  of 
the  single  scattered  field  shows  the  importance  of  multiple  scattering  in  this  medium. 
Unlike  the  snapshot  from  the  multiple  scattering  solution,  there  is  evidence  of  signif¬ 
icant  P  to  S  wave  scattering  near  the  first  arrival.  These  arrivals  are  clearly  visible 
across  the  model,  were  as  in  the  multiple  scattering  solution  they  are  not. 


3.5  FK  Analysis 

One  of  the  advantages  of  the  finite  difference  technique  is  that  seismograms  can  be 
calculated  for  the  divergence  and  curl,  as  well  as  displjicements.  We  use  that  ability  in 
this  section  to  Fourier  transform  those  data  and  form  frequency-wavenumber  (F-K) 
plots  of  the  the  divergence  (dominated  by  P-waves)  and  curl  (dominated  by  S-waves). 
F-K  analysis  is  a  useful  technique  to  illustrate  the  magnitude  and  direction  of  the 
scattered  field. 

The  time  window  used  for  these  analysis  was  the  whole  seismogram.  Therefore, 
in  the  impedance  scattering  media  the  dominant  feature  in  the  F-K  plots  of  the 
divergence  is  the  direct  P-wave  (Figures  34  and  35).  The  P-wave  in  the  multiple 
scattering  solution  shows  no  variation  in  propagation  direction,  while  in  the  single 
scattering  solution  the  P-wave  is  less  well  constrained.  The  S-wave  plots  show  the 
S-wave  is  strongly  side  scattered  and  in  the  single  scattering  solution  there  is  some 
backscattering  of  S-waves.  Except  for  this  backscattering,  the  F-K  contours  agree 
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Figure  34:  F-K  plot  of  the  divergence  and  curl  of  the  (multiple  scattering)  wavefield  in  the 
impedance  scattering  medium  shows  clear  separation  between  the  two  phtises. 
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Figure  35:  F-K  plot  of  the  divergence  and  curl  of  the  (single  scattering)  wavefield  in  the 
impedance  scattering  medium  shows  clear  separation  between  the  two  phases. 
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well  for  the  S-waves. 

Data  from  the  velocity  scattering  media  show  that  in  the  multiple  scattering  so¬ 
lution,  both  P  and  S  waves  are  scattered  over  a  broader  range  of  angles  (Figure  34). 
This  is  consistent  with  earlier  findings  that  multiple  scattering  is  important  in  this 
medium.  The  single  scattering  solution  in  this  medium  lacks  the  wide  range  of  scat- 
teripg  amgles  observed  in  the  multiple  scattering  solution  (Figure  3.')).  It  is  also  inter¬ 
esting  to  note  that  the  F-K  plots  for  both  the  divergence  and  curl  are  nearly  identical 
to  those  for  the  single  scattering  solution  in  the  impedance  scattering  medium.  The 
only  difference  is  a  slight  forward  shift  in  the  S-wave  energy  and  slightly  more  forward 
scattermg  of  P-waves. 

3-6  Coiiclusions 

In  this  chapter,  a  new  technique  was  developed  which  is  capable  of  calculating  the 
single  scattering  solution  in  an  arbitrarily  complex  medium.  First,  the  technique 
was  validated  by  comparing  the  single  and  multiple  scattering  solutions  for  a  simple 
isolated  point  scatterer.  In  the  limit  of  an  infinitely  small  scatterer,  the  two  solutions 
should  converge.  The  results  obtained  from  this  test  showed  some  disagreement,  but 
it  cippears  that  these  errors  are  due  to  the  choice  of  finite  difference  used-  here.  Had 
a  staggered  grid,  formulation  been,  used,  the  errors  would  most  likely  have  been  much 
sm^lpr. 

The  bulk  of  the  chapter  was  concerned  with  comparing  the  single  and  multiple 
scattering  solutions  for,  two  randomly  heterogeneous  media.  Both  media  were  char¬ 
acterized  by  a  Gaussian  correlation  function  and  had  10%  rms  deviation  in  A,  p  and 
p.  In  one  of  the  models,  the  perturbations  were  chosen  so  that  there  were  no  ve¬ 
locity  emomalies,  only  impedance  anomalies.  In  the  other,  there  were  no  impedance 
anomalies,  only  velocity  anomalies.  The  former  was  shown  to  be  dominated  by  low 
frequency  backseat tering,  while  in  the  latter  scattering  was  forward  directed  over  a 
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wide  frequency  band. 

In  the  impedance  scattering  medium,  the  shape  of  the  single  and  multiple  scat¬ 
tering  solutions  were  in  good  agreement  away  from  the  direct  arrival.  In  general,  the 
magnitude  of  the  singlely  scattered  arrivals  was  larger  than  the  multiplely  scatter 
scattered  axrivals.  This  behavior  can  be  directly  traced  to  the  fact  that  under  the 
Born  approximation,  the  direct  arrival  travels  through  the  medium  unaffected  by  the 
perturbations.  The  agreement  between  the  two  solutions  in  this  medium  suggests 
that  single  scattering  theories  should  work  well. 

Agreement  between  the  two  solutions  was  much  worse  in  the  velocity  scattering 
medium.  The  discrepancy  arose  because  multiple  scattering  was  important  in  this 
medium.  This  was  confirmed  by  both  the  F-K  analysis  and  the  snapshot  pictures  of 
the  divergence  and  curl.  In  this  medium  there  were  enough  scatterers  that  significant 
amounts  of  energy  was  scattered  from  the  incident  wave.  This  causes  attenuation 
due  to  scattering,  and  in  the  multiple  scattering  solutions  diminishes  the  amplitude 
of  the  incident  wave.  This  is  not  accounted  for  under  the  Born  approximation  and 
caused  an  accumulation  of  error  which  was  proportional  to  the  propagation  length, 
the  strength  of  the  perturbations,  and  frequency. 

Also  important  in  the  velocity  scattering  medium  was  the  lack  of  late  arrivals 
at  near  offsets  in  the  single  scattering  solution.  (Figure  23)  and  is  indicative  of  the 
importance  of  multiple  scattering  in  this  medium.  The  lack  of  secondary  scattering 
also  tends  to  increase  the  coherency  of  scattered  arrivals  across  neighboring  receivers. 
This  effect  may  be  important  and  deserves  further  quantification. 
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Figure  36:  F-K  pk>t  of  the  divergence  and  curl  of  the  (multiple  scattering)  wavefield  in  the 
velocity  scattering  medium. 
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Figure  37:  F-K  plot  of  the  divergence  and  curl  of  the  (single  scattering)  wavefield  in  the 
velocity  scattering  medium.  The  importance  of  multiple  scattering  is  reflected  in  the 
lesser  range  of  wavenumbers  present  in  the  wavefield. 
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Chapter  4 


Elastic  Wave  Scattering  Below 
NORSAR 


4.1  Introduction 

Seismic  data  recorded  at  NORSAR  show  variations  in  amplitude  and  travel  time 
which  cannot  be  explained  by  a  simple  layered  model.  The  magnitude  and  spatial 
variability  of  these  features  suggests  that  they  are  created  by  lateral  heterogeneities 
in  the  crust  and  upper  mantle.  There  is  currently  much  debate  as  to  what  causes 
these  variations,  but  they  are  likely  to  be  due  at  le2ist  in  part  to  changes  in  lithology, 
fracture  density,  fracture  orientation,  or  temperature.  Even  with  our  limited  under¬ 
standing  of  the  subsurface,  it  would  seem  likely  that  those  anomalies  in  the  near 
surface  would  tend  to  be  dominated  by  ongoing  geologic  processes,  and  therefore  re¬ 
gionally  dependent.  Similarly,  variations  in  the  lower  crust  may  also  reflect  current 
geophysical  processes,  but  in  addition  might  contain  remnant  information  from  past 
geologic  events.  The  motivation  then  is  to  understand  the  variations  in  crustal  and 
lithospheric  velocities  so  that  we  might  be  able  to  infer  information  concerning  the 
geology  of  the  region. 

To  accomplish  this,  we  use  full  waveform  data  collected  from  the  NORSAR  and 
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NORESS  arrays  and  forward  modeling  to  propose  a  lithospheric  model  which  is  consis¬ 
tent  with  both  the  observed  seismic  data  and  current  tectonic  theories  in  Fennoscan- 
dia.  We  approach  the  problem  from  a  deterministic  point  of  view  in  that  we  in¬ 
vestigate  a  series  of  specific  realizations  with  known  statistical  properties.  In  order 
to  construct  a  reasonable  starting  model,  finite  difference  simulations  are  performed 
using  several  of  the  random  lithospheric  models  proposed  in  the  scattering  literature. 
These  simulations  served  to  acquaint  us  with  the  sensitivity  of  the  results  to  differ¬ 
ent  models  and  to  identify  the  influence  of  different  types  of  heterogeneities.  Once 
the  starting  model  was  chosen,  a  finite  difference  simulation  was  performed  and  the 
resulting  seismograms  compared  to  field  data  from  the  NORSAR  and  NORESS  ar¬ 
rays.  After  examining  the  results,  the  model  was  updated  and  the  process  repeated. 
Throughout  the  process,  each  modification  of  the  model  was  undertaJcen  with  full 
consideration  of  the  known  tectonic  features  of  region. 

The  methodology  pursued  here  is  different  than  previous  attempts  to  specify  the 
lithospheric  model  below  NORSAR.  Early  studies  used  Chernov  (1960)  scattering 
theory  to  relate  the  amplitude  and  phase  fluctuations  in  the  wavefield  to  slowness 
fluctuations  in  the  medium  (e.g.,  Aki,  1973;  Berteussen  et  aJ.,  1975a).  These  studies 
were  shown  to  be  accurate  only  for  low  frequencies  (/  <  0.6  Hz)  (Aki,  1973)  and 
completely  neglected  multiple  scattering,  as  well  as  mode  conversion.  In  addition, 
they  required  that  the  autocorrelation  function  of  the  medium  is  known  a  priori  and 
easily  mamipulated  mathematically.  Flatte  and  Wu  (1988)  devised  a  less  restrictive 
formalism  which  over  came  some  of  these  limitations,  though  it  too  neglected  mode 
conversion  and  multiple  scattering  and  used  only  the  arrival  and  log  amplitude  in¬ 
formation  from  the  recorded  wavefield.  In  this  chapter,  we  continue  the  work  of 
Frankel  and  Clayton  (1986)  and  use  the  finite  difference  technique  to  model  elastic 
wave  propagation  in  the  crust.  We  then  extract  several  important  parameters  from 
the  synthetic  data  and  compare  these  values  to  similar  parameters  taken  from  nu¬ 
clear  explosions  recorded  at  NORSAR  and  NORESS.  The  field  data  then  serves  to 
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constrain  subsequent  finite  difference  models.  The  most  important  parameter  used 
in  this  study  is  the  coherency  statistic.  It  is  advantageous  because  it  represents  the 
average  coherency  (or  similarity)  of  the  wavefield  and  is  therefore  directly  tied  to 
ensemble  average.  The  advantage  of  this  study  over  earlier  studies  is  that  we  use 
a  realistic  background  earth  model  (to  insure  the  correct  wavelength  scaling  with 
depth),  we  consider  the  full  elastic  solution  (to  account  for  scattering  due  to  mode 
conversion  and  multiple  scattering)  and  we  use  the  full  waveform  to  compute  the 
coherency  statistics  (as  opposed  to  ensemble  averages  of  the  travel  time  and  log  am¬ 
plitude  measurements). 


4.2  Scattering  Beneath  NORSAR 

NORSAR  is  a  large-aperture  seismic  array  (sa  125  km  in  diameter),  located  in  Norway, 
which  was  designed  to  monitor  teleseismic  events.  The  array  consists  of  22  subarrays, 
each  having  as  many  as  6  short-period  vertical  component  seismometers  (Figure  38). 
In  this  study,  we  used  only  data  from  the  OlA,  OIB,  02B,  03C,  04C  and  06C  sub¬ 
arrays,  which  had  a  minimum  and  maximum  receiver  separation  of  approximately 
3  km  and  70  km  respectively.  This  range  of  distances  should  allow  us  to  identify  the 
moderate  wavelength  velocity  variations  in  the  lithosphere.  In  addition,  we  also  used 
short-period  data  from  the  NORESS  array.  The  NORESS  array  is  centered  about  the 
center  element  of  the  06C  subarray  of  NORSAR,  but  is  a  completely  separate  array 
in  terms  of  its  seismometers,  electronics  and  transmission  facilities.  NORESS  consists 
of  25  concentrically  located  receivers  all  within  a  3  km  circle  (Figure  39).  These  data 
should  help  us  to  constrain  the  more  rapidly  varying  fluctuations  in  the  velocity  field. 
NORESS  was  designed  as  an  experimental  array  for  regional  monitoring.  Like  NOR¬ 
SAR,  its  receivers  are  deployed  in  vaults  on  piers  set  directly  in  crystalline  bedrock, 
thus  generate  generate  good  quality  data.  It  should  be  noted,  however,  that  the  data 
from  NORESS  generally  have  higher  signal  to  noise  ratios  and  contain  more  dynamic 
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Figure  39:  The  NORESS  array  is  located  within  the  06C  subarray  of  NORSAR  (Figure  38). 
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range. 

The  events  investigated  here  are  recordings  from  underground  nuclear  explosions 
at  the  Semipalatinsk  test  site  (USSR)  (49.93®  N,  78.82®  E).  The  larger  of  the  two  blasts 
(mb  =  6.1)  occurred  on  December  4, 1987  and  produced  exceptionally  clean  recordings 
on  the  NORESS  stations  (Figure  40).  Due  to  the  limited  dynamic  range  at  NORSAR, 
this  event  was  clipped  on  meiny  of  those  stations.  The  smaller  event  (mb  =  5.1)  which 
occurred  on  July  25,  1985  was  well  recorded  at  NORSAR  (Figure  41).  Data  from 
nuclear  blasts  are  often  used  to  study  scattering  because  the  source  function  for  these 
events  is  simple  and  well  understood.  In  particular,  data  from  the  Semipalatinsk 
test  area  was  preferred  for  this  study  because  the  source  area  is  far  enough  from 
Norway  (A  =  38®«  4200  km)  that  the  primary  P-wave  was  nearly  vertically  incident 
(incidence  angle  «  76®),  and  the  curvature  of  the  wavefront  was  small.  These  two 
factors  allow  the  incident  wave  to  be  approximated  by  a  plane  wave. 

4.2.1  Tectonic  and  Geophysical  Setting 

Large-scale  Structure  near  NORSAR 

The  entire  region  surrounding  NORSAR  is  part  of  the  stable  Baltic  Shield,  which 
is  characterized  by  the  predominance  of  Precambrian  rocks  (Sellevoll  and  V/arrick, 
1971).  The  Olso  graben,  which  is  located  slightly  southeast  of  NORSAR,  separates 
the  Precambrian  rocks  into  two  parts.  North  of  the  graben,  Precambrian  rocks  of 
southern  Norway  dip  below  the  highly  metamorphosed  rocks  of  the  Caledonian  oro- 
genic  zone  (Figure  42).  The  Scandinavian  Caledonides  consist  of  geosynclinal  sedi¬ 
mentary  and  volcanic  rock.  An  increasing  degree  of  metamorphism  with  granitization 
2md  intrusions  are  evident  from  the  Oslo  graben  to  the  northwest.  It  is  in  this  region 
that  the  deep-seated  orogenic  processes  have  been  especially  active.  This  has  resulted 
in  the  fusion  of  previous  Precambrian  basement  and  Cambrian-Silurian  sedimentary 
rocks. 

Much  of  the  geology  described  above  was  mapped  using  seismic  techniques.  Knopoff 
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Figure  40:  NORESS  data  (plotted  at  constant  scale)  from  a  nuclear  explosion  in  Eastern 
Kazakhstan,  USSR  (December  12,  1987). 
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Figure  42:  Simplified  geologic  map  and  preliminary  contouring  of  the  Moho  in  southern 
Norway  (from  Sellevoll  and  Warrick,  1971).  The  circle  in  each  map  corresponds  to  the 
aerial  extent  of  the  full  NORSAR  array  (Figure  38). 


(1983)  and  Tanimoto  and  Anderson  (1985)  used  surface  wave  dispersion  to  mapped 
the  large-scale  velocity  variations  in  the  Fennoscandian  lithosphere.  The  lateral  extent 
of  these  features  are  too  large  to  be  resolved  by  our  study  and  any  effects  would 
appear  ais  constant  travel  time  and  amplitude  shifts  over  our  whole  study  area.  For 
this  reason,  we  look  to  more  detailed  studies  which  might  identify  features  smaller 
than  the  width  of  our  array  («  50  km).  Tomographic  imaging  of  the  subsurface 
is  capable  of  resolving  features  having  dimensions  on  the  order  of  10  km  and  has 
been  used  extensively  in  Fennoscandia  (e.g.,  Thomson  and  Gubbins,  1982;  Husebye 
et  al.,  1986).  This  resolution  has  been  sufficient  to  identify  the  seismic  signature  of 
most  of  the  major  tectonic  provinces  in  southern  Scauidinavia,  but  smaller  features 
such  as  the  Oslo  Rift  have  escaped  detection.  In  an  attempt  to  increase  resolution, 
several  reflection  and  refraction  surveys  have  been  performed  near  NORSAR  (e.g., 
Sellevoll  and  Warrick,  1971;  Mykkeltveit,  1980;  Cassell  et  al.,  1983).  While  most 
of  these  studies  have  concentrated  on  mapping  the  depth  of  the  Moho  and  other 
discontinuities,  several  have  suggested  the  existence  of  an  alternating  series  of  positive 
and  negative  velocity  anomalies  below  the  Moho.  These  studies  suggest  that  the 
velocity  anomalies  are  thin  tabular  features  which  have  a  lateral  extent  not  greater 
than  100  km. 


4.3  Scattering  at  NORSAR 

4.3.1  Travel  time  and  Amplitude  Variations 

The  techniques  described  above  are  oriented  towards  identifying  the  long-wavelength 
variations  in  the  velocity  field.  Synthetic  data  generated  from  these  models  may  fit  the 
average  travel  times  observed  at  large  aperture  arrays,  such  as  NORSAR,  but  cannot 
explain  all  the  variations  seen  on  the  field  data.  The  degree  of  mismatch  is  greater 
than  expected  from  measurement  errors  (Berteussen,  1974)  and  usually  attributed 
to  heterogeneous  structures  in  the  Earth’s  crust  and/or  mantle.  The  purpose  of  this 
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section  is  to  display  the  nature  of  these  variations  so  that  they  cein  be  compaxed  to 
similar  quantities  measured  from  the  synthetic  models  discussed  below. 

The  data  collected  at  NORSAR  contained  several  dead  traces  (Figure  41)  and 
significant  amounts  of  low  frequency  noise  (Figure  43).  The  low  frequency  noise 
was  removed  by  highpass  filtering  above  1  Hz  and  the  dead  traces  were  removed 
before  subsequent  processing  (Figure  44).  After  the  preprocessing  step,  the  data 
were  bandpass  filtered  around  2  Hz,  the  peak  frequency  of  the  P-wave  (Figure  43), 
so  that  reliable  arrival  times  could  be  measured  using  a  simple  first  break  algorithm. 
These  data  were  then  fit  (least  squares  criterion)  with  a  plane,  leaving  the  residuals  as 
the  travel  time  fluctuations.  The  same  procedure  was  used  to  calculate  the  travel  time 
fluctuations  in  the  NORESS  data,  although  the  preprocessing  step  was  unnecessary 
since  that  data  contained  very  httle  background  noise  and  no  dead  traces  (Figure  45). 

The  linear  regressions  on  the  two  datasets  were  consistent  and  yielded  a  backaz- 
imuth  direction  «8  north  of  east.  Projecting  the  travel  time  residuals  for  the  NOR¬ 
SAR  data  along  the  a  line  parallel  to  that  direction  (Figure  46)  shows  the  residuals 
ate  generally  on  the  order  of  ,1  s  and  distributed  evenly  about  zero.  The  total  rms 
travel  time  variation  observed  for  these  data  was  about  0.06  s,  considerably  less  than 
0.2  s  figure  usually  observed  at  large  seismic  arrays  (e.g.,  Berteussen  et  al.,  1975a; 
Powell  and  Meltzer,  1984).  The  reason  for  the  discrepancy  might  be  related  to  the 
fact  that  only  data  from  six  closely  spaced  subarrays  was  used  in  the  calculations. 
Similarly,  the  travel  time  residuals  for  the  NORESS  data  were  calculated,  but  the 
rms  variation  in  travel  time  was  found  to  be  less  than  the  temporal  sampling  rate 
(l/40th  s),  which  implies  these  variations  are  insignificant. 

For  both  sets  of  data,  the  variations  in  log  amplitude  are  considerably  greater 
than  the  travel  time  variations.  Log  amplitude  fluctuations  in  the  NORSAR  data 
showed  as  much  as  0.75  rms  variation  across  the  array  (Figure  47).  The  data  show  a 
definite  linear  trend:  amplitudes  are  highest  in  the  east.  If  these  variations  are  due  to 
changes  in  local  surface  geology,  the  efl'ects  can  be  adequately  modeled  by  the  finite 
difference  modeling  performed  here.  However,  it  is  also  possible  that  the  dip  of 
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Figure  43:  Average  power  spectra  of  the  background  noise  (10  s  preceding  the  first  arrival), 
unfiltered  traces,  and  bandpass  filtered  (1-10  Hz)  traces  at  NORSAR. 
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Figure  44:  NORSAR  data  (plotted  at  constant  scale)  from  a  nuclear  explosion  in  Eastern 
Kazakhstan.,  USSR  (July  25,  1985).  Traces  have  been  bfindpass  filtered  (1-10  Hz)  and 
dead  traces  have  been  removed.  These  are  the  NORSAR  data  used  in  all  subsecpient 
calculations. 


100 


NORESS 


Figure  45:  Average  power  spectra  of  the  background  noise  (10  s  preceding  the  first  arrival), 
unfiltered  traces,  and  bandpass  filtered  (1  -  10  Hz)  traees  at  NORESS. 
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Figure  46:  Travel  time  residuals  projected  along  the  great  circle  path  between  the  source 
and  the  center  of  the  NORSAR  array.  The  rms  deviation  for  these  data  was  f5s0.07  s. 
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Amplitude  Fluctuations 
(NORSAR) 


Figure  47:  Fluctuations  in  log  amplitude  projected  along  the  great  circle  path  between  the 
source  and  the  center  of  the  NORSAR  array.  The  rms  deviation  for  these  data  was  0.75 
before  removing  the  linear  trend  and  0.35  after  removing  the  trend. 
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the  Moho  is  also  a  factor.  Figure  42  suggests  that  the  depth  to  the  Moho  decreases 
steadily  to  the  east,  consistent  with  the  trend  in  increased  amplitude.  Since  all  the 
modeling  done  in  this  study  assumed  a  flat  Moho,  it  is  tempting  to  remove  the  linear 
trend  before  calculating  the  rms  variation  in  amplitude.  When  this  is  done,  the  rms 
variation  drops  from  0.75  to  0.35.  Similar  findings  were  made  for  data  from  NORESS, 
but  due  to  the  lesser  spatial  extent  of  the  array  the  rms  variation  in  log  amplitude 
was  only  0.06  (Figure  48).  The  proximity  of  the  receivers  at  NORESS  allowed  us 
to  contour  the  amplitude  fluctuations  (Figure  49),  something  which  was  not  possible 
with  the  NORSAR  data.  The  contours  are  generally  smooth,  which  is  due  in  part 
to  the  contouring  algorithm,  but  they  also  display  variations  as  small  as  200  m. 
The  existence  of  these  variations  over  distances  as  small  as  the  width  of  NORESS  is 
strong  evidence  for  including  a  highly  heterogeneous  layer  in  the  very  near  surface. 
In  addition,  by  examining  these  features  in  the  data,  we  have  established  one  of 
the  criteria  which  will  help  to  constrain  the  lithospheric  models  which  are  presented 
below.  Removal  of  the  linear  trend  had  little  effect  on  the  coherency  calculations  since 
that  statistic  is  known  to  be  affected  only  weakly  by  amplitude  variations  (Dainty 
and  Toksoz,  1990). 

4.3.2  Transverse  Coherency  (NORSAR) 

For  densely  spaced  receivers,  the  spatial  trends  in  the  2unphtude  and  travel  time  may 
provide  information  about  the  scale-lengths  of  the  scatterers.  If  the  receiver  coverage 
is  too  sparse,  simple  techniques  such  as  contouring  may  be  of  little  value.  One  measure 
which  has  proven  useful  in  these  circumstances  is  the  transverse  coherency  function 
(Harichandran  and  Vanmarcke,  1984;  Dainty  and  Toksoz,  1990;  Menke  et  al.,  1990). 
The  coherency  statistic  has  been  used  in  both  strong  ground  motion  (Harichandran 
and  Vanmardce,  1984)  and  regional  (Toksoz  et  al.,  1990;  Dainty  and  Toksoz,  1990) 
studies  and  is  a  frequency  domain  equivalent  of  the  correlation  function  used  by 
Bungum  et  al.  (1985)  and  Ingate  et  al.  (1985).  The  coherency  function  is  useful  in 
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Figure  48:  Fluctuations  in  log  amplitude  projected  along  the  great  circle  path  between  the 
source  and  the  center  of  the  NORESS  array.  The  rms  deviation  for  these  data  was  very 
small  (0.06),  even  before  removing  the  linear  trend. 
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Log  Amplitude  Fluctuations  at  NORESS 
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Fifure  49:  Contour  of  peak  amplitude  values  observed  at  NORESS. 
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practice  because  it  provides  a  dimensionless  measure  of  similarity  between  two  traces. 

Before  calculating  the  coherency,  Jenkins  and  Watts  (1968)  and  Harichandran  and 
Vanmarcke  (1984)  suggest  removing  any  gross  travel  time  delays  in  the  data.  In  the 
synthetic  examples  presented  here,  no  time  shifting  was  necessary  since  the  source 
waa  normally  incident  on  the  receiver  array.  The  field  data  was  time  shifted  in  the 
same  manner  as  described  above.  After  correcting  for  the  normal  moveout  (which 
roughly  aligns  the  traces),  the  seismograms  were  windowed  and  the  crosscorrelation 
and  autocorrelation  between  each  receiver  pair  was  calculated.  These  correlations 
were  then  further  windowed  with  a  Bartlett  window.  The  purpose  of  the  Bartlett 
window  was  to  provide  frequency  smoothing  of  the  correlation  spectra  and  minimize 
bias  at  low  coherencies  (Jenkins  and  Watts,  1968).  The  smoothing  makes  the  spectral 
estimates  more  reliable,  but  diminishes  resolution.  This  problem  is  discussed  in  detail 
by  Harichandran  and  Vanmarcke  (1984).  They  show  that  to  obtain  optimal  results, 
the  width  of  the  Bartlett  window  should  be  approximately  1/5  the  width  of  the 
originad  data  window.  The  coherency  between  each  receiver  pair  can  be  cadculated  by 


C(a:,w) 


Sij{x,u;) 


(4.1) 


where  *  =  |i,  —  x  j|  is  the  spatial  separation  between  receivers  i  and  a;  is  angulau: 
frequency,  is  the  crosscorrelation  spectrum  between  seismograms  and  5„  and  Sjj 
are  the  autocorrelation  spectra. 

Since  the  coherency  values  calculated  from  seismic  data  depend  on  the  data  win¬ 
dow,  they  are  only  estimates  of  the  true  coherency.  Better  estimates  can  be  obtained 
by  averaging  over  the  ensemble.  This  is  accomplished  by  grouping  the  calculated 
coherencies  into  bins  of  approximately  equal  receiver  distance  and  averaging.  The 
magnitude  of  the  coherency  (here  after  called  simply  the  coherency)  is  limited  to  the 
range  between  zero  and  one  and  the  distribution  of  values  is  more  log-normal  than 
normal  (Jenkins  and  Watts,  1968;  Dainty  and  Toksoz,  1990).  Accordingly,  uncertain¬ 
ties  in  the  coherency  are  found  using  the  Fisher  Z-transform.  Errors  associated  with 
phase  of  the  coherency  function  are  not  limited  to  any  fixed  range  of  values  and  seem 
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to  be  better  described  by  the  Gaussian  distribution.  Therefore,  uncertainties  in  the 
phase  values  are  estimated  using  the  Gaussian  normal  distribution. 

Coherency  of  Waveforms  at  NORSAR  and  NORESS 

The  coherency  is  one  of  the  mcMures  we  will  use  to  evaluate  the  similarity  of  the 
variations  in  the  synthetic  data  to  those  in  the  Held  data.  It  is  important  then  that 
we  outline  the  key  features  in  the  coherency  function  which  is  observed  at  NORSAR 
and  NORESS.  Beginning  with  the  NORSAR  data,  the  coherency  was  calculated  over 
a  4  s  window  which  began  sa  1  s  before  the  onset  of  the  direct  arrival.  The  stacked 
(25  fold)  power  spectrum  for  this  time  window  is  shown  in  Figure  43.  Note  the  strong 
peak  at  2  Hz  and  the  numerous  notches  in  the  spectrum.  The  lack  of  power  at  low 
frequencies  is  due  to  the  high-pass  filtering  which  vfas  done  prior  to  processing.  The 
other  depressions  in  the  spectrum  might  be  due  to  interference  effects  which  arise 
because  of  scattering.  Although  the  windowing  of  the  correlation  spectra  helped  to 
minimize  the  effects  of  these  features,  some  care  was  necessary  in  order  to  calculate 
coherencies  only  for  frequencies  with  good  signal  to  noise  ratios.  After  some  exper¬ 
imentation,  we  found  that  we  could  get  good  coherency  measurements  at  1.5  Hz, 
2.5  Hz  and  3.5  Hz.  The  frequency  separation  between  these  frequencies  is  greater 
thaui  the  width  of  the  smoothing  window,  thus  yields  independent  results,  auid  avoids 
the  major  notches  in  power  spectrum. 

Figures  50  -  52  show  the  spatial  coherency  and  phase  lag  as  a  function  of  receiver 
separation  for  the  NORSAR  data.  Each  “x”  on  the  coherency  plots  represents  a 
single  coherency  measurement  between  two  specific  receivers.  The  darkened  circles 
and  associated  error  bars  show  the  mean  coherency  value  and  its  uncertainty  as 
described  above.  Similarly,  each  “x”  on  the  phase  lag  plots  shows  the  relative  time 
shift  between  a  given  pair  of  receivers.  For  the  reasons  described  above,  average  phase 
lag  values  near  zero  are  desirable.  Lastly,  the  gap  in  the  coherency  data  near  15  km 
is  due  to  no  receiver  pairs  having  that  spatial  separation. 
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Figure  50;  Coherency  as  a  function  of  spatial  separation  for  the  direct  arrival  and  early 
coda  of  the  NORSAR  data  around  1.5  Hz.  Each  cross  represents  the  coherency  (top)  or 
phase  lag  (bottom)  estimate  from  one  receiver  pair.  The  filled  circles  and  error  bars  are 
the  meaui  values  and  their  uncertainties. 
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Coherency  2.5  Hz 
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Figure  51:  Coherency  as  a  function  of  spatial  separation  for  the  direct  arrival  and  early  coda 
of  the  NORSAR  data  around  2.5  Hz.  Each  cross  represents  the  coherency  (top)  or  phase 
lag  (bottom)  estimate  from  one  receiver  pair.  The  filled  circles  and  error  bars  are  the 
mean  values  and  their  uncertainties. 
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Coherency  3.5  Hz 
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Figure  52:  Coherency  as  a  function  of  spatial  separation  for  the  direct  arrival  and  early  coda 
of  the  NORSAR  data  around  3.5  Hz.  Each  cross  represents  the  coherency  (top)  or  phase 
lag  (bottom)  estimate  from  one  receiver  pair.  The  filled  circles  and  error  bars  are  the 
mean  values  and  their  uncertainties. 
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The  coherency  of  the  NORSAR  data  at  1.5  Hz  (Figure  50)  shows  very  little  falloff 
with  distance  out  to  the  largest  receiver  separations  (60  ki;i).  The  significance  of 
these  values  is  supported  by  the  relatively  small  variation  ui  the  individual  coherency 
measurements  and  the  small  average  phase  lag  values.  The  trend  in  the  average 
coherency  values  at  2.5  Hz  Me  similar  to  what  was  observed  at  1.5  Hz,  although 
in  general  the  values  are  slightly  lower.  There  is  also  more  variation  in  individual 
coherency  and  phase  lag  measurements  at  this  frequency.  The  coherency  at  3.5  Hz 
is  clearly  different  than  w<is  observed  at  the  lower  frequencies.  There  is  considerable 
variation  in  both  the  individual  coherency  and  phase  lag  values  as  well  as  a  strong 
decrease  in  coherency  with  separation.  It  is  tempting  to  explain  the  lower  coherencies 
observed  at  this  frequency  on  a  decrease  in  the  signal  to  noise  ratio,  however  the  power 
spectra  (Figure  43)  do  not  support  this  interpretation.  An  alternative  explanation  is 
that  this  frequency  is  simply  more  strongly  scattered  than  the  lower  frequencies. 

Due  to  the  lack  of  closely  spaced  receivers  in  the  NORSAR  array,  we  turn  to  the 
NORESS  data  for  insight  into  the  small-scale  crustal  heterogeneities.  Due  to  the 
distinct  notches  in  the  power  spectra  at  2  Hz  and  3  Hz,  the  coherency  was  calculated 
at  1.5  Hz,  2.5  Hz  and  3.5  Hz.  All  frequencies  showed  high  coherency  over  the  re¬ 
ceiver  separations  at  NORESS  (3  km)  and  very  little  scatter  in  individual  coherency 
and  phase  lag  measurements,  so  data  from  the  three  frequencies  were  combined  and 
displayed  in  Figure  53.  The  most  important  feature  in  these  data  is  the  existence  of 
variations  over  distances  as  small  as  3  km.  The  existence  of  these  variations  is  espe¬ 
cially  interesting,  given  the  lack  of  observable  travel  time  anomalies.  Charrette  and 
Toksoz  (1989)  showed  that  highly  heterogeneous  media  (such  m  those  charax:terized 
by  the  von  Karman  autocorrelation  function)  are  capable  of  producing  considerable 
waveform  variations  with  little  effect  on  travel  times.  One  way  to  reconcile  the  ob¬ 
servations  at  NORESS  then  is  to  include  a  highly  heterogeneous  near-surface  layer. 
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Figure  53:  Uncertainties  in  the  coherency  measurements  for  the  NORESS  data  were  so 
small,  the  coherency  curves  for  1.5,  2.5,  &  3.5  can  all  be  shown  together.  The  average 
phase  lag  for  these  data  was  zero  for  all  distances. 
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4.4  The  Coda 


One  of  the  most  obvious  features  on  high-frequency  (>  1  Hz)  teleseismic  recordings 
is  the  coda  that  appears  behind  the  direct  P-wave  and  S-wave  arrivals.  Consider 
the  NORSAR  data  used  here;  the  source  was  a  nuclear  explosion  which  lasted  only  a 
fraction  of  a  second  yet  the  P-wave  envelope  stretches  over  several  seconds.  The  same 
efiFect  can  be  seen  in  data  from  local  microearthquakes,  which  can  have  an  S-wave 
coda  lasting  hundreds  of  seconds  (Frankel  and  Wennerberg,  1987).  Coda  waves  can  be 
formed  by  a  variety  of  mechanisms;  reverberations  in  horizontally  layered  structure 
under  the  receiver  (site  response),  reverberations  in  layered  structure  between  the 
source  amd  receiver,  surface  waves  scattered  by  lateral  heterogeneities,  the  conversion 
of  body  waves  at  depth  or  at  the  surface,  and  by  anelastic  effects.  In  this  study,  we 
assume  that  all  the  coda  is  produced  by  the  scattering  of  body  waves  from  velocity 
fluctuations  in  the  lithosphere.  Furthermore,  when  examining  the  synthetic  data, 
we  are  limited  by  the  modeling  technique  to  two  dime*  ...  .lui  geometries  and  we  can 
consider  only  scattering  in  the  lithospher''  uuJer  the  receiver. 

The  significance  of  near  source  scattering  can  be  measured  by  transforming  the 
data  to  wavenumber  domain.  Each  point  in  wavciiuiiiber  domain  maps  to  a  plane 
wave,  where  the  direction  of  the  wavenumber  vector  is  the  backazimuth  and  the  norm 
of  the  wavenumber  vector  is  inversely  proportion2d  to  the  apparent  velocity  of  the 
plane  wave  across  the  array.  Figure  54  shows  four  FK  plots,  each  over  a  5  second 
window  of  the  NORESS  data  (2  Hz).  The  first  5  second  window  is  dominated  by  the 
incident  P-wave,  which  is  manifest  as  a  well  localized  peak.  In  the  second  frame  of 
Figure  54,  the  broadening  of  the  peak  indicate  that  energy  is  incident  on  the  array 
from  a  wider  range  of  angles.  This  is  indicative  of  of  either  P-wave  scattering  and/or 
S-wave  scattering  below  the  receiver  array,  or  P-wave  scattering  below  the  source 
array.  We  favor  the  former  explanation.  In  the  third  time  window,  the  FK  plot 
shows  energy  in  bot.h  the  first  and  third  quadrants,  indicating  that  some  energy  is 
being  backscattered  from  the  incident  P-wave  after  if  has  reflected  off  the  free  surface. 
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The  apparent  velocity  of  the  hackscattered  energy  suggests  that  this  energy  may  be 
dominated  by  S-waves.  The  last  time  window,  which  begins  «15  s  after  the  first 
arrival,  shows  that  a  significant  amount  of  the  energy  in  this  time  window  is  due  to 
backscattering.  In  summary  then,  the  first  few  cycles  of  the  incident  wave  appear 
to  be  dominated  by  energy  coming  directly  from  the  source  region.  Later  in  the 
seismograms,  the  range  of  angles  from  which  energy  is  incident  on  the  array  increases. 
Lastly,  the  existence  of  the  secondary  peak  in  the  third  and  fourth  quadrants  suggest 
that  backscattering  is  an  important  component  of  coda  generation. 


4.5  Forward  Modeling  in  Random  Media 

Small-scale  Structure  in  the  Lithosphere 

It  is  now  well  established  that  the  amplitude  and  travel  time  anomalies  observed  at 
NORSAR  and  NORESS  are  due  to  small-scale  velocity  anomalies  in  the  lithosphere 
(e.g.,  Aki,  1973;  Frankel  and  Clayton,  1986;  Flatte  and  Wu,  1988).  Aki  (1973)  as¬ 
sumed  the  crust  under  LASA  (an  array  similar  in  size  to  NORSAR)  could  be  modeled 
as  a  random  medium.  Aki  (1973)  used  Chernov  (1960)  scattering  theory  (based  on 
the  Born  and  Fresnel  approximations)  to  relate  amplitude  and  travel  time  variations 
to  slowness  fluctuations  in  the  medium.  If  the  slowness  fluctuations  in  the  medium 
were  assumed  to  be  Gaussian  distributed  and  have  a  Gaussian  autocorrelation,  Aki 
(1973)  found  the  crust  could  be  modeled  as  a  60  km  thick  random  medium  with  a 
correlation  length  of  10  km  and  4%  rms  variation  in  velocity.  An  equally  important 
finding  in  his  study  was  that  data  up  to  0.6  Hz  were  fit  well  by  this  model,  but  higher 
frequencies  were  not.  The  conclusion  made  in  that  study  was  the  misfit  occurred 
because  the  Born  approximation  had  been  violated.  Capon  (1974)  used  a  slightly 
different  implementation  of  the  same  theory  (Chernov  (1960)  scattering  theory)  and 
found  optimal  results  when  the  random  heterogeneities  extended  to  a  depth  of  136  km 
and  the  rms  deviation  in  velocity  was  1.9%.  Like  Aki  (1973),  it  wcis  assumed  that 
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the  random  fluctuations  had  a  Gaussian  autocorrelation  function.  Berteussen  et  al. 
(1975a)  gives  an  excellent  review  of  Chernov  scattering  theory  ais  applied  to  the  earth 
and  discusses  several  key  issues,  such  as  the  lack  of  resolution  between  the  rms  de¬ 
viation  in  slowness  and  the  thickness  of  the  random  medium.  They  then  investigate 
NORSAR  data  and  found  that  50  -  60%  of  the  variance  in  amplitudes  and  travel 
times  could  be  explained  by  the  existence  of  a  50  km  thick  layer  with  random  fluctu¬ 
ations  having  a  Gaussian  autocorrelation  function.  They  found  the  best  results  with 
a  correlation  length  of  15  km  and  3%  rms  variation  in  slowness. 

These  studies  are  similar  in  that  they  are  all  restricted  to  the  acoustic  case  and  as¬ 
sume  Chernov  scattering,  and  therefore  the  Born  approximation,  is  valid.  As  a  result 
they  neglect  multiple  scattering  and  mode  conversion,  both  of  which  are  important 
if  the  size  of  the  scatterers  is  small  compared  to  a  wavelength.  In  addition,  they 
all  assume  that  the  fluctuations  in  the  lithosphere  can  be  adequately  described  by 
the  Gaussian  autocorrelation  function.  Although,  this  function  is  desirable  because 
it  is  easily  manipulated  mathematically,  it  is  now  generally  believed  that  the  earth’s 
lithosphere  contains  more  roughness  (e.g.,  Wu  and  Aki,  1985a;  Wu  and  Aki,  1985b). 
The  studies  are  also  limited  in  that  they  use  only  a  very  small  portion  wavefield, 
only  the  travel  time  residuals  and  the  log  amplitude  of  the  P-wave.  Lastly,  all  these 
studies  assume  a  constant  velocity  background  model,  thus  they  neglect  the  effect  of 
the  background  velocity  on  the  wavelength  of  the  incident  wave. 

Flatte  and  Wu  (1988)  used  the  acoustic  parabolic  approximation  and  weak  scat¬ 
tering  theory  to  derived  the  angular  and  transverse  coherence  functions  in  a  general 
random  medium.  When  they  applied  these  techniques  to  data  from  NORSAR,  they 
found  the  best-fitting  lithospheric  model  was  an  overlapping  two  layered  model.  The 
top  layer  extended  from  the  surface  to  a  depth  of  200  km  and  was  characterized  by 
a  simple  band-limited  white  spectrum.  The  second  layer,  superimposed  on  the  first, 
extended  from  15  km  to  250  km  and  had  fluctuations  which  obeyed  a  power  spec¬ 
trum  of  the  form  W(k)  =  where  k  is  the  wavenumber  vector  and  A  is  a 
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normalization  constant.  Although  fairly  simple,  this  is  generally  believed  to  be  the 
best  available  random  lithospheric  model. 

Frankel  and  Clayton  (1986)  overcame  many  of  the  problems  inherent  in  the  earlier 
scattering  studies.  They  used  the  finite  difference  technique  to  model  elastic  wave 
propagation  in  random  media  and  examined  many  aspects  of  the  scattering  problem. 
Based  on  the  frequency  dependence  of  the  scattering  Q  in  short-period  data  (15  - 
30  Hz),  they  speculated  that  the  crust  (35  km  thick)  could  be  characterized  by  a 
random  medium  with  a  0th  order  von  K&rman  autocorrelation  function,  a  correlation 
length  >10  km  and  standard  deviation  in  velocity  of  5%.  They  also  neglected  to 
include  the  effect  of  the  background  model  as  well  as  the  effect  of  scattering  below 
the  source. 

4.5.1  Finite  Difference  Simulations 

To  avoid  many  of  the  assumptions  and  limitations  common  to  analytic  scattering 
studies,  we  also  chose  to  use  the  finite  difference  technique  to  generate  the  scattered 
field.  UnUke  earlier  studies  (e.g.,  McLaughlin  et  al.,  1985;  Frankel  and  Clayton, 
1986)  we  include  a  realistic  background  earth  model  and  use  a  full  waveform  method 
to  compare  synthetic  seismograms  to  field  data  from  NORSAR  and  NORESS.  The 
finite  difference  scheme  used  in  this  thesis  is  a  simple  explicit  second-order  scheme 
to  solve  the  elastic  wave  equation  (Appendix  B).  Although  computationally  very  ex¬ 
pensive,  we  favor  this  technique  because  it  is  accurate  for  a  wide  range  of  wavelength 
to  scatterer  ratios,  and  it  provides  a  complete  solution  to  the  elastodynamic  equa¬ 
tions  of  motion  (e.g.,  Frankel  and  Clayton,  1984;  McLaughlin  et  al.,  1985;  Frankel 
and  Clayton,  1986).  As  a  result,  P-wave  and  S-wave  mode  conversions  are  accurately 
modeled  for  both  forward  and  backward  scattering.  This  is  especially  important  be¬ 
cause  thus  far  most  analytic  scattering  theories  neglect  shear  waves  completely  and 
often  consider  only  forward  scattering  (parabolic  approximation).  The  trade-off  for 
the  increased  accuracy  is  a  significant  increase  in  computational  effort,  which  cur- 
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rently  limits  our  study  to  only  two-dimensional  models.  Frankel  and  Clayton  (1986) 
also  used  two-dimensional  finite  difference  modeling  to  investigate  the  effects  of  scat¬ 
tering.  They  suggested  that  the  effect  on  travel  time  and  amplitude  variations  would 
be  very  small.  Furthermore,  they  also  derived  a  two-dimensional  equivalent  to  one  of 
the  analytical  results  presented  by  Chernov  {I960)  and  showed  that  at  low  frequen¬ 
cies  attenuation  due  to  scattering  was  proportional  to  {ka)^  in  a  three-dimensional 
medium  and  (A:a)*  in  a  two-dimensional  medium.  Using  the  same  equation,  they 
showed  that  in  the  high  frequency  limit  the  two  solutions  converged. 

As  was  stated  above,  the  synthetic  models  were  made  as  realistic  as  possible  by 
including  the  Parametric  Earth  Model  (PEM)  for  continental  structure  (Dzienwonski 
et  ad.,  1975),  ais  the  background  velocity  model.  Inclusion  of  a  realistic  background 
model  is  necessary  to  account  for  the  fact  that  the  wavelength  of  the  incident  wave 
varies  inversely  with  velocity,  and  therefore  generally  increases  with  depth.  The 
models  adso  included  zero  stress  boundary  conditions  at  the  top  of  the  finite  difference 
grid  amd  absorbing  boundary  conditions  at  the  bottom.  To  avoid  unwamted  reflections 
from  the  sides  of  the  grid,  the  model  was  assumed  to  be  horizontally  periodic.  The 
simulation  was  carried  out  for  18000  time  steps  (thus  producing  90  s  of  synthetic 
data)  on  a  large  finite  difference  grid  (512  nodes  by  2750  nodes)  which  simulated  a 
51.2  km  by  275  km  region  of  the  lithosphere. 

In  adl  the  simulations  the  incident  wave  was  a  plame  P-wave,  which  entered  the 
bottom  of  the  grid  as  a  Ricker  wavelet  centered  at  1.65  Hz.  Since  the  independent 
vau'iable  in  the  finite  difference  cadculations  was  displaM:ement,  the  resulting  synthetic 
seismograims  were  differentiated  with  respect  to  time  to  produce  seismograms  of  par¬ 
ticle  velocity,  like  those  recorded  at  NORSAR  and  NORESS.  Upon  differentiation, 
the  center  frequency  of  data  became  2  Hz,  consistent  with  that  of  the  field  data 
(Figures  43  and  45). 

The  plane  wave  source  used  in  this  study  is  a  good  approximation  of  the  true 
incident  wave  if  the  source  is  located  far  from  the  receiver  array  (eis  is  the  case  with 
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the  field  data  used  here).  Furthermore,  it  is  likely  that  the  incident  wave  would 
show  little  variation  over  a  region  the  size  studied  here.  This  occurs  because  of  the 
small  range  of  takeoff  angles  (from  the  source)  which  constitute  this  portion  of  the 
wavefront.  It  is  true  however  that  we  have  neglected  the  effects  of  forward  scattering 
(P-wave  to  P-wave  scattering)  in  the  source  region,  which  would  be  constant  across 
the  spatial  extent  studied  here.  The  effect  of  this  type  of  scattering  would  an  overall 
increase  in  complexity  and  coda  along  the  incident  wave. 

Since  in  the  field  data  the  source  was  located  close  to  the  surface,  the  wave- 
field  observed  at  NORSAR  traveled  through  the  lithosphere  twice;  once  beneath  the 
source  and  once  beneath  the  receiver  array.  Numerical  limitations  prevent  us  from 
modeling  the  full  propagation  path,  so  we  must  devise  some  way  of  estimating  the 
coda  produced  in  the  source  region.  After  investigating  several  different  approaches, 
we  chose  an  approximate  technique  based  on  a  simple  one-dimensional  convolutional 
model  (Dainty  et  al.,  1973).  The  technique  makes  use  of  the  fact  that  energy  which 
has  propagated  through  the  lithosphere  is  the  convolution  of  the  transfer  function  of 
the  lithosphere  with  the  source  wavelet.  Since  the  source  function  is  known  for  the 
synthetic  data,  it  can  be  deconvolved  from  the  synthetic  seismograms,  leaving  only 
the  transfer  function.  Convolving  the  transfer  function  with  the  seismogram  results 
in  a  new  seismogram  which  contains  some  of  the  features  which  would  be  observed  in 
seismogram  of  energy  which  had  propagated  through  the  medium  twice.  It  must  be 
pointed  out  that  this  is  not  an  exact  solution,  but  it  does  allow  us  a  simple  mechanism 
to  include  the  first  order  effects  of  propagation  through  two  lithospheric  layers. 

Simple  Gaussian  Models 

As  WM  mentioned  above,  it  is  generally  believed  that  the  lithosphere  can  not  be 
adequately  described  by  a  Gaussian  random  medium  like  those  presented  in  the  early 
literature  (e.g.,  Aki,  1973;  Capon,  1974;  Berteussen  et  al.,  1975a).  Still,  it  is  worth 
investigating  one  such  model  so  that  these  data  can  be  compared  to  data  from  more 
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contemporary  lithospheric  models.  For  this  purpose,  we  chose  the  model  proposed  by 
Aid  (1973)  (Table  1).  Although  the  original  analysis  was  based  on  the  acoustic  wave 
equation,  we  will  extended  the  random  velocity  perturbations  to  the  S-wave  velocity 
field  and  include  the  PEM  background  velocity  field  to  account  for  the  change  in 
wavelength  with  depth. 

Before  beginning  a  quantitative  analysis  of  the  data,  it  is  often  useful  to  observe 
the  general  trends  in  the  scattered  field.  For  this  purpose  snapshot  pictures  of  the 
divergence  and  curl  of  the  wavefield  were  output  at  7  s  increments  amd  are  shown  in 
Figures  55  and  56.  The  medium  is  a  two-dimensional  realization  of  the  lithospheric 
model  proposed  by  Aki  (1973).  Snapshot  pictures  from  any  of  the  other  simulations 
would  contain  many  similar  features.  In  an  homogeneous  medium,  the  divergence  and 
curl  exactly  decompose  the  wavefield  into  its  P-wave  and  S-wave  components.  This  is 
not  true  in  an  heterogeneous  medium,  where  the  gra.dients  of  the  material  properties 
axe  not  zero  and  therefore  contribute  to  both  the  divergence  and  curl.  Although  if 
the  medium  is  sufficiently  smooth,  the  divergence  is  dominated  by  P-wave  energy  and 
the  curl  by  S-wave  energy. 

The  first  snapshot  picture  of  the  divergence  shows  the  incident  P-wave  shortly  after 
it  has  entered  the  bottom  of  the  heterogeneous  zone  (Figure  55).  At  this  point,  there 
is  only  a  slight  disturbance  on  the  curl  snapshot,  which  is  due  to  the  partial  conversion 
of  the  P-wave  to  an  S-wave  as  it  enters  the  heterogeneous  region  (Figure  56).  When 
the  P-wave  interacts  with  the  free  surface  (the  second  frame),  a  strong  S-wave  is 
created,  which  is  subsequently  scattered  is  it  travels  downward  behind  the  reflected 
P-wave.  Note  that  in  the  subsequent  frames  the  dominant  scattering  mechanism  is 
common  mode  (P-wave  to  P-wave  and  S-wave  to  S-wave)  forward  scattering.  This 
type  of  scattering  tends  to  distort  the  incident  wave  and  create  strong  diffractions 
with  very  little  backscattering  and  little  P-wave  to  S-wave  scattering.  As  a  result, 
the  direct  arrival  is  no  longer  a  simple  planar  wavefront  and  distinct  travel  time  and 
amplitude  anomalies  are  visible  along  the  wavefront. 
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Aki  Model 


igure  55:  Snapshot  pictures  of  the  divergence  of  the  wavefield  at  /  s  intervals.  The  random 
portion  of  the  vef.  iiy  model  i.s  like  that  proposed  by  Aki  (197.1),  and  the  deterministic 
velocity  struct  ur-  ■■  a  simple  reference  eaith  model. 


Aki  Model 


-I 


Figure  56;  Same  fis  Figure  55,  but  siiows  the  niii  <>1  the  wavefirhi. 
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Synthetic  seismograms  generated  at  3.2  km  intervals  along  the  free  surface  are 
shown  in  Figure  57.  The  data  have  already  been  differentiated,  to  produce  velocity 
data  like  that  recorded  at  NORSAR,  and  only  the  time  window  between  25  s  and 
45  s  is  shown.  The  most  striking  feature  in  the  data  is  the  strong  first  arrival  and 
lack  of  coda.  The  travel  time  fluctuations  of  the  P-wave  (Figure  58),  show  two 
lajge  anomalies  with  a  spatial  separation  of  rs25  km.  Comparing  Figures  58  and  59, 
note  the  correspondence  between  the  amplitude  and  travel  time  fluctuations.  The 
strong  correlation  between  these  two  parameters  is  indicative  of  scattering  in  smoothly 
varying  media  dominated  by  large  scatterers  and  was  predicted  by  Chernov  (1960) 
and  Aki  (1973).  The  periodicity  in  both  these  figures  is  a  direct  consequence  of  the 
periodicity  in  the  velocity  model  and  the  source  wave.  Lastly,  it  should  be  pointed 
out  that  the  discrete  steps  in  the  plot  of  the  travel  time  variations  (Figure  59)  are  due 
to  the  discrete  sampling  interval  of  the  finite  difference  simulation.  The  large  size  of 
the  simulation  and  the  large  number  of  timesteps,  forced  us  to  decimate  the  synthetic 
seismograms  as  they  were  computed.  After  decimation,  the  sampling  interval  was 
0.05  s.  The  rms  variation  in  travel  time  (0.08  s)  and  amplitude  (0.46)  in  the  data 
from  this  model  were  generally  consistent  with  what  was  observed  at  NORSAR. 

Another  way  to  compare  the  synthetic  data  to  field  data  is  to  calculate  the  co¬ 
herency  of  the  waveforms  over  distances  sinnlar  to  those  at  NORSAR  and  NORESS. 
This  w<is  done  by  first  windowing  the  synthetic  data  over  a  6  s  window  surrounding 
the  first  arrival.  Then,  the  coherencies  were  calculated  for  two  sets  of  25  receivers.  In 
the  first  set,  the  25  receivers  were  each  separated  by  .1  km,  resulting  in  maximum  and 
minimum  separations  of  .1  km  and  2.4  km;  roughly  equivalent  to  receiver  separations 
at  NORESS.  Variations  over  these  length  scales  will  help  to  identify  the  prevalence  of 
small-scale  scatterers.  In  addition,  a  second  set  of  receivers,  each  separated  by  1  km, 
were  investigated.  The  second  data  set  spans  distances  more  like  that  of  NORSAR, 
and  can  therefore  be  compared  to  coherencies  calculated  for  teleseismic  arrays  such 
as  NORSAR.  The  latter  data  set  will  help  to  identify  the  large  scale  features  in  the 
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Figure  57:  Synthetic  seismograms  resulting  from  the  finite  difference  simulation  of  a  plane 
wave  propagating  in  a  random  medium  like  that  proposed  by  Aki  (1973). 
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Figure  58:  Travel  time  residuals  which  resulted  from  the  Aki  (1973)  model.  The  rms  variation 
for  this  parameter  was  ssO.08  s. 
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Figure  59:  Fluctuations  in  log  ampUtude  which  resulted  from  the  Aki  (1973)  model.  The 
rnw  variation  for  this  parameter  was  0  459. 
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lithosphere. 

Comparing  the  coherencies  calculated  from  the  synthetic  data  to  that  from  the 
NORESS  data  highlights  several  important  issues.  At  low  frequencies  (1  &  2  Hz),  both 
data  sets  display  high  spatial  coherency  over  the  full  range  of  distances  (0  -  2.5  km). 
At  higher  frequencies  (3  &  4  Hz),  the  fall-off  rate  of  the  coherency  in  the  field  data  is 
considerably  higher  than  that  in  the  synthetic  data.  One  explanation  for  this  might 
be  that  the  earth  has  more  small  (relative  to  the  wavelength)  scatterers,  which  would 
be  consistent  with  the  P-wave  fluctuations  discussed  above.  The  difference  between 
the  two  data  sets  becomes  even  more  clear  when  the  coherency  is  calculated  for  larger 
offsets.  When  measured  over  distances  similar  to  those  at  NORSAR,  the  fall-off  of 
the  coherency  with  distance  is  far  slower  than  is  observed  at  NORSAR.  Together,  all 
the  data  suggests  that  this  model  is  too  smooth  to  represent  the  velocity  fluctuations 
in  the  earth.  The  lack  of  roughness  limits  the  amount  of  coda  which  is  generated. 

Simple  single  layer  lithospheric  models  based  on  the  Gaussian  autocorrelation 
function  have  been  proposed  by  several  other  authors  (e.g.,  Capon,  1974;  Berteussen 
et  al.,  1975a).  All  are  similar  to  the  one  investigated  above  (Aki,  1973),  although  exact 
details  concerning  the  thickness  of  the  random  layer,  the  intensity  of  the  perturbations 
and  the  correlation  length  .ary  between  studies  (Table  1).  Severed  of  these  models 
were  investigated  and  each  proved  to  have  the  same  general  characteristics  described 
above.  Namely,  these  models  produced  coherency  meeisurements  which  were  too  l^ge 
and  they  were  not  capable  of  reproducing  the  amount  of  coda  generally  observed  at 
NORSAR  and  NORESS.  It  has  been  speculated  that  they  all  failed  because  they 
did  not  contain  enougli  roughness.  Frankel  and  Clayton  (1986)  recognized  this  and 
proposed  modeling  the  lithosphere  as  a  35  km  thick  layer  described  by  the  0th  order 
von  Karman  function.  We  investigated  this  model  as  well,  and  found  it  was  desirable 
in  that  it  produced  more  coda  and  therefore  less  coherent  seismograms,  however,  the 
fall-off  rate  of  the  coherency  as  a  function  of  distance  was  still  significantly  more  than 
what  is  observed  at  NORSAR. 
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Multiple  layered  Models 

Although  the  random  modds  discussed  above  are  capable  of  explaining  some  of  the 
observed  travel  time  and  amplitude  variations,  they  are  probably  too  simple  to  de¬ 
scribe  the  velocity  field  in  the  lithosphere.  More  realistic  is  the  overlapping  two 
layered  model  proposed  by  Flatty  and  Wu  (1988).  In  that  model,  the  heterogeneities 
obey  a  simple  power  law  relation  of  the  form, 

l-^  (4.2) 

where  VF(i)  is  the  power  spectrum  of  the  fluctuations,  k  is  the  wavenumber  vector, 
A  is  the  normalization  constant  and  p  is  the  power  law  index.  Flatte  and  Wu  (1988) 
found  the  best  agreonent  when  the  power  law  index  was  zero  (p  =  0)  in  the  upper  layer 
and  four  (p  =  4)  in  the  lower  layer.  In  addition,  to  compensate  for  the  limited  aperture 
of  the  array  and  the  frequency  content  of  the  source,  the  spectra  were  bandlimited 
so  that  there  were  no  fluctuations  with  wavenumbers  less  than  0.05  km“*  and  none 
greater  than  1.1  km“‘  (Figure  60).  Flatte  and  Wu  (1988)  found  best  results  when 
the  rms  deviation  in  velocity  was  .9  -  2.2%  in  the  upper  layer  and  .5  -  1.3%  in  the 
lower  layer,  although  they  adcnowledge  that  resolution  in  this  parameter  is  poor. 

Snapshot  pictures  of  the  divergence  of  the  wavefield  are  shown  in  Figure  61.  By 
the  time  the  incident  wave  has  reached  the  depth  shown  in  the  first  frame,  it  has 
already  traversed  the  long  wavelength  heterogeneities  near  the  bottom  of  the  model 
and  is  about  to  enter  the  more  heterogeneous  crustal  layer.  The  influence  of  these 
long  wavelength  features  is  to  distort  the  incident  wave  and  cause  the  numerous 
diffiractions  evident  behind  the  incident  wave.  Although  the  dominant  scattering 
mechanism  is  forward  scattering,  far  more  energy  is  side  and  back  scattered  relative 
to  the  Gaussian  OKKlel  described  above.  When  the  incident  wave  interacts  with  the 
free  surface  (second  frame)  it  is  partially  converted  to  an  S-wave  (visible  in  the  latter 
frames  of  Figure  62).  The  S-wave  travels  more  slowly  that  the  P-wave  and  therefore 
has  a  shorter  wavdength. 
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Figure  60:  The  lithospheric  model  proposed  by  Flatte  and  Wu  (1988)  was  an  overlapping 
two  layer  model.  The  upper  layer  had  a  bandlimited  white  spectrum  and  the  lower  a 
bandlimited  power  law  spectrum  which  was  proportional  to  k*. 
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Figure  61:  Snapshot  pictures  of  the  divergeiif e  of  the  wavefiehi  at  7  s  intervals.  The  random 
portion  of  the  velocity  model  is  like  that  pro|)osed  by  Matte  and  V\  u  (1988),  and  the 
deterministic  velocity  structure  is  a  simple  reference  earth  model. 
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Figure  62:  Same  as  I  '^urc  61,  but  shows  tlie  curl  of  the  wavefield. 
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Synthetic  seismograms  generated  along  the  top  of  this  model  show  considerable 
variation  (Figure  63).  Note  the  variability  of  the  first  arrival,  as  well  as  the  variation 
in  the  strength  of  the  multiply  reflected  arrivals  at  12  s  and  18  s.  The  general 
character  of  these  waveforms  is  more  consistent  with  the  field,  which  suggests  that 
this  model  may  be  more  similar  to  the  lithosphere  than  the  smooth  Gaussian  model. 
The  rms  travel  time  residuals  measured  from  this  model  were  0.06  s  and  the  rms  log 
amplitude  fluctuations  were  0.21198,  both  are  consistent  with  what  was  observed  at 
NORSAR,  although  the  amount  of  amplitude  variation  might  be  slight!}-  low.  The 
variation  in  travel  time  (Figure  64)  shows  a  single  strong  peak,  corresponding  to  the 
longest  wavelength  anomaly  which  can  be  supported  on  the  grid  (51.2  km).  This  is 
further  evidence  that  the  long  wavelength  features  have  a  large  effect  on  travel  times. 
The  amplitude  fluctuations  (Figure  65)  show  more  short  wavelength  variation  than 
the  travel  time  fluctuations,  but  still  have  a  strong  peak  in  the  center  of  the  model. 
The  correspondence  between  the  two  type  of  fluctuations  is  not  as  striking  as  that 
observed  in  the  Gaussian  model,  but  it  is  still  very  evident. 

In  order  to  compare  the  variation  in  synth«‘tic  waveforms  to  the  variation  observed 
at  NORSAR,  the  coherency  was  calculated  from  the  data  in  Figure  63.  Due  to  the 
periodicity  in  the  velocity  model,  the  aperture  of  the  synthetic  array  was  limited  to 
the  half- width  of  the  grid.  Thus,  the  maximum  receiver  separation  in  these  coherency 
calculations  is  25.6  km,  approximately  half  the  distance  calculated  for  the  NORSAR 
data.  At  the  lowest  frequency,  1.5  Hz,  the  coherency  of  the  synthetic  data  (Figure  66) 
falls  of  slightly  more  slowly  that  is  observed  at  NORSAR  (Figure  50).  There  is  also 
less  scatter  in  the  individual  measurements,  possibly  suggesting  that  the  lithosphere 
has  more  roughness  than  is  present  in  this  model.  The  same  general  trend  is  observed 
in  the  coherency  of.the  higher  frequencies  (Figures  67  and  08). 

It  is  interesting  that  although  the  model  proposed  by  Flatfe  and  Wu  (1988) 
matches  the  observed  travel  time  residuals  and  log  amplitude  fluctuations  well,  it 
does  not  match  the  falloff  rat(S  in  the  coherency  function  nor  the  general  variability 
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Figure  63:  Synthetic  data  from  a  model  like  that  proposed  by  Flatte  and  Wu  (1988).  The 
tr«w:e  separation  is  1  km. 
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Travel  Time  Fluctuations 
(Hatte  &  Wu  Model) 
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Figure  64:  TVavel  lime  residuals  which  resulted  from  the  Flatte  and  W'u  (1988)  model.  The 
rms  variation  for  this  parameter  was  «0.06  s. 
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Amplitude  Fluctuations 
(Flatte  Model) 


Figure  65:  Fluctuations  in  log  amplitude  which  resulted  from  the  Flatte  and  Wu  (1988) 
model.  The  rms  variation  for  this  parameter  was  0.2. 
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Figure  66:  Coherency  at  1.5  Hz  as  a  function  of  spatial  separation  for  the  direct  arrival  and 
early  coda  of  the  data  in  Figure  63. 


138 


Coherency  2.5  Hz 
(Flatte  &  Wu  Model) 
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Figure  67:  Coherency  at  2.5  Hz  as  a  function  of  spatial  separation  for  the  direct  arrival  and 
early  coda  of  the  data  in  Figure  63. 
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Pigure  68:  Coherency  at  3.5  Hz  as  a  function  of  spatial  separation  for  the  direct  arrival  and 
early  coda  of  the  data  in  Figure  63. 


140 


in  these  measurements.  We  attribute  this  to  the  lack  of  a  highly  variable  near  surface 
layer. 


4.6  An  Improved  Random  Lithospheric  Modei 

None  of  the  random  models  discussed  above  was  capable  of  matching  all  of  the  trends 
observed  in  field  data.  The  simple  single  layered  models  based  on  the  Gaussian 
autocorrelation  function  appear  to  be  too  smooth  and  are  not  capable  of  exciting 
enough  coda  energy.  The  single  layered  model  presented  by  Frankel  and  Clayton 
(1986)  contain  more  short  wavelength  variation  and  therefore  excite  more  coda.  Still, 
the  resulting  waveforms  from  these  model  do  not  display  a  fall-off  rate  of  the  coherency 
function  which  is  comparable  to  what  is  observed  at  NORSAR.  Of  the  lithospheric 
models  discussed  above,  the  one  proposed  by  Flatte  and  Wu  (1988)  is  most  consistent 
with  the  trends  observed  in  the  field  data.  It  matches  the  total  rms  variation  in 
travel  time  and  log  amplitude  well,  and  coherencies  calculated  from  these  data  match 
observed  seismograms  better  than  any  of  the  previous  models. 

Working  from  the  models  presented  above,  we  now  propose  a  new  crustal  model 
which  is  consistent  with  reflection  data  from  a  nearby  seismic  experiment  and  bet¬ 
ter  expleuns  the  travel  time  and  amplitude  fluctuations  observed  at  NORSAR  and 
NORESS.  .4fter  running  several  simulations,  we  have  found  that  a  three  layered 
model  with  v£irying  degrees  of  roughness  is  appropriate.  In  our  final  model  the  up¬ 
permost  layer  extends  from  the  surface  to  a  depth  of  3  km  and  is  characterized  by  a 
bandlimited  white  spectrum.  For  reeisons  consistent  with  those  presented  by  Flatte 
and  Wu  (1988),  we  chose  the  same  wavenumber  window  for  this  layer.  Below  the 
highly  heterogeneous  near  surface  layer,  we  propose  the  remaining  portion  of  the 
crust  (down  to  35  krn)  can  be  modeled  as  a  0th  order  von  Karman  medium.  This  is 
consistent  with  th<;  work  presented  by  Frankel  and  Clayton  (1986)  and  should  gener¬ 
ate  an  amount  of  coda  consistent  with  that  observed  at  NORSAR.  Lastly,  we  model 
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the  upper  mantle  as  a  random  medium  with  an  anisotropic  Gaussian  autocorrelation 
function.  By  anisotropic,  we  mean  that  the  horizontal  correlation  length  is  different 
th2Ui  the  vertical  correlation  length.  The  correlation  lengths  which  gave  us  the  best 
results  were  20  km  in  the  horizontal  direction  and  5  km  in  the  vertical  direction.  We 
obtained  best  results  when  the  velocity  perturbations  in  the  upper  and  lower  layers 
had  2%  rms  variation  and  those  in  the  middh'  layer  3%. 

The  possibility  of  an  anisotropic  upper  mantle  is  interesting  and  consistent  with 
several  studies  based  on  the  inversion  of  shear  waves.  Kennett  and  Nolet  ( 1990)  ana¬ 
lyzed  data  from  seismic  arrays  having  apertures  between  25  -  1000  km  and  suggested 
a  heterogeneity  model  with  a  horizontal  scale  length  of  300  -  400  km  and  a  vertical 
scale  length  of  70  km  in  the  uppermost  mantle.  They  also  speculated  that  the  ver¬ 
tical  scale  length  increased  with  depth.  Based  on  the  existence  of  partiadly  coherent 
arrivals  across  the  arrays  and  the  extended  coda  is  was  also  suggested  there  was  sub¬ 
stantial  evidence  for  small-scale  scatterers  in  the  upper  200  km.  Similar  results  were 
reported  by  Kennett  and  Bowman  (1990),  who  used  shecir  wave  data  and  a  coupled 
mode  approach.  The  scale  lengths  reported  in  these  studies  are  considerably  larger 
than  what  was  observed  here.  The  explanation  for  this  lies  in  the  frequency  of  the 
input  data.  Those  studies  used  0.02  Hz  surface  wave  data  and  0.04  Hz  body  wave 
data,  two  orders  of  magnitude  lower  than  was  used  here.  The  lower  frequencies  limit 
resolution  to  features  larger  than  the  width  of  NORSAR. 

It  is  interesting  to  compare  snapshot  pictures  of  the  divergence  and  curl  in  this 
model  (Figures  69  and  70)  to  those  from  the  simple  one  layer  model  proposed  by 
Aki  (1973)  (Figures  55  and  56).  Whereas  the  plane  wave  travels  undisturbed  up 
to  the  base  of  the  crust  in  the  model  proposed  by  Aki  (1973),  in  this  model  there 
are  significant  variations  in  the  wavefront  at  that  depth.  The  increased  complexity 
in  both  the  P-wave  (divergence)  and  S-wave  (curl)  are  clearly  visible  in  the  later 
snapshots.  Note  also  the  increased  amount  of  side  scattered  en<Tgy  in  the  modd 
proposed  here. 
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Figure  69:  Snapshot  pic  tures  of  the  divergence  of  the  wavefield  at  7  s  intervals.  The  velocity 
model  is  the  tlire,  iacer  model  proj)OKed  here. 


This  Study 


Figure  70;  Same  as  Figure  69.  but  shows  the  em  I  of  tlie  waveiiel.l 
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Figure  71  shows  25  synthetic  seismograms  recorded  along  a  25  km  section  of  the 
free  surface.  Note  the  variation  of  the  seismograms  with  offset.  The  data  have  0.08  s 
rms  deviation  in  travel  time  (Figure  72),  and  0.48  rms  variation  in  log  amplitude 
(Figure  73).  These  values  are  consistent  to  what  was  observed  in  the  field  data. 

As  compared  to  the  field  data,  the  synthetic  data  (Figure  71)  appear  to  have  less 
coda.  This  was  to  be  expected  and  is  discussed  above.  Therefore,  to  evaluate  the 
ability  of  the  model  to  match  the  coda  observed  at  NORSAR,  we  should  compare 
seismograms  from  the  bottom  of  the  random  medium,  where  the  incident  wave  has 
passed  through  the  random  medium  twice  (Figure  74).  In  terms  of  the  energy  behind 
the  first  arrival,  these  synthetic  seismograms  have  amplitudes  and  coda  signatures 
which  compare  favorably  to  the  field  data. 

The  coherency  of  the  synthetic  seismograms  was  calculated  for  both  the  small 
aperture  (2.5  km)  and  large  aperture  (25  km)  synthetic  arrays,  although  only  the 
large  aperture  results  will  be  shown  hero.  Using  the  same  procedure  outlined  above, 
coherencies  were  calculated  for  the  seismograms  shown  in  Figure  71.  Like  the  field 
data,  the  individual  coherency  values  varied  considerably  between  different  receiver 
pairs  (Figures  75  -  77).  This  was  not  true  for  most  of  the  synthetic  data  discussed 
above  and  suggests  that  we  are  converging  on  the  right  type  of  variations  our  model. 
Also  like  the  field  data,  the  coherency  is  highest  for  the  lower  frequencies  and  dimin¬ 
ishes  with  increasing  frequency.  The  phase  lags  of  the  receiver  pairs  is  also  reminiscent 
of  the  field  data,  both  in  its  average  value  and  its  variation.  To  insure  that  the  peri¬ 
odic  nature  of  the  model  wris  not  biasing  the  coherency  results,  we  performed  a  single 
simulated  on  a  model  eight  times  wider  (w400  km)  than  the  previous  models.  The 
results  were  consistent,  suggesting  that  the  time  window  under  study  did  i,ot  contain 
significant  contamination  due  to  periodicity  of  the  velocity  model. 
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(Surface  Receivers) 


I — I — I — I — I — t — I — I — I — I — I — I — I — I — I  I  I  I  I  I  I 


Figure  71:  Synthetic  data  from  the  model  proposed  in  this  study.  1  he  trace  separation  is 
1  km. 
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Amplitude  Fluctuations 
(This  Study) 
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Figure  73:  Fluctuations  in  log  amplitude  which  resulted  from  the  three  layered  model.  The 
rms  variation  in  this  parameter  is  0.48. 
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This  Study 

(Includes  Near-source  Effects) 
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Figure  74:  Synthetic  data  from  the  model  proposed  in  this  study.  The  trace  separation  is 
1  km.  What  is  sliown  are  the  traces  in  Figure  74  after  they  were  convolved  with  the 
transfer  function  cjf  the  medium  in  an  attempt  to  2w:count  for  both  lithospheric  legs  of 
the  propagation  path. 
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Coherency  1.5  Hz 
(This  Study) 
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Figure  75:  Coherency  at  1.5  Hz  as  a  function  of  spatial  separation  for  the  direct  arrival  and 
early  coda  of  the  data  in  Figure  71. 
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Coherency  2.5  Hz 
(This  Study) 
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Figure  76:  Coherency  at  2.5  Hz  as  a  function  of  spati^ll  separation  for  the  direct  arrival  and 
early  coda  of  the  data  in  Figure  71. 
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4.7  Conclusions 


In  this  chapter  we  have  shown  that  even  in  a  the  study  of  random  media,  a  deter¬ 
ministic  technique  such  as  hnite  difference  modeling  can  be  useful.  The  main  utility 
is  that  it  allows  one  to  study  a  particular  aspect  of  the  data  in  a  controlled  manner. 
This  is  often  not  possible  in  field  studies  where  the  earth,  the  source,  and  the  receivers 
all  introduce  uncertainties  into  the  investigation.  Eventually,  of  course,  the  modeling 
must  answer  to  the  data.  This  is  undertaken  here  by  comparing  several  character¬ 
istics  of  the  synthetic  seismograms  to  field  data  from  the  NORSAR  amd  NORESS 
au^rays.  The  field  data  were  from  two  nuclear  blasts  at  the  Semipalatinsk  test  site. 
The  nuclear  blasts  are  known  to  emit  strong  P-waves  with  a  known  source  signature. 
With  such  strongly  emergent  data,  we  can  be  fairly  sure  all  variations  in  the  wavefield 
between  receivers  are  due  to  heterogeneities  below  the  receiver  array.  Furthermore, 
due  to  the  large  source-receiver  distance,  we  can  neglect  the  effect  of  scattering  in 
the  source  region  for  aJl  aspects  of  this  study  except  co<la  generation.  The  reason  for 
this  lies  in  the  observation  that  all  energy  arriving  at  the  receiver  emanated  from  a 
narrow  range  of  take-off  angles,  implying  the  source  effects  are  common  to  all  energy 
arriving  at  the  receiver. 

After  testing  numerous  random  models,  we  found  a  three  layered  random  model 
which  both  matched  the  observed  travel  time  and  amplitude  variations  observed  at 
NORSAR  and  is  consistent  with  seismic  reflection  data.  The  model,  we  propose  has 
three  random  layers.  The  top  layer  is  .3  km  thick  and  described  by  a  bandlimited 
white  spectrum.  The  second  layer  extends  from  3  km  to  the  bottom  of  the  crust 
(35  km)  and  can  be  described  by  the  0th  order  von  Karman  autocorrelation  function. 
Velocity  fluctuations  in  this  layer  are  fairly  strong  (3%  rms  variation),  while  in  the 
top  layer  the  fluctuations  were  only  2%.  The  third  layer  extends  from  the  base  of 
the  crust  to  a  depth  of  250  km  and  was  determined  to  have  an  anisotropic  Gaussian 
correlation  function.  We  found  the  best  results  when  we  specified  the  horizontal 
correlation  length  in  the  bottom  layer  to  be  20  km  and  the  vertical  correlation  length 
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to  be  5  km. 

The  method  used  here  has  several  important  advantages  over  previous  studies  of 
scattering  at  NORSAR.  First,  it  includes  a  realistic  background  model.  This  is  im¬ 
portant  because  in  general  velocity  and  therefore  the  wavelength  of  the  incident  wave, 
increases  with  depth-  Secondly,  we  us^  several  criteria  to  evaluate  the  suitability  of 
each  randoip  lithospheric  model.  We  used  the  total  rms  variation  in  travel  time  and 
log  amplitude  as  first  cut  methods  and  the  coherency  statistic  as  the  final  descrim- 
inator.  Unlike  other  studies  which  use  only  the  P-wave  tiavel  time  and  apiplitude 
to  calculate  the  coherency  (e.g.,  Flatte  and  Wu,  1988),  we  use  full  waveform  data. 
By  calculating  the  coherency  between  many  pairs  of  receivers  we  are  able  to  get  the 
average  properties  of  the  wavefield  from  only  a  single  event.  Lastly,  it  should  be  noted 
that  we  included  the  effects  of  P-wave  to  S-wave  scattering  and  multiple  scattering 
in  our  analysis.  These  effects  are  often  ignored  in  analytical  studies,  yet  they  proven 
to  be  important  in  the  frequency  range  studied  here  (Aki,  1973). 
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Chapter  5 


Summary  and  Conclusions 


5.1  Overview 

For  the  purpose  of  studying  scattering,  the  velocity  field  in  the  earth  can  be  divided 
into  two  parts.  A  deterministic  background  part,  and  a  more  variable  “random”  part. 
The  background  part  of  the  velocity  field  represents  the  average  or  “bulk”  properties  of 
the  medium,  while  the  random  fluctuations  are  the  small-scale  fluctuations  away  from 
the  background  value.  A  great  deal  of  seismic  research  has  been  focused  on  delineating 
the  background  part  of  the  velocity  field.  This  seems  natural,  since  chemical,  thermal 
and  structural  boundaries  are  often  continuous  over  large  spatial  extents  and  can 
produce  strong  coherent  arrivals  across  neighboring  seismometers.  Knowledge  gained 
from  these  studies  is  important  and  has  led  to  highly  successful  models  of  the  Earth’s 
interior,  both  in  exploration  and  whole  earth  seismology. 

In  this  thesis,  the  goal  is  to  understajid  the  effects  of  the  second  type  of  velocity 
fluctuations;  the  random  fluctuations.  Since  these  fluctuations  are  too  numerous  to 
be  identified  uniquely,  they  are  usually  described  statistically.  The  distribution  of 
scatterers  is  commonly  identified  by  some  scale  length,  a  correlation  function  and 
some  measure  of  the  magnitude  of  the  average  perturbation.  In  Chapter  2,  these 
ideas  are  developed  and  the  terminology  used  throughout  the  thesis  is  presented. 
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Perhaps  the  single  most  important  feature  in  that  chapter  is  the  concept  that  a 
random  medium  can  be  characterized  by  its  correlation  function.  The  correlation 
function  is  a  measure  of  the  amount  of  variability  in  the  medium.  The  three  most 
commonly  used  correlation  functions  for  earth  studies  are  the  Gaussian,  exponential 
and  von  Karman  functions.  The  Gaussian  correlation  function  is  indicative  of  media 
which  are  very  smooth,  that  is  they  have  very  little  power  at  high  wavenumbers.  The 
exponential  and  von  Karman  correlation  functions  typically  characterize  media  which 
have  more  power  at  high  wavenumber,  and  therefore  have  more  rapid  variations. 

Most  of  the  early  studies  which  treated  the  lithosphere  as  a  random  medium  made 
use  of  Chernov  (1960)  scattering  theory.  Although  originally  derived  for  acoustic 
media,  Chernov  scattering  theory  has  been  commonly  used  to  study  scattering  in  the 
earth.  In  this  application,  Chernov  scattering  theory  suffers  from  four  fundamental 
shortcomings.  First,  since  the  theories  are  bcised  on  the  acoustic  wave  equation, 
they  are  only  valid  when  P  to  S  scattering  is  small  (i.e.  ka  >  1).  Second,  the 
theories  make  no  attempt  to  include  the  effects  of  multiple  scattering,  which  may  be 
important,  especially  in  the  upper  lithosphere.  Third,  implicit  in  the  assumption  of 
stationarity  is  the  limitation  that  the  statistics  of  the  random  medium  are  constant 
along  the  entire  propagation  path.  This  assumption  may  not  be  valid  since  it  is 
generally  believed  that  the  upper  lithosphere  is  most  heterogeneous  region  of  the 
earth.  Fourth,  the  theory  assumes  the  analytic  form  of  the  autocorrelation  function 
is  known.  Since  the  theory  requires  extensive  manipulation  of  the  autocorrelation 
function,  most  early  researchers  used  well  behaved  functions  such  as  the  Gaussian  or 
exponential  functions. 

Several  studies  (e.g.,  Frankel  and  Clayton.  1986;  Flatte  and  Wu,  1988)  as  well  as 
the  work  in  this  thesis  suggest  that  the  Gaussian  correlation  function  is  too  smooth  to 
adequately  describe  the  velocity  anomalies  in  the  crust.  Current  research  is  directed 
toward  media  which  exhibit  a  high  degree  of  variability.  Furthermore,  it  is  anticipated 
that  in  the  future  more  complex  models  like  the  overlapping  two-layer  model  proposed 
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by  Flatte  and  Wu  (1988)  or  the  three  layer  anisotropic  model  presented  here  will  better 
explain  the  variation  is  waveforms  observed  at  seismic  arrays. 


5.2  Summary 

The  purpose  of  this  thesis  was  to  study  the  effects  of  small-scale  heterogeneities  on  the 
passage  of  seismic  waves.  To  this  end,  a  new  technique  was  developed  to  obtain  the 
single  scattering  solution  in  a  particular  random  velocity  model.  The  chief  advantage 
of  the  technique  is  that  it  can  be  used  on  any  arbitrarily  complex  velocity  model. 
.\s  a  result,  both  the  single  and  multiple  scattering  solutions  can  be  obtained  for  the 
same  velocity  model.  Comparing  the  synthetic  seismograms  for  two  representative 
random  media  allowed  us  to  show  several  important  coticlusions. 

When  the  medium  is  dominated  by  impedance  scattering  (i.e.  the  perturbations 
in  Lame’s  parameters  and  density  are  of  the  same  sign  and  relative  magnitude),  there 
are  no  variations  in  velocity  only  variations  in  impedance.  Then 

•  the  Born  approximation  provides  a  reasonable  estimate  of  the  true  scattered 
field.  It  is  true  that  the  amplitude  of  the  single  scattering  solution  is  overes¬ 
timated  near  the  direct  arrival  and  the  error  becomes  larger  with  propagation 
distance,  but  the  overall  shape  and  arrival  time  of  the  scattered  field  agrees 
fairly  well  with  the  multiple  scattering  solution.  As  a  result,  coda  decay  rates 
for  the  single  scattering  solution  are  greater  than  corresponding  rates  for  the 
multiple  scattering  solution. 

•  the  scattered  field  is  frequency  dependent  and  dominated  by  backscattering. 
As  predicted  by  analytical  solutions,  low  frequency  energy  is  more  effectively 
backscattered  than  high  frequency  energy.  This  is  a  geometric  effect  which 
occurs  because  waves  scattered  from  an  elemental  part  of  the  scatterer  add 
destructively  in  the  backward  direction,  but  constructively  in  the  forward  di¬ 
rection. 
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•  As  a  result  of  the  frequency  dependent  backseat tering,  the  attenuation  param¬ 
eter  Q~^  is  peaked  at  low  frequencies,  then  fails  off  quickly  with  frequency. 

The  implication  of  the  work  in  Chapter  3  is  that  the  single  scattering  theory  is 
probably  insufficient  to  accurately  describe  scattering  in  the  earth.  If  this  is  true, 
calls  into  question  nearly  all  analytical  studies  of  wave  propagation  in  random 
earth  models,  since  they  generally  rely  on  the  single  scattering  approximation.  In 
order  to  avoid  any  inaccuracies  which  might  be  introduced  by  the  single  scattering 
approximation,  we  make  use  of  the  finite  difference  technique  for  all  the  modeling 
done  in  Chapter  4.  Finite  difference  modeling  is  particularly  well  suited  to  modeling 
wave  propagation  in  heterogeneous  media  because  it  solves  the  full  elastodynamic 
equation  of  motion  directly. 

The  primary  goal  in  Chapter  4  was  to  construct  a  random  lithospheric  model  which 
was  representative  of  the  region  below  NORSAR.  Several  studies  have  suggested  that 
the  travel  time  and  amplitude  fluctuations  observed  at  NORSAR  are  manifestations 
of  scattering  from  small-scale  structure  beneath  the  array  (e.g.,  Berteussen  et  al., 
1975b;  Aki,  1973;  Flatie  and  Wu,  1988).  It  is  generally  agreed  that  the  magnitude  of 
the  velocity  anomalies  are  on  the  order  of  1-4%,  but  there  is  no  general  consensus  on 
the  spatiad  correlation  of  the  anomalies.  Early  studies  suggested  that  the  Gaussian 
correlation  function  was  capable  of  explaining  the  observed  amplitude  and  travel  time 
fluctuations  at  LASA  and  NORSAR  (Aki,  1973).  Using  a  different  statistical  theory, 
Wu  and  Aki  (1985a)  modified  that  conclusion  and  suggested  that  there  is  probably 
more  variability  in  the  lithosphere  and  therefore  a  more  textured  model  like  the  von 
Karman  function  was  in  order.  Evidence  from  forward  modeling  seems  to  corrobo¬ 
rate  this  hypothesis  (Frankel  and  Clayton,  1986).  All  of  these  studies  a.ssumed  the 
lithosphere  could  be  modeled  ijy  a  randomly  heterogeneous  region  which  had  constant 
statistical  properties  (i.e.,  the  random  medium  was  assumed  to  be  stationary).  Flatte 
and  Wu  (1988)  developed  a  set  of  equations  which  allowed  them  to  invert  for  the  sta- 
tiotical  properties  of  a  non-stationary  medium.  Using  this  technique,  they  found  that 
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the  variability  between  waveforms  observed  at  NORSAR  could  be  explained  by  a 
two-layer  random  model. 

In  Chapter  4,  we  use  finite  difference  modeling  to  test  the  suitability  of  several 
random  models.  As  a  result,  we  were  able  to  produce  a  three  layered  lithospheric 
model  which  both  matched  the  observed  travel  time  and  amplitude  variations  ob¬ 
served  at  NORSAR  and  is  consistent  with  seismic  reflection  data.  The  model,  we 
propose  heis  three  random  layers.  The  top  layer  is  3  km  thick  and  described  by  a 
bandlimited  white  spectrum.  The  second  layer  extends  from  3  km  to  the  bottom  of 
the  crust  (35  km)  and  can  be  described  by  the  0th  order  von  Karman  autocorrelation 
function.  Velocity  fluctuations  in  this  layer  are  fairly  strong  (3%  rms  variation)  and 
span  a  wide  range  of  length  scales.  The  third  layer  extends  from  the  base  of  the  crust 
to  a  depth  of  250  km  and  was  determined  to  have  an  anisotropic  Gaussian  correla¬ 
tion  function.  We  found  the  best  results  when  we  specified  the  horizontal  correlation 
length  to  be  20  km  and  the  vertical  correlation  length  to  be  5  km.  Best  results  were 
found  when  both  the  bottom  and  top  layers  had  2%  velocity  variations. 

The  white  spectrum  in  the  uppermost  layer  produced  localized  variations  in  the 
waveforms.  During  the  course  of  this  investigation,  we  found  that  the  modeling  was 
not  very  sensitive  to  the  thickness  of  this  layer,  nor  the  magnitude  of  the  velocity 
fluctuations  in  this  layer.  However  without  it,  we  could  not  explain  the  falloff  in 
coherency  which  was  observed  at  NORESS.  The  middle  layer  represents  the  bulk  of 
the  crust.  After  experimenting  with  several  autocorrelation  functions  and  numerous 
correlation  lengths,  we  found  the  von  Karman  function  best  suited  to  explain  the  vari¬ 
ations  in  the  crust.  Media  described  by  this  function  effectively  generate  coda,  but 
have  a  relatively  small  effect  on  the  time  and  amplitude  of  the  incident  wave  Frankel 
and  Clayton  (1986).  Together,  these  two  layers  generated  reasonable  amounts  of  coda 
and  localized  variations  in  the  wavefield,  but  did  not  duplicate  the  travel  time  and 
amplitude  variations  observed  at  NORSAR.  In  order  to  explain  these  features,  it  was 
necessary  to  include  a  third  layer  which  was  capable  of  producing  travel  time  and 
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amplitude  fluctuations,  but  did  not  contribute  greatly  to  the  amount  of  coda  in  the 
wavefield.  Numerous  studies  have  shown  that  a  Gaussian  medium  has  these  prop¬ 
erties.  After  much  experimenting,  we  found  that  a  model  with  different  correlation 
lengths  in  the  horizontal  and  vertical  directions  was  able  to  match  the  observed  data 
well. 

It  is  importajit  to  state  that  since  this  model  is  beised  on  forward  modeling  only,  we 
cannot  guarantee  its  uniqueness.  However,  it  fits  the  observed  travel  time  and  ampli¬ 
tude  variations,  waveform  coherency  and  coda  better  than  any  previously  published 
models.  No  formal  attempt  was  made  to  determine  the  sensitivity  of  the  modeling  to 
slightly  different  velocity  model.  The  reason  for  this  was  twofold.  First,  each  different 
realization  of  the  same  random  model  produced  some  differences,  thus  complicating 
the  notion  of  sensitivity.  Second,  for  computational  reasons,  it  was  not  possible  to 
run  and  store  the  results  from  numerous  simulations.  We  did  however  examine  three 
different  realizations  of  the  final  model  to  insure  that  the  results  were  consistent. 
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Appendix  A 


Born  Scattering 


A.l  Introduction 

Rayleigh  (1871)  used  dimensional  analysis  to  show  that  when  the  size  of  a  scatterer 
is  small  compared  to  a  wavelength,  the  scattered  field  is  proportional  to  Vr~^k^, 
where  V  is  the  volume  of  the  scaitcrer,  r  is  the  distance  to  the  observation  point 
and  k{=:  27r/wavelength)  is  the  wavenumber  of  the  incident  wave.  He  later  solved 
the  acoustical  (longitudinal  waves  only)  and  optical  (transverse  waves  only)  problems 
exactly  (Rayleigh,  1896).  Through  his  analysis,  Rayleigh  was  able  to  show  that 
variations  in  compressibility  act  as  simple  isotropic  point  sources,  while  variations 
in  density  act  cis  dipole  sources.  Central  to  Rayleigh  s  solution  was  the  limitation 
that  the  amplitude  and  phase  of  the  incident  wave  (i.e.  the  Green’s  function  of  the 
background  wave)  is  constant  over  the  entire  extent  of  the  scatterer.  This  is  accurate 
only  wiien  the  spatial  extent  of  the  scatterer  is  small  compared  to  a  wavelength 
(Skolnik,  1970).  For  larger  scatterers,  amplitude  and  phase  variations  in  the  incident 
wave  cause  the  radiation  pattern  of  the  scattered  waves  to  be  more  complex. 

Several  techniques  have  been  introduced  to  solve  the  problem  of  scattering  from  a 
sphere  which  is  similar  in  size  to  a  wavelength.  An  exact  solution  has  been  presented 
for  both  the  case  of  an  incident  P-wave  (Ying  and  Truell,  1956;  Yamakawa,  1956)  and 
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an  inf'ident  S-wave  (Eispruch  et  al.,  1960).  The  exact  solution  is  obtained  by  formu¬ 
lating  the  problem  in  spherical  coordinates  and  matching  the  boundary  conditions  at 
the  surface  of  the  sphere.  Solutions  derived  by  this  technique  are  slowly  converging 
infinite  series  which  cannot  be  expressed  simply,  except  in  the  low  frequency  limit 
(i.e.  Rayleigh  scattering  limit).  Besides  giving  extremely  cumbersome  results,  the 
technique  is  limited  to  only  spherical  or  cylindrical  heterogeneities  (Pao  and  Mow, 
1973). 

A  second  technique  uses  the  elastodynamic  equation  of  motion  and  the  Born  ap¬ 
proximation  to  calculate  the  equivalent  body  force  due  to  the  heterogeneity.  Once 
the  body  force  is  available,  it  can  be  convolved  with  the  Green’s  function  and  inte¬ 
grated  to  obtain  the  scattered  field.  The  same  technique  can  be  used  to  solve  both 
the  Rayleigh  and  Mie  scattering  problems,  depending  on  the  assumptions  made  con¬ 
cerning  the  incident  field.  In  Rayleigh  scattering  the  incident  field  is  assumed  to  be 
constant  across  the  scatterer,  where  as  in  Mie  scattering  that  restriction  is  lifted.  In 
this  appendix,  we  will  closely  follow  the  work  of  Wu  and  Aki  (1985c)  which  itself  was 
based  on  the  pioneering  work  of  Miles  (1960)  and  Gubernatis  et  al.  (1977b).  The 
goal  then  is  to  use  this  perturbative  technique  to  obtain  simple  closed  form  solutions 
to  the  general  Rayleigh  scattering  problem,  as  well  as  scattering  from  from  obstacles 
with  Gaussian,  and  exponential  distributions. 


A. 2  The  Born  Approximation  and  Single  Scat¬ 

tering 

It  was  shown  in  Chapter  3  that  if  the  heterogeneities  are  weak,  the  scattered  field 
obeys  an  homogeneous  wave  equation 


Pouj  -  (Ao  +  /io)(V  -li’),,  -  /ioV'^uj  =  Q,, 


(A.l) 


where 


g.  =  +  {SX  +  Sn){V  ■  u +  (6A).. V  •  u°  +  +  u°,).  (A.2) 

I'he  far-field  clisplacetnents  due  to  the  body  force  Q,  can  be  obtained  by  integrating 
the  body  force  over  its  volume, 

«JU)  =  lQjii)*G„ix,l)dVia  (A.3) 

Here  G  is  the  homogeneous  Green’s  function,  x  is  the  receiver  location,  (  is  the 
position  within  the  heterogeneity,  and  is  the  convolutional  operator.  Substituting 
Equation  A.2  into  Equation  A.3  and  integrating  by  parts  yields, 

uiu)  =  -lspiau°{a*Gi,{x4)dv{i) 

*G,,A^,i)dV{i).  (A.4) 

The  first  integrand  is  a  simple  point  force  convolved  with  the  Green’s  function.  The 
force  is  oriented  in  the  particle  motion  direction  of  the  incident  wave  and  depen¬ 
dent  on  the  the  density  perturbation  of  the  medium.  The  second  integrand  is  more 
complex,  but  can  be  shown  to  represent  the  equivalent  force  moment  tensor  for  the 
the  elementary  volume  dV{^).  Convolved  with  the  Green’s  function,  it  represents 
the  portion  of  the  scattered  field  due  to  the  perturbations  in  A  and  p.  Thus,  Equa¬ 
tion  A.4  is  the  integrated  field  due  to  the  interaction  of  the  incident  wave  with  the 
heterogeneity. 

If  the  volume  V  is  sufficiently  small,  the  incident  wave  and  the  Green’s  function 
can  be  considered  constant  across  the  scatterer.  Ignoring  the  positional  dependence 
on  these  parameters,  the  total  uni-directional  body  force  E.  can  be  calculated  by 
integrating  the  first  term  in  Equation  A.4.  Assuming  the  incident  field  has  a  simple 
harmonic  time  dependence, 

E  =  -  l^6pii)u^{i)dVii)=u;\°I^V,  (A.5) 
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where  6p  is  the  average  density  perturbation  over  the  heterogeneity.  Similarly,  the 
force  moment  tensor  can  be  written  as, 

=  !<,  +  ■.“,].  (A.6) 

Then  the  far-held  displacements  are  given  by  (Aki  and  Richards,  1980), 

uj  =  Fj  *  Gij  +  Mjk  *  Gij^k 

=  z — ^—rliljFjit-r/ao) 
iirpoalr 

-f- — -  r/ao) 

+  -  ^ijhkMjkit  -  r/8o),  (A.7) 

where  r  is  the  distance  from  the  center  of  the  scatterer,  and  7,  are  the  directional 
cosines  between  the  ray  to  the  observer  and  the  i  axis.  The  hrst  and  third  terms  in 
Equation  A.7  are  the  displacements  arising  from  P-waves  and  the  second  and  fourth 
terms  are  associated  with  S-waves. 

The  effects  of  the  three  anomalies  Sp,  6X,  and  6p  are  completely  separated  in  Equa¬ 
tions  A. 5  and  A.6.  The  three  orthogonal  forces  associated  with  perturbations  in  A  are 
of  equal  strength  and  affect  only  the  diagonal  elements  of  the  force  moment  tensor, 
therefore  this  source  can  be  interpreted  as  an  isotropic  point  source.  Perturbations 
in  p  can  produce  both  on  and  off  diagonal  elements  in  the  force  moment  tensor.  The 
on-diagonal  elements  correspond  to  on-line  force  couples  and  the  off-diagonal  pairs 
(which  must  be  equal,  due  to  the  symmetry  of  the  force  moment  tensor)  correspond 
to  double  couple  sources. 

A. 2.1  Plane  P-Wave  Source 

In  this  section  we  will  investigate  the  far-field  displacements  which  arc  generated  when 
a  plane  P-wave  interacts  with  the  heterogeneity  in  the  medium.  The  displacements 
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due  to  a  plane  P-wave  traveling  in  the  +.ri  direction  is  written  as, 


=  (A.8) 

The  equivalent  body  force  can  be  calculated  by  inserting  Equation  A.8  into  Equa¬ 
tion  A. 2, 


e,= 


Ofn 


0^0 


«0 


-  a:i/Qo)  (a.9) 


From  Equations  A. 5  and  A. 6,  the  equivalent  force  and  moments  are  given  by, 


F,  =  6„u:^6pVe-‘‘^^ 
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and  the  far-field  radiation  pattern  by. 
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.  (A.12) 


The  far-field  scattered  waves  depend  on  both  the  distance  from  the  perturbation  and 


the  angular  arc  between  the  ray  to  the  receiver  and  the  particle  motion  direction  of 
the  incident  wave.  This  suggests  that  Equation  A.12  can  be  simplified  by  changing  to 
polar  coordinates.  Choosing  the  coordinates  such  that  the  polar  axis  is  in  the  particle 
motion  direction  of  the  incident  wave  (Figure  A-1),  and  separating  the  P  and  S  waves 
in  Equation  A.12  yields. 


Po 


=  f[—  cos  0  — 


6X 


26p 


Aq  2po  Aq  -f-  2po 
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47rrQo 


(A.13) 
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Figure  A-1:  The  coordinate  system  used  for  an  incident  P-wave. 
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where  are  the  displacements  due  to  P-wave  to  P-wave  scattering  and  are 
displacements  due  to  P-wave  to  S-wave  scattering.  It  is  clear  from  these  equations  that 
regardless  of  the  nature  of  the  anomaly,  the  particle  motion  of  the  scattered  P-wave 
is  always  in  the  radial  direction,  and  that  of  the  scattered  S-wave  is  always  in  the  6 
direction.  Furthermore,  the  cosine  dependence  of  the  scattered  P-wave  indicates  that 
P-wave  scattering  is  most  intense  in  the  forward  and  backward  directions,  and  is  zero 
in  the  plane  orthogonal  to  the  incident  particle  motion  direction.  Conversely,  the  sine 
dependence  in  the  S-wave  terms  indicates  that  the  scattered  S-wave  is  strongest  in  the 
plane  perpendicular  to  the  scattered  P-wave  lobes  and  is  zero  in  the  incident  particle 
motion  direction.  It  is  interesting  to  note  that  for  most  materials  (i.e.,  ss  By.)  the 
scattered  S-wave  is  larger  than  the  scattered  P-wave. 

The  exact  form  of  the  total  scattered  field  will  depend  on  the  magnitude  and 
polarity  of  the  various  perturbations.  We  will  discuss  only  a  few  of  the  infinite  number 
of  possibilities  here. 

When  6A,  and  Bp  all  have  the  same  algebraic  sign,  (i.e.  the  inclusion  is  harder 
and  heavier,  or  softer  and  lighter,  than  the  background  medium)  P-wave  scattering  is 
greatest  in  the  backwards  direction.  This  occurs  because  at  0  —  k  the  three  terms  in 
Equation  A. 13  all  have  the  same  sign  and  therefore  are  in  phase.  As  a  special  case, 
consider  a  heterogeneity  in  which 
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(A.15) 


The  velocity  within  the  anomaly  can  be  written  as. 


2  Ao  -f-  ^A  -|-  2(yo  +  By)  (Aq  +  2po)(l  +  ^p! Po)  2 
a  =  - : -  =  - r - 


Po  +  f!p 


Po(l  +  b>pIpo) 


(A.16) 


and  the  impedance  by. 


pa  -  {po  +  ^p)o'o  ^  PoOq. 


(A.17) 
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This  combination  of  perturbations  results  in  only  an  impedance  contrast  across  the 
inclusion.  Any  scattering  which  takes  place  is  then  due  to  the  impedance  mismatch 
of  the  inclusion,  hence  the  name  “impedance  scattering”.  The  scattered  field  from 
the  perturbations  in  A,  fi  and  p  are  shown  individually  in  Figure  A-2  and  the  to¬ 
tal  scattered  field  is  shown  in  Figure  A-3.  Notice  that  for  this  particular  choice  of 
parameters,  the  total  scattered  P-wave  is  confined  to  the  back-scattered  direction. 
The  scattered  S-wave  is  considerably  larger  than  the  P-wave  and  is  strongest  in  the 
side  scattered  direction.  Notice,  too,  that  no  scattered  S-wave  is  generated  in  the 
forward- backward  direction  and  no  P-wave  is  side-scattered. 

Also  of  interest  is  the  case  when  the  inclusion  is  lighter  and  harder  or  heavier  and 
softer  than  the  surrounding  material.  Consider  the  special  case  when 

^A  8p,  Sp 

■^0  ^io  Po 

It  is  easy  to  show  that  there  is  no  impedance  change  across  the  inclusion,  only  a  veloc¬ 
ity  perturbation.  This  situation  is  often  termed  “velocity  scattering”.  The  radiation 
pattern  due  to  velocity  scattering  is  identical  to  that  for  impedance  scattering,  but 
rotated  180°(Figure  A-4). 

Velocity  .scattering  is  characterized  by  .strong  forward  P-wavc  scattering,  while 
impedance  scattering  gives  rise  to  strong  back-scattering  of  P-waves.  In  both  cases, 
there  is  no  scattered  S-wave  in  either  the  forward  or  backward  directions.  The  S-wave 
displacements  are  concentrated  in  the  side-scattered  directions,  and  are  considerably 
larger  than  the  scattered  P-waves.  The  larger  amplitude  of  the  scattered  S-wave 
should  make  it  more  visible/useful  in  some  experiments,  but  its  radiation  pattern  will 
make  it  difficult  to  observe  in  limited  aperture  transmission  and  reflection  geometries. 
Similarly,  the  strong  back-scattering  characteristics  of  impedance  scattering  will  make 
these  anomalies  difficult  to  quantify  in  most  transmission  experiments,  and  more 
easily  quantified  in  reflection  experiments. 


P  ->  P  Scattenng 


P  ->  S  Scattering 


Figure  A-2:  Rayleigh  impedance  scattering  due  to  variations  in  A,  /x  and  p.  The  incident 
wave  was  a  P-vvave  traveling  in  the  +x  direction  and  SXfXo  =  Spjpo  —  Spfpo.  Notice 
P-waves  are  displayed  at  2X  the  S-waves. 
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p->p 


P  ->  S  Scatterin 


Figure  A-3:  The  total  scattered  field  from  Figure  A-2.  1 
is  directed  backwards,  and  the  S-wave  is  strongest  in 

80 


1 


P  ->  P  Scattering 


y 


Figure  A-4:  Rayleigh  velocity  scattering  of  a  P-wave  results  in  a  fore-scattered  P-wave  and 
a  strong  side-scattered  S-wave.  This  scattering  pattern  is  identical  to  Figure  A-3,  but 
rotated  180°. 
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A. 2. 2  Plane  S-Wave  Source 


The  same  analysis  can  be  applied  for  the  case  of  an  incident  S-wave.  Consider  an 
S-wave  propagating  in  the  +xi  direction,  with  particle  motion  in  the  X2  direction, 

u°  =  (A.  19) 

Again,  we  can  solve  for  the  body  force  vector  Q  by  inserting  Equation  A. 19  into 
Equation  A. 2, 

Qi  =  -  ^1/^0).  (A.20) 

Po  Po  J 

Then  the  forces  are, 

F.  =  S,2^^'SpVe~^‘^^  (A.21) 
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(A.22) 


and  the  far-field  displacements  are  given  by, 

7.72^-iu;(<  -  r/an)  (7.72  ~  ^>2)  ^~iu>(t  -  r/^n)  (A  23) 

inpor  [  q2  /?2  J  V  •  ; 

[-27^172  _  r/ao)  ,  (27i7i72  -  <^.i72  -  -iuj(i  -  Tj^^) 

/Xo47rr  [ 

Switching  to  spherical  coor'^inates  (Figure  A-5),  with  the  polar  axis  pointing  in  the 
direction  of  the  incident  particle  motion  yields, 

[?^cos0-^sin20sinJe-'‘^(<-^/“o)  (A.24) 
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Figure  A-5:  The  coordinate  system  used  for  an  incident  S-wavc. 
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Interestingly,  both  the  scattered  P-wave  and  scattered  S-wave  are  independent  of 
perturbations  in  A.  The  scattered  P-wave  results  from  variations  in  density  and  shear 
modulus.  The  equivalent  force  due  to  the  variations  in  density  point  in  the  particle 
motion  direction  of  the  incident  wave.  This  force  creates  a  radiation  pattern  which 
h£is  a  simple  cosine  dependence  for  P-waves  and  sine  dependence  for  S-waves. 

The  scattering  pattern  due  to  variations  in  fx  are  more  complex.  These  pertur¬ 
bations  create  a  double  couple  source  in  the  X1-X2  plane.  The  double  couple  source 
causes  the  S-wave  to  have  displacements  in  two  directions,  9  and  <!>.  The  double  cou¬ 
ple  force  can  be  decomposed  into  two  single  couple  forces  by  rotating  the  coordinate 
system,  so  that  the  polar  axis  is  parallel  to  the  force  direction.  Then,  the  S-wave 
displacements  for  each  force  couple  can  be  calculated  separately.  Consider  the  dis- 
pl2tcements  due  to  the  element  M\2-  The  displacements  in  the  new  coordinate  system 
are  given  by, 

or  in  polar  coordinates  about  the  new  polar  axis  by. 

Similar  results  can  be  found  for  the  other  force  couple  M21  and  the  total  scattered 
field  from  the  variations  in  /i  is  given  by  the  vector  sum  of  the  two  single  couple  forces 
(Figure  A-6). 

The  terminology  introduced  for  P-wave  scattering  can  also  be  used  in  S-wave 
scattering.  When 


(A.28) 


Po  Po 

there  is  no  discontinuity  in  velocity  and  only  impedance  scattering.  In  impedance 
scattering,  S-wave  to  P-wave  conversion  is  strongest  in  the  back-scattered  direction. 
S-wave  to  S-wave  scattering  is  more  complex  and  has  three  main  lobes.  The  largest 
lobe  is  in  the  backward  direction  and  the  two  smaller  lobes  are  in  the  side- scattered 
direction  (Figure  A-7). 
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Figure  A-7:  The  total  scattered  field  from  Figure  A-6.  Notice  the  strong  back- scattered  lobe 
which  occurs  for  S-wave  to  S-wave  scattering. 
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As  was  the  case  for  P-wave  scattering,  the  scattering  pattern  due  to  velocity  scat¬ 
tering  is  opposite  that  for  impedance  scattering,  Figure  A-8.  The  large  forward  scat¬ 
tered  S-wave  suggests  that  these  anomalies  will  be  easiest  to  identify  in  transmission 
experiments,  such  as  cross-well  or  VSP  geometries. 


A. 3  Mie  Scattering  in  a  Weakly  Heterogeneous 
Media 


In  the  leist  section,  a  series  of  simple  closed  form  solutions  were  obtained  for  elastic 
wave  scattering  from  a  small  isolated  heterogeneity.  The  metric  used  to  define  small 
was  the  wavelength.  If  the  scatterer  is  small  enough  that  the  phase  of  the  incident 
wave  is  nearly  constant  across  the  scatterer,  the  scattered  field  can  be  adequately 
described  by  Rayleigh  scattering.  However,  when  the  size  of  the  scatterer  approaches 
that  of  a  wavelength,  the  incident  field  will  have  significantly  different  phcise  at  dif¬ 
ferent  points  in  the  scatterer,  resulting  in  a  more  complex  scattering  pattern. 

Using  the  results  from  the  previous  section,  the  Born  approximation  can  be  used 
to  calculate  the  scattered  field  for  a  general  elastic  heterogeneity. 


«.(£)  =  j^QAL)*Gii{x,i)dV{i).  (A.29) 

If  the  size  of  the  scatterer  is  on  the  order  of  a  wavelength,  the  incident  wave  and 
Green’s  function  can  no  longer  be  considered  constant  about  the  scatterer.  Equa¬ 
tion  A.29  can  be  solved  approximately  using  the  Fraunhofer  approximation  to  the 
Green’s  function.  Then, 

«,  =  wf  -f  uf 


=  - - 2 -  /  — 

47rrQS  Jv  \  pQ  ^  - 


[  Po 


■  S.) / ao jy 


(A.30) 


187 


S  ->  P  Scatienng 


V 


Figure  A-8:  Rayleigh  velocity  scattering  of  a  S-wave  resu’is  in  a  side-scattered  P-wave  ajid 
a  strong  fore- scattered  S-wave.  This  scattering  patiern  is  identical  to  Figure  A-7,  but 
rotated  180°. 
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When  the  incident  wave  is  a  plane  P-wave  (Equation  A.8),  these  equations  can 
be  simplified  to, 
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For  an  incident  S-wave, 
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Now,  suppose  all  three  parameters  A,  p  and  p  share  the  same  parameter  distribu¬ 
tion  function  P(^  )  such  that. 


8\{i) 
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(A.36) 
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(A.38) 
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where  6Ao,  Buo,  and  Bpo  are  the  parameter  values  at  the  center  of  the  inhomogeneity 
and 


BXoJ^Pii)dVil)  =  6XV 

(A.39) 

Bpo  I^P{i)dVi()  =  B;iV 

(A.40) 

Bpoj^P{i)dV{i)  =  TpV. 

(A.41) 

Using  these  definitions,  the  scattered  field  for  an  incident  P-wave  can  be  written  as, 
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(A.43) 


and  those  for  an  incident  S-wave  2is, 
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(A.46) 


These  equations  are  similar  in  form  to  the  equations  for  Rayleigh  scattering.  The  only 
difference  is  the  volume  V  in  those  solutions  has  been  replaced  by  a  volume  integral 


190 


of  the  form 

0n{x)  =  J^P{Oe-^<-^dVia  (A.47) 

This  term  has  been  identified  as  a  shape  (Gubernatis  et  al.,  1977a),  or  volume  (Wu  and 
Aki,  1985c)  factor.  The  volume  factor  modulates  the  Rayleigh  solution.  It  accounts 
for  the  fact  that  the  total  scattered  field  is  an  integrated  sum  of  scattered  waves 
from  all  parts  of  the  heterogeneity.  Since  the  incident  wave  may  not  have  constant 
phase  across  the  heterogeneity,  the  total  scattered  field  will  be  a  superposition  of 
waves  which  have  different  phase  delays.  As  a  result,  this  method  of  calculating  the 
scattered  field  will  always  produce  a  smaller  scattered  wave  than  the  Rayleigh  solution 
(for  similar  sized  scatterers).  For  common-mode  scattering  the  volume  factor  is  largest 
in  the  forward  direction  and  smallest  in  the  backward  direction.  This  occurs  because 
in  conunon-mode  scattering,  the  incident  and  scattered  waves  travel  with  the  same 
slowness,  and  therefore  always  add  constructively  in  the  direction  of  propagation. 

In  Equation  A.47,  the  term  S.n  is  the  exchange  slowness  vector.  From  Equa¬ 
tions  A.42  -  A.45  the  slowness  vectors  are  given  by. 


5,  = 

—  (il  - 
QO 

(A.48) 

^2  = 

[xi/qo  -  x/^] 

(A.49) 

^3  = 

[xi/00  -  x/ao] 

(A.50) 

S.4  = 

(A.51) 

The  form  of  Equation  A.47  is  similar  to  that  of  a  spatial  Fourier  integral,  where 
the  wavenumber  vector  k,  equals  u;^„.  Then,  for  a  specified  scattering  angle  0,  the 
volume  factor  On  is  equal  to  the  spatial  Fourier  component  of  the  parameter  variation. 
When  the  spatial  variation  is  spherically  symmetric,  the  volume  factor  can  be  written 
in  terms  of  a  I D  Fourier  transform. 


^n(^)  =  - 


27r  d 


:P{<^Sn), 


(A.52) 


LoSn  d{u;Sn) 

where  P  is  the  Fourier  transform  of  the  material  perturbations  and  is  the  norm 
of  the  vector  . 
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A.3.1  Mie  Scattering  from  a  Gaussian  Inclusion 

Several  statistical  models  have  been  put  forth  to  describt  the  statistical  distribution  of 
scatterers  in  the  lithosphere,  (Aki  et  ah,  1977;  Aki,  1980;  Ringdal  and  Husebye,  1982; 
Wu,  1982a;  Frankel  and  Clayton,  1984;  Frankel  and  Clayton,  1986;  Charrette  and 
Toksoz,  1989;  Toksoz  et  ah,  1991).  In  crystalline  rocks,  the  heterogeneities  are  prob¬ 
ably  broad  smoothly  varying  features.  It  is  spec  ulated  tliat  these  heterogeneities  can 
be  described  by  a  Gaussian  autocorrelation  function.  In  sedimentary  rocks,  however, 
the  heterogeneities  might  be  more  “rough”  and  better  described  by  the  exponential 
function.  In  this  section  we  derive  the  volume  factors  for  both  the  Gaussian  and 
exponential  functions  and  show  their  effects  on  the  scattered  waves. 

A. 3. 2  Gaussian  Parameter  Function 

For  a  spherical  inclusion,  the  Gaussian  parameter  variation  function  is  given  by, 

P(r)  =  e''V«^,  (A.53) 

where  a  is  the  correlation  length  of  the  heterogeneity  (Figure  A-9).  The  one-dimensional 
Fourier  transform  of  the  parameter  function  is, 

P{kr)  =  (A.54) 

and  the  volume  factors  cire  given  by, 

(A.55) 

At  low  frequencies  (i.e.  when  the  wavelength  is  large  compared  to  the  size  of  the 
scatterer)  the  volume  factor  is  nearly  isotropic  and  the  Mie  solution  is  much  like  the 
Rayleigh  solution  (Figure  A-10).  As  the  frequency  of  the  incident  wave  increases,  the 
scattering  pattern  becomes  more  forward  directed,  until  no  energy  is  backscattered 
at  all.  The  volume  factor  for  an  incident  S-wave  is  similar  to  that  for  an  incident 
P-wave  (Figure  A-11).  In  both  cases,  the  volume  factor  has  only  one  main  lobe.  The 
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Figure  A- 10:  The  volume  factors  for  a  P-wave  incident  on  a  spherical  inclusion  with  a 
Gaussian  parameter  function.  The  upper  half  of  the  diagram  is  for  P  to  P  scattering  and 
the  forward  scattering  direction  is  to  the  right.  The  volume  factor  varies  smoothly  with 
£ingle  and  strongly  favors  ''orward  scattering  of  both  P  and  S  waves. 
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Figure  A-11:  The  volume  factors  for  an  S-wave  incident  on  a  spherical  inclusion  with  a 
Gaussian  parameter  function.  The  upper  half  of  the  diagram  is  for  S  to  S  scattering  anu 
the  forward  scattering  direction  is  to  the  right.  As  for  an  incident  P-wave,  the  volume 
factor  varies  smoothly  with  angle  and  strongly  favors  forward  scattering  of  both  P  and 
S  waves. 
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main  lobe  is  oriented  in  the  forward  scattered  direction  and  varies  smoothly  with 
scattering  angle.  Other  parameter  functions,  especially  those  with  sharper  space 
domain  features  (e.g.,  a  spherical  boxcar  function)  have  been  shown  to  produce  much 
more  complex  volume  factors  (Gubernatis  et  al.,  1977a;  Wu  and  Aki,  1985c). 

In  the  back- scattered  direction,  the  volume  factor  decreases  as  the  size  of  the 
heterogeneity  increases  (Figure  A- 10).  This  has  the  effect  of  severely  re<iucing  the 
amplitude  of  both  the  scattered  I’  (I'igure  A- 12)  and  .scall('retl  S  waves,  ( Figure  A- 1 3). 

The  effect  of  the  volume  factor  on  velocity  scattering  is  similar  for  S- waves  (Fig¬ 
ure  A-15),  but  quite  different  for  P-waves  (Figure  A-14).  Since  in  velocity  scattering 
the  P-wave  is  strongly  foi  ,.ard  scattered  the  effect  of  the  volume  factor  is  small.  In 
both  impedance  and  velocity  scattering  the  Mie  solution  approaches  the  Rayleigh 
solution  as  the  size  of  the  scatterer  decreases. 


A.3.3  Exponential  Parameter  Function 


The  exponential  function, 

P{r)  =  e"'’/®,  (A.56) 

is  similar  to  the  Gaussian,  but  is  not  as  well  localized  in  the  space  (or  wavenumber) 
domain  (Figure  A-9).  The  one-dimensional  Fourier  transform  of  the  exponential  is, 

P{kr)  =  2a/(l  -I-  ky),  (A.57) 


and  the  volume  factors  are  given  by. 


The  volume  factors  for  incident  P  and  S  waves  are  shown  graphically  in  Figure  A- 
16  and  Figure  A-17  respectively.  The  scattering  patterns  from  an  inclusion  with  an 
exponential  parameter  function  (Figures  A-18-A-21),  are  much  like  those  from  an 
inclusion  with  a  Gaussian  parameter  function.  For  velocity  scattering,  the  scattered 
P-wave  is  noticeably  more  forward  directed,  but  otherwise  it  is  very  similar  to  the 
Gaussian  case. 
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P  ->  P  Scattering 


aco/a  =  0.5 


aco/a  =  1 .0 


Figure  A- 12:  Mie  scattering  includes  the  effects  due  to  the  finite  shape  of  the  scatterer. 

Shown  are  P  to  P  impedance  scattering  patterns  (magnified  4X)  which  result  from  two 
different  sized  inclusions  with  Gaussian  parameter  functions.  Note  the  strong  reduction 
is  the  amount  of  back- scattered  energy  as  the  size  of  the  inclusion  is  increased.  For 
infinitely  long  wavelengths,  this  solution  reduces  to  Figure  A-3. 
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P  ->  S  Scattering 


ao)/a  =  0.5 


aca/a  =  1 .0 


Figure  A-13:  P  to  S  impedance  (Mie)  scattering  patterns  (magnified  2X)  which  result  from 
two  different  sized  inclusions  with  Gaussian  parameter  functions.  Note  the  near  extinction 
of  the  scattered  S-wave  when  the  size  of  the  inclusion  is  larger  than  1/6  of  a  wavelength. 
For  infinitely  long  wavelengths,  this  solution  reduces  to  Figure  A-3. 
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P  ->  P  Scattering 


aoj/a  =  0.5 


I 


aoVa  =  1 .0 


Figure  A-14:  P  to  P  velocity  (Mie)  scattering  patterns  (magnified  4X)  which  result  from 
two  different  sized  inclusions  with  Gaussian  parameter  functions.  Unlike  the  impedance 
scattering  case,  the  size  of  the  scattered  wave  is  not  greatly  affected  by  the  size  of  the 
scatterer.  For  infinitely  long  wavelengths,  this  solution  reduces  to  Figure  A-4. 
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P  ->  S  Scattering 


aco/a  =  0.5 


aco/a  =  1 .0 


Figure  A-15:  P  to  S  velocity  (Mie)  scattering  patterns  (magnified  2X)  which  result  from 
two  different  sized  inclusions  with  Gaussian  parameter  functions.  Again,  note  the  near 
extinction  of  the  scattered  S-wave  when  the  size  of  the  inclusion  is  larger  than  1  /6  of  a 
wavelength.  For  infinitely  long  wavelengths,  this  solution  reduces  to  Figure  A-4. 


200 


Incident  P-Wave 


Figure  A- 16:  The  volume  factors  for  a  P-wave  incident  on  a  spherical  inclusion  with  an 
exponential  parameter  function.  The  upper  half  of  the  diagram  is  for  P  to  P  scattering 
and  the  forward  scattering  direction  is  to  the  right.  The  volume  factor  varies  smoothly 
with  angle  and  strongly  favors  forward  scattering  of  both  P  and  S  waves. 
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Incident  S-Wave 


Figure  A-17:  The  volume  factors  for  an  S-wave  incident  on  a  spherical  inclusion  with  an 
exponential  parameter  function.  The  upper  half  of  the  diagram  is  for  S  to  S  scattering 
and  the  forward  scattering  direction  is  to  the  right.  As  for  an  incident  P-wave,  the  volume 
factor  varies  smoothly  with  angle  and  strongly  favors  forward  scattering  of  both  P  and 
S  waves. 
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P  ->  P  Scattering 


y 


aco/a  =  0.5 


aova  =  1.0 


Figure  A-18:  P  to  P  impedance  (Mie)  scattering  patterns  (magnified  4X)  which  result  from 
two  different  sized  inclusions  with  exponential  parameter  functions.  Note  the  strong 
reduction  is  the  amount  of  back-scattered  energy  as  the  size  of  the  inclusion  is  increased. 
The  scattering  pattern  is  similar  to  Figure  A- 12. 
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P  ->  S  Scattering 


y 


aova  =  0.5 


ativa  =  l.O 


Figure  A-19:  P  to  S  impedance  (Mie)  scattering  patterns  (magnified  2X)  which  result  from 
two  different  sized  inclusions  with  exponential  parameter  functions.  Note  the  near  ex¬ 
tinction  of  the  scattered  S-wave  when  the  size  of  the  inclusion  is  larger  than  1/6  of  a 
wavelength.  The  scattering  pattern  is  similar  to  Figure  A-13. 
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P  ->  P  Scattering 


aco/a  =  0.5 


aoVa  =  2.0 


Figure  A-20:  P  to  P  velocity  (Mie)  scattering  patterns  (magnified  4X)  which  result  from  two 
different  sized  inclusions  with  exponential  parameter  functions.  Unlike  the  impedance 
scattering  case,  the  size  of  the  scattered  wave  is  not  greatly  affected  by  the  size  of  the 
scatterer.  The  scattering  pattern  is  similar  to  Figure  A- 12,  but  slightly  more  concentrated 
in  the  forward  direction. 
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P  ->  S  Scattering 


aco/a  =  0.5 


a(o/a  =  2.0 


Figure  A-21:  P  to  S  velocity  (Mie)  scattering  patterns  (nnagnified  2X)  which  result  from 
two  different  sized  inclusions  with  exponential  parameter  functions.  Again,  note  the  near 
extinction  of  the  scattered  S-wave  when  the  size  of  the  inclusion  is  larger  than  1/6  of  a 
wavelength. 
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Appendix  B 

Finite  Difference  Modeling 


B.l  Introduction 

Finite  difference  modeling  hais  proven  to  be  an  effective  technique  for  numerically 
simulating  wave  propagation  in  the  earth.  The  popularity  of  the  technique  stems  from 
its  ability  to  generate  a  complete  solution  to  the  elastic  wave  equation.  Thus  direct, 
reflected,  diffracted,  and  guided  modes  are  all  accurately  modeled.  The  technique 
is  also  e«isy  to  implement  and  accurate  over  a  wide  range  of  wavelength  to  scatlerer 
ratios.  The  latter  is  not  true  of  high  frequency  techniques,  such  as  raytracing.  The 
chief  disadvantage  of  the  finite  difference  technique  is  its  computational  intensity.  As 
a  result,  large  scale  three  dimensional  simulations  can  be  done  only  on  state  of  the 
art  supercomputers  and  require  prohibitive  amounts  of  CPU  time. 

A  great  number  of  finite  difference  schemes  have  been  introduced  in  the  literature. 
These  schemes  are  generally  divided  into  two  broad  classes;  explicit  schemes  and 
implicit  schemes.  Both  iteratively  solve  the  wave  equation,  but  in  explicit  schemes  it 
is  possible  to  calculate  displacements  at  a  later  time  from  only  earlier  displacement 
vedues.  This  leads  to  easier  implementation  and  may  explain  their  widespread  use  in 
geophysical  problems.  Implicit  schemes  use  both  future  and  past  time  steps  to  provide 
unconditional  stability.  However,  seismic  wave  simulation  is  bound  by  dispersion 
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error,  not  by  stability,  so  the  increased  complexity  of  implicit  schemes  has  not  been 
justified. 

Finite  difference  schemes  can  be  further  categorized  by  their  order  of  accuracy. 
Since  the  value  of  a  continuous  function  sampled  on  a  discrete  grid  is  known  only 


at  the  node  points,  the  usual  method  of  deriving  finite  difference  operators  is  to 
assume  an  interpolating  function  then  exactly  differentiate  that  function.  The  most 
commonly  used  interpolant  is  the  Lagrange  polynomial.  Bickley  (1941)  gives  the 
general  form  of  the  differentiated  Lagrange  polynomial  as 

^  •  (».i) 

where  k  is  the  order  of  differentiation,  m  is  the  order  of  accuracy,  and  h  is  the  sample 
spacing.  It  is  clear  from  Equation  B.l  that  the  size  of  the  error  term  E  decreases 
as  the  order  of  the  interpolant  increases.  It  is  also  clear  that  as  the  order  of  the 


interpolant  increases,  the  number  of  computations  increases. 

All  forward  modeling  presented  in  this  thesis  made  use  of  an  explicit  second-order 
finite  difference  technique  on  a  non-staggered  grid.  This  approach  allows  both  com¬ 
ponents  of  the  displacement  vector  to  be  specified  at  the  same  point  in  space,  making 
the  implementation  of  boundary  conditions  and  subsequent  processing  considerably 
easier.  The  cost  of  this  simplification  is  a  slight  loss  in  accuracy,  especially  in  areas 
with  sharp  spatial  gradients  in  material  properties  (Virieux,  1986).  A  second  reason 
for  choosing  this  formulation  is  that  both  absorbing  and  free  surface  boundary  con¬ 
ditions  are  far  easier  to  incorporate  into  low  order  finite  difference  schemes.  Lastly, 
in  order  to  accurately  describe  some  of  the  random  media,  it  was  necessary  to  sample 
the  medium  at  a  very  high  spatial  sampling  rate.  In  light  of  the  high  sampling  rate, 
low  order  schemes  were  more  efficient  than  high  order  schemes. 

Other  schemes  are  also  commonly  used  in  seismic  applications.  Currently,  the 
most  popular  schemes  seem  to  be  fourth-order  explicit  schemes  (e.g.,  Frankel  and 
Clayton,  1984;  Frankel  and  Clayton,  1986;  Gibson  and  Levander,  1988).  The  popu¬ 
larity  of  these  schemes  stems  from  the  fact  that  they  provide  sufficient  accuracy  with 


a  larger  step  size.  I'he  pseudo-spectral  method,  the  high  order  end  member  in  the 
family  of  finite  difference  schemes,  has  also  generated  some  interest  in  the  seismic 
literature  (e.g.,  Fornberg,  1987;  Witte,  1989).  This  method  uses  a  Fourier  series  as 
the  interpolation  function.  The  Fourier  transform  is  efficiently  calculated  using  the 
Fast  Fourier  transform.  The  derivative  of  the  interpolant  is  simply  its  Fourier  spec¬ 
trum  times  ik,  where  k  is  the  wavenumber.  The  pseudo-spectral  technique  has  the 
advantage  that  it  exactly  differences  any  spatial  frv.quency  which  is  not  aliased,  but  it 
hcis  the  disadvantage  that  it  implicitly  assumes  periodicity,  thus  making  free  surface 
and  absorbing  boundaries  difficult  to  implement. 

The  trade-off  between  high  and  low  order  finite  difference  schemes  has  been  in¬ 
vestigated  in  the  seismic  literature  (Fornberg,  1987;  Daudt  et  al.,  1989;  Vidale,  1990) 
but  it  appears  the  optimal  choice  for  the  order  of  accuracy  may  be  application  as 
well  as  machine  dependent.  The  latter  point  has  important  implications  for  three- 
dimensional  finite  difference  work,  where  parallel  computers  will  likely  dominate.  On 
most  parallel  computers,  individual  nodes  can  perform  local  calculations  orders  of 
magnitudes  faster  than  they  can  access  data  from  neighboring  processors.  In  light 
of  this,  it  seems  low  order  finite  difference  schemes  might  be  more  efficient  on  these 
machines.  Conversely,  machines  with  high  speed  vector  processors  and  fast  RAM 
(memory)  can  compute  and  access  memory  at  high  speed  and  may  favor  higher  order 
schemes. 


B.2  2-D  Finite  Difference  Modeling 

The  wave  equation  for  a  linearly  elastic,  isotropic,  heterogeneous  medium  can  be 
written  as  (Aki  and  Richards,  1980) 

pit,  -  (AV  •  u, ),.  -  [fji{ui,j  +  Uj,.)]  ^  =  0,  (B.2) 

where  m  is  the  displacement  vector,  A  and  p  are  the  Lame’s  parameters, 

and  p  is  density. 


209 


Most  features  in  the  Earth’s  crust  are  fuilj'  tliree  dimensional  in  nature.  How¬ 
ever,  due  to  computational  limitations  we  wcr^'  only  able  to  model  two-dimensional 
geometries.  We  have  chosen  to  use  the  two-dimensional  plane  stress  equations  in  a 
Cartesian  coordinate  system.  .411  stresses  are  assumed  to  be  invariant  in  the  y  direc¬ 
tion.  It  should  be  noted  that  the  Green's  function  for  a  two-dimensional  system  is 
scaled  by  l/v/r,  as  opposed  to  1/r  for  a  three-dimensional  medium.  .4s  a  result,  some 
care  must  be  exercised  when  comparing  synthetic  2-D  results  to  actual  field  data. 

We  follow  the  coordinate  system  commonly  used  in  seismology;  x  is  the  horizontal 
offset  and  z  is  depth.  Expanding  Equation  B.2  and  setting  displacements  and  stresses 
in  the  y  direction  equal  to  zero  gives 

pdttu  =  dx\{\-\-2p.)dxU-^  \dzw\-\- d^[p{dzU d:^w)\  (B-3) 

pdttw  —  dx[{\  +  2p)dzW  +  Xdxu]  +  dx[p{dzU  +  dxw)], 

where  u  and  tv  are  the  horizontal  and  vertical  components  of  the  displacement  vec¬ 
tor.  These  equations  fully  describe  the  motion  of  compressional  (P)  and  vertically 
polarized  shear  (SV)  waves  within  the  medium.  There  is  no  need  to  consider  the 
horizontally  polarized  shear  (SH)  waves  since  that  motion  is  completely  decoupled  in 
two-dimensional  systems  and  will  not  be  excited  by  our  source. 

All  finite  difference  modeling  in  Cartesian  coordinates  was  done  using  the  explicit 
second  order  scheme  introduced  by  Kelly  et  al.  (1976).  In  that  scheme,  displace¬ 
ments,  stresses,  and  the  material  properties  are  all  specified  on  the  same  grid.  The 
scheme  uses  midpoint  finite  difference  operators  to  approximate  .second  order  partial 
derivatives  witli  only  one  independent  variable. 


dxX{x,z)dxu{x,z,t) 


DxX{x,  z)DxU{x^  zj) 
1 


dx^ 


[A(x  -f  dx/2,  z){u[x  -\-  dx,  2,  t)  —  u{x,  2,  t)) 


—  X{x  —  dx/2,  z)[u{x,  2,  t)  —  u{x  —  dx,  z,  <)] , 
but  a  less  accurate  full  step  stencil  to  approximate  mixed  derivatives 


(B.4) 


(B.5) 


()xP{x,z)dzU{x,Z,t)  W  l)xfl(x,z)I),u{x,Z,t) 


(11.6) 
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~  [fi{x  +  dx,  2)(u(x  +  dx,  z  +  dz,  t)  —  u(x  +  dx,  z  —  dz,  t)) 

‘Auxdz 

—  ^{x  —  dx,z){u{x  —  dx,  z  +  dz,  t)  —  u{x  —  dx,  z  —  dz,  i))] .  (B.7) 

Inserting  the  finite  differences  into  Equation  B.3  yields 

pDttu  =  [>Dx(^  +  2fi)DxU  +  DiXD^w 

+  D^pD^u  +  D^fiDxio]  (B.8) 

pDuw  =  [Dj(A  +  2p)DiW  +  D^XD^u 

+  D^fiD^w  + D^pD.u]  (B.9) 


B.2.1  Numerical  Dispersion 


Trefethen  (1982)  showed  that  finite  difference  approximations  to  the  elastic  equation 
of  motion  produce  a  medium  which  is  both  dispersive  and  anisotropic.  That  analy¬ 
sis  was  presented  for  the  acoustic  wave  equation,  but  used  a  finite  difference  scheme 
similar  to  that  used  here.  Prange  (1989)  followed  that  procedure  and  obtained  sim¬ 
ple  closed  form  expressions  for  both  the  phase  and  group  velocity  of  elastic  waves 
traveling  on  a  staggered  finite  difference  grid.  He  was  able  to  obtain  simple  closed 
form  expressions  because  the  second  differences  in  his  equations  were  obtained  by 
recursively  applying  the  first  difference  equations.  The  finite  difference  scheme  used 
here  does  not  have  that  property,  thus  its  dispersion  relation  is  more  complex. 

Numerical  analysis  of  the  dispersion  equation  for  the  inhomogeneous  wave  equa¬ 
tion  is  extremely  complex.  Therefore,  most  studies  concentrate  on  the  homogeneous 
form  of  the  isotropic  clastic  wave  equation 


u 

+  0'^dzz 

u 

w 

(a^  - 

w 

(B.IO) 


The  dispersion  relation  for  the  homogeneous  elastic  wave  equation  can  be  found  by 
inserting  a  trial  .solution  of  the  form  into  Equation  B.IO.  After  simplification. 
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it  can  be  shown  that  the  eigenvalues  are  gi  ven  by 

tjj^  = —a^{k  •  j^)  (B.li) 

=  (B.12) 

where  a;  is  the  angular  frequency  and  k  is  the  wavenumber  vector.  Notice  that  in  a 
purely  elastic  medium,  the  phase  velocity  is  independent  of  frequency  and  therefore 
equivalent  to  the  group  velocity.  Also  notice  that  the  dispersion  curve  is  a  circle, 
indicating  the  medium  is  isotropic.  Since  Equation  B.IO  is  Hermitian,  its  eigenvectors 
are  orthogonal.  The  fir^t  eigenvector  points  in  the  direction  of  k  (i.e.  P-wave  motion 
is  longitudinal)  and  the  second  is  orthogonal  to  k_  (i.e.  S-wave  motion  is  transverse). 

The  eigenvalues  for  the  finite  difference  equations  can  be  found  by  inserting  the 
finite  difference  approximations  (Equations  B.4  and  B.6)  into  Equation  B.IO.  Taking 
the  limit  as  At  — +  0  and  using  the  same  trial  solution  results  in  extremely  complicated 
analytic  forms  for  the  eigenvalues  and  eigenvectors.  Due  to  the  complexity  of  those 
equations,  the  error  in  phase  velocities  for  the  compressional  and  shear  modes  are 
displayed  graphically  in  Figures  B-1  and  B-2.  The  phase  velocities  of  the  medium 
depend  on  the  eigenvalues,  and  are  given  by  C(jfc)  =  u;/|^|.  In  the  analytic  form 
of  the  elastic  wave  equation,  the  phase  velocities  are  constant.  Figures  B-1  and  B-2 
show  this  is  riot  the  case  for  the  finite  difference  wave  equation.  In  the  wavenumber 
domain,  the  error  in  phase  velocities  is  shown  to  be  a  function  of  the  finite  difference 
grid  spacing.  At  small  spacings,  the  error  in  phase  velocity  is  small  for  both  P  and 
S  waves.  At  larger  step  sizes,  the  error  contours  for  the  compressional  phcise  velocity 
slowly  become  less  circular.  This  is  numerically  induced  anisotropy.  The  shear  phase 
velocity  is  even  more  anisotropic.  Along  the  axes  of  the  grid,  the  shear  wave  can  be 
seen  to  travel  too  slowly,  while  at  45°to  the  axes,  the  shear  wave  velocity  is  too  fast. 

The  group  velocity  vector  is  defined  as 

Hik)  =  Vfcu;.  (B.13) 

For  an  elastic,  homogeneous,  isotropic  medium,  the  group  velocity  vector  is  inde- 
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figure  B-2-.  Similar  to  Figure  B-1,  but  for  the  shear  wave.  Notice  the  highly  anisotropic 
nature  of  the  finite  difference  grid.  Also  notice  that  shear  waves  tend  to  travel  fastest 
45’’ and  slowest  along  the  axes  of  the  grid. 


pendent  of  frequency  and  direction.  These  properties  are  only  observed  in  the  finite 
difference  equations  when  the  spatial  step  size  is  very  small  (Figures  B-3  and  B-4). 
At  larger  step  sizes,  the  magnitude  of  the  group  velocity  vector  is  generally  underes¬ 
timated  for  both  P  and  S  waves.  These  errors  are  shown  graphically  in  Figures  B- 
5  and  B-6.  In  addition,  there  is  a  consistent  error  in  the  direction  of  the  group  velocity 
vector.  Only  in  few  directions  (0°,  45°,  and  90°)  are  the  group  velocity  vectors  ori¬ 
ented  correctly.  Energy  traveling  in  other  directions  will  tend  to  be  focused  towards 
the  diagonals  of  the  grid.  As  a  result,  there  may  be  too  much  energy  traveling  in 
these  directions 

Both  these  errors  can  be  minimized  by  maintaining  a  sufficiently  high  sampling 
rate.  Throughout  this  thesis,  we  sustained  a  sampling  rate  of  at  least  10  points  per 
wavelength  (PPW)  for  the  shortest  wavelengths  on  the  grid  (i.e.  k  =  n/5).  For 
P-waves,  this  resulted  in  phase  velocity  errors  of  less  than  1.5%  and  group  velocity 
errors  of  less  than  5.0%  (Figures  B-1  and  B-6).  Errors  were  much  smaller  at  the 
center  frequency  of  the  source  wavelet. 

B.2.2  Sources  and  Boundary  Conditions 

Energy  can  be  introduced  into  a  finite  difference  simulation  in  two  ways,  either  by 
specifying  the  initial  conditions  (i.e.  the  displacement  and  the  time  derivative  of  dis¬ 
placement)  over  the  whole  grid,  or  driving  one  or  more  nodes  with  a  time  varying 
displacement  function.  In  general,  we  use  the  first  technique  when  modeling  phe¬ 
nomena  in  which  the  source  is  a  plane  wave.  The  second  technique  is  reserved  for 
situations  when  the  desired  source  is  a  line  source  (2-D  equivalent  of  a  point  source). 
The  source  function  most  commonly  used  is  the  Ricker  wavelet  (Ricker,  1977),  since 
it  is  well  localized  in  both  the  spatial  and  Fourier  domains  (Figure  B-7). 

To  minimize  computational  time  and  storage,  artificial  boundaries  must  be  intro¬ 
duced  along  the  “edges”  of  the  grid.  Throughout  this  thesis  we  use  a  second-order 
paraxial  elastic  wave  equation  at  all  boundaries  from  which  we  desire  no  reflections 
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Group  Velocity  Vector 
(Compressional  Waves) 


Horizontal  Wavenumber 


Figure  B-3:  For  an  isotropic  medium,  the  magnitude  of  the  group  velocity  vector  is  inde¬ 
pendent  of  frequency  and  points  radially  away  from  the  origin.  Here,  only  at  0°,  45°, 
and  90°  do  the  group  velocity  vectors  point  in  the  radial  directions.  Along  all  other 
propagation  directions,  the  group  velocity  vectors  are  bi«used  towards  45°. 
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Figure  B-4:  For  a  non-dispersive  isotropic  medium,  the  shear  wave  group  velocity  vector 
points  radially  away  from  the  origin  and  has  constant  length.  Note  that  only  at  0°, 
45®,  and  90°do  the  group  velocity  vectors  point  in  the  radial  direction.  Along  all  other 
propagation  directions,  the  group  velocity  vectors  are  biased  towards  45°. 
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V\^uTe  B5-  The  errors  in  group  velocity  are  frequency  and  azimuthally  dependent  In 
Tnerat-or,:;  iargJ  for'p.wave.  .raveling  along  the  axr,  of  .he  gr.d  and  s.nallea, 

for  those  traveling  at  45°. 


Error  in  Group  Velocity 
(Shear  Waves) 


Figure  B-6:  Same  as  Figure  B-5,  but  for  shear  waves.  Notice  that  largest  errors  in  shear 
wave  group  velocity  occurs  at  45'’. 
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Figure  B-7:  The  Ricker  wavelet  in  time  and  frequency  domains. 
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(Clayton  and  Engquist,  1977).  To  mimic  a  free  surface,  we  make  use  of  a  row  of 
pseudo-nodes  above  the  grid  and  solve  the  zero  stress  equations, 

0  =  d^u dxW  (B.14) 

0  =  \diU -\-2ii)dzW,  (B.15) 

at  the  free  surface  (Munasinghe  and  Farnell,  1973). 

B.3  A  Point  Diffractor 

To  investigate  the  accuracy  of  the  finite  difference  technique  a  series  of  simulations 
were  made  to  study  the  scattering  from  a  point  diffractor.  Sharp  contrasts  are  known 
to  lead  to  inaccuracies  in  most  finite  difference  algorithms.  These  errors  are  due  to 
spatial  aliasing  of  the  high  wavenumbers,  which  are  folded  into  the  low  wavenumber 
components  (Witte,  1989).  A  point  diffractor  on  a  discrete  grid  is  an  extreme  example 
of  this  phenomenon,  since  in  the  Fourier  domain  the  spectrum  of  the  medium  is 
constant  out  to  the  spatial  Nyquist  frequency. 

In  all  three  simulations  a  plane  P-wave  was  incident  on  a  point  diffractor  which 
had  no  perturbation  in  A  or  p,  but  a  33%  perturbation  in  p.  The  source-time  function 
of  the  P-wave  was  a  Ricker  wavelet  (Figure  B-7)  which  was  sampled  at  25,  50  or  100 
points  per  wavelength  (PPW)  at  the  center  frequency.  Figures  B-8  and  B-9  show  the 
radiation  patterns  for  P-P  and  P-S  scattering.  At  coarse  sampling  rates,  the  solutions 
differ  considerably  from  the  analytical  solutions.  Note  the  large  errors  at  45'’in  the 
S-wave  solution.  These  secondary  lobes  occur  because  the  higher  frequencies  in  the 
S-wave  were  under-sampled.  For  these  frequencies,  the  group  velocity  vector  is  biased 
away  from  the  axes  of  the  grid.  As  the  sampling  rate  is  increased,  the  solution  is  seen 
to  converge  towards  the  analytic  solution. 
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Scattered  P-wave 
(Finite  Difference  Method) 


Figure  B-8;  Comparison  of  the  finite  difference  solutions  at  3  different  grid  spacings,  25 
PPW,  50  PPW,  and  100  PPW.  Shown  is  the  scattered  field  resulting  from  a  plane  P-wave 
incident  on  a  point  diffractor  (33%  variation  in  p).  The  scattered  field  was  generated  by 
subtracting  the  incident  field  from  the  total  scattered  field. 
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Amplitude 


Scattered  S-wave 
(Finite  Difference  Method) 


Figure  B-9:  The  scattered  S-wave  for  a  plane  P-wave  incident  on  a  point  diffractor  (33% 
variation  in  //).  The  scattered  field  Wcis  generated  by  subtracting  the  incident  field  from 
the  total  scattered  field. 
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Abstract.  Numerical  experiments  have  been  conducted  to  study  the 
effects  of  anisotropy  for  a  seismic  source  in  an  anisotropic  medium.  An 
algorithm  has  been  developed  to  compute  complete  seismic  waveforms  in 
general  anisotropic  media  [Mandal  and  Toksoz,  1990],  Using  this  tool, 
wc  have  shown  that  placing  the  source  in  an  anisotropic  medium  affects 
the  seismic  waveforms  signincantly.  An  explosive  source  in  an 
anisotropic  medium  produces  an  azimuthally  dqtendent  radiadon  pattern, 
for  P,  SV,  and  Rayleigh  waves,  and  also  generates  SH  waves.  In  some 
cases  of  anisotropy,  the  radiation  pattern  may  be  similar  to  those  of 
earthquakes. 

Introduction 

The  azimuthal  dependence  of  radiadon  pauems  of  P,  SV,  and  Rayleigh 
waves  and  the  generation  of  SH  and  Love  waves  by  underground  nuclear 
explosions  have  been  studied  extensively  [e.g.,  Kisstinger  et  al.,  1961; 
Press  and  Archambeau,  1962;  Toksoz  et  al..  1964;  Archambeau  and 
Sammis,  1970;  Toksoz  and  Kehrer,  1972;  Mass6, 1981;  Wallace  et  al.. 
19^ '  Cupia  attd  Btandford.  1983;  Lynnes  and  Lay,  1988;  Idhnson,  1988; 
Priest:  et  al..  1990).  Various  mechanisms,  including  tectonic  suain 
energy  'clease  by  relaxation  of  the  medium  around  the  exploration- 
generated  cavity,  triggering  of  an  earthquake,  dislocadon  across  cracks, 
spa' nation  and  "slapdown,”  and  scattering  from  heterogeneides,  have  been 
proposed  and  found  to  explain  some  of  the  data.  No  single  mechanism 
has  been  idendfied  that  could  sadsfactorily  explain  all  of  the  data  (Mass6, 
1981;  Gupu  and  Blandford,  1983;  Johnson,  1988], 

The  complexity  of  the  explosion-source  phenomenon  in  heterogeneous 
and  pre-stressed  media  was  reviewed  at  the  March,  1989,  Lake  Tahoe 
Symposium  [Patton  and  Taylor,  1989].  There  is  some  consensus  that  at 
long  periods  the  non-uniform  radiation  pattern  of  Rayleigh  waves  and  the 
generation  of  Love  waves  for  explosions,  such  as  Boxcar,  Benham, 
Greeley,  etc.,  are  due  to  tectonic  strain  release,  and  can  be  modeled  as  a 
combiiuition  of  an  explosion  plus  a  double-couple  source  that  may  be  due 
to  fault  slip  (Toksoz  and  Kehrer,  1972;  Wallace  et  al.,  1983,  198S; 
Massd,  1981;  Burgo'etal.,  1986;  Johnson,  1988).  At  short  periods  there 
is  azimuthal  dependence  of  body  wave  amplitudes  of  explosions,  such  as 
Greeley,  that  may  fit  the  tectonic  strain  release  pattern  (Lay  et  al.,  1984). 
The  structure  under  the  NTS  is  complex  and  scattering  due  to 
heterogeneities  near  the  source  that  can  produce  an  azimuthal  variation  of 
amplitudes  [Lynnes  and  Lay,  1988;  Taylor,  1983],  Although  the 
scattering  by  heterogeneities  near  the  source  can  complicate  the  radiation 
pattern,  the  transverse  (SH)  waves  produced  are  generally  much  smaller 
than  the  radial  component  (McLaughlin  et  al.,  1987;  McLaughlin  and  Jih, 
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1988;  Charretie  and  Toksoz,  1989).  Furthermore,  since  cavity  collapses 
that  accompany  some  explosions  do  not  produce  Love  waves,  while 
explosions  do,  SH  waves  cannot  be  attributed  to  scattering  alone.  The 
tectonic  strain  release  by  explosions  seems  to  be  conuolled  by  the  local 
state  of  stress.  The  strain  energy  released  due  to  an  explosion-created 
cavity  [Press  and  Archambeau,  1962]  contribute  to  the  radiation  of  SH 
waves  but  it  is  not  clear  if  this  mechanism  alone  can  account  for  all  the 
long-period  Love  waves. 

An  important  mechanism  that  can  be  responsible  for  non-uniform 
radiation  patterns  of  P,  SV,  and  Rayleigh  waves,  and  the  generation  of  SH 
waves  from  explosions  is  seismic  anisotropy  of  the  medium  in  which  the 
explosion  takes  place.  Recent  observational  studies  show  that  most 
crustal  rocks  have  some  degree  of  seismic  anisotropy  due  to  randomly 
distributed  aligned  inctures  [e.g.,  Stephen,  1981, 198S;  Crampin.  1984; 
Lo  ct  al.,  1986;  Thomsen,  1986;  Winterstein.  1986;  Martin,  1990], 
Several  major  factors  contribute  to  seismic  anisotropy;  (I)  preferred 
orientation  of  the  minerals  due  to  deposition  or  metamoiphism;  (2) 
geometric  effects,  such  as  alternating  high-and  low-velocity  thin  beds 
(e.g.,  shales,  carbonates);  and  (3)  tectonic  stress-induced  preferred 
orientation  of  micro-  and  macro-fractures  in  shallow  crusL  For  example, 
the  Topopah  Spring  Member  Tuff  from  Nevada  has  a  velocity  anisouopy 
of  8%  and  differences  in  linear  compressibilities  in  two  directions  of  18% 
[Martin,  1990].  In  the  presence  of  local  or  regional  tectonic  stress,  most 
hard  rocks  will  have  significant  anisotropy.  An  explosion  detonated  in  an 
anisotropic  medium  will  have  a  non-isoiropic  radiadon  pattern  due  U)  the 
directional  dependence  of  the  compliance  of  the  material  around  it. 

The  complexity  of  seismic  radiation  patterns  and  the  generation  of 
uunsverscly  polarized  waves  from  explosions  were  investigated  for 
transversely  isotropic  media  with  vertical  axis  of  symmeuy  by  Mandal 
and  Mitchell  [19K]  and  by  Ben-Menahem  and  Sena  [1990],  and  for 
general  anisotropic  media  by  Mandal  and  Toksoz  [1989,1990].  Mandal 
and  Toksoz  [  1990]  calculated  synthetic  seismograms  for  sources  embedded 
in  the  anisotropic  medium.  The  radiation  patterns  are  different  from  those 
of  isotropic  space.  An  explosion  source  in  an  anisotropic  full  space  can 
generate  a  significant  amount  of  shear  wave  energy  whm  none  would  be 
generated  in  an  isotropic  medium  [Mandal  and  Toksoz,  1989;  Ben- 
Mcnahem  and  Sena.  I^;  Mandal  and  Toksoz,  1990],  These  studies 
also  show  that  the  radiation  pattern  of  P  waves  from  an  explosion  in  an 
azimuthally  isotropic  medium  is  not  spherical.  Mandal  and  Toksoz 
[1990]  showed  that  the  radiation  patterns  vary  azimuthally  and  a 
significant  transverse  component  is  generated  when  an  explosive  source  is 
in  an  azimuthal  anisotropic  medium. 

Interest  in  seismic  anisotropy  increased  rapidly  among  both  solid-earth 
and  exploration  seismologists  in  the  past  decade.  We  suggest  to  new 
readers  two  articles  by  Crampin  [1989]  and  Winterstein  [1990]  of  various 
anisotropic  terminology.  These  articles  will  help  lo  understand  general 
idea  of  wave  propagation  in  anisotropic  media. 
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Compulalion  of  Complcic  Waveforms-  .n  Anisi  iru!)i.-  MeJia 

Tbe  ihcorelical  developments  of  wave  motion  ;n  anisotropic  media  for 
the  luo,  ;  0  years  were  reviewed  by  Crampin  i  1977,1 9S1)  and  Pao  (19831. 
The  following  articles  describe  the  computation  of  synthetic  waveforms 
in  layered  anisotropic  media:  (1)  for  surface  waves  (Crampin,  1970];  (2) 
body  waves  (Keith  and  Crampin,  1977a,b.c];  (3)  point  source  solutions 
for  wave  propagation  only  in  the  sagittal  plane  (Booth  and  Crampin, 
1983a  bl;  (4)  scheme  of  synthetic  waveforms  in  layered  anisotropic  media 
(Fryer  and  Frazer,  1984];  (5)  complete  waveforms  in  transversely  isotropic 
layered  media  with  vertical  axis  of  symmetry  (Mandal  and  Mitchell, 
1986,.  and  (6)  complete  synthetic  seismograms  tor  general  anisotropic 
media  where  the  source  can  also  be  placed  inside  the  anisotropic  medium 
(.Mandal  and  Toksoz,  1990). 

In  general,  wave  propagation  in  anisotropic  media  is  a  three- 
dimensional  problem.  For  an  isotropic  or  transversely  isotropic  medium 
A  lin  a  vertical  axis  of  symmetry,  the  energy  propagating  from  the  source 
to  receiver  is  restricted  to  the  sagittal  plane  (propagation  plane).  In  these 
cases,  the  computation  is  straightforward  and  the  mathematics  of  wave 
motion  have  been  established  for  the  last  few  decades.  However,  in 
azimuthal  anisotropic  media,  the  energy  generally  propagates  out  of  the 
sagittal  plane,  causing  the  transverse  component  of  the  wavenumber 
vector  to  be  non-zero  (e.g.  Auld,  1973].  This  phenomenon  complicates 
the  computational  problem  of  wave  propagation  in  anisotropic  media. 

The  details  of  the  numerical  procedure  of  computing  complete 
synthetic  seismograms  is  described  in  detail  in  our  earlier  paper  (Mandal 
and  Tok.soz.  1990].  Our  algorithm  for  computing  complete  synthetic 
seismograms  has  been  implemented  for  general  anisotropic  layered  media 
using  extended  reflectivity  theory  (Kennett,  1983]  and  numerical 
wavenumber  integration  (Bouchon  and  Aki,  1977J.  The  displacement 
stress  vectors  are  calculated  for  different  wave  numbers  and  frequencies. 
The  final  solutions  in  the  time  domain  are  computed  by  double 
iiiicgrations  in  the  wavenumber  and  frequency  domains.  These 
integrations  may  be  carried  out  by;  ( 1 )  contour  integration  in  the  complex 
plane;  (2)  Founer  transform;  and  (3)  numerical  wavenumber  summation. 
The  numerical  wavenumber  summation  is  a  common  method  for 
computing  complete  waveforms  where  all  possible  waves  (e.g.,  body 
waves,  surface  waves,  interface  waves,  multiples,  etc.)  are  included  in  the 
computations.  In  summary,  our  computational  algorithm  is  divided  into 
three  steps.  First,  the  steady-state  wave  Field  ludiation  produced  by  a 
seismic  source  is  represented  as  a  superposition  of  waves  propagating 
with  discrete  phase  velocities.  In  this  way  a  single  source  is  replaced  by  a 
penoilic  array  of  sources.  The  effect  of  secondary  sources  is  removed  by 
introducing  both  a  small  constant  imaginary  part  of  the  frequency  and 
proper  wavenumber  step  size.  Second,  each  phau  velocity  component  of 
the  waveFicId  is  propagated  through  a  stack  of  layers  using  the  reflection 
and  transmission  properties  of  individual  interfaces  by  a  recursion  scheme 
with  scaitcrer  operators  and  scatlercr  products  (e.g.,  Saastamoinen,  1980; 
Kennett,  1983;  Fryer  and  Frazer,  1984].  The  resulting  contributions  are 
summed  for  each  wavenumber  to  transform  them  from  the  wavenumber 
domain  to  the  space  domain.  Third,  the  .<  dution  is  Fourier-transformed  to 
the  lime  domain,  and  the  unwanted  effects  of  source  periodicity  and  the 
imaginary  part  of  frequency  are  removed.  This  Final  solution  yields  the 
complete  wavefield  within  the  medium  for  the  particular  source 
considered.  This  procedure  is  common  for  isotropic  and  anisotropic  media 
except  for  the  compulalion  of  the  eigensolutions.  In  an  isctropic  medium 
or  transversely  isotropic  medium  with  a  vertical  axis  of  symmetry,  this 
compuiauon  of  eigensolutions  can  be  performed  analytically  (e.g.,  Mandal 
and  Mitchell.  1986].  In  a  general  anisotropic  medium,  the  elaslodynamic 
solutions  are  computed  from  a  Christoffel  equation  of  a  six-order 
polynomial  form  [Fedorov,  1968;  Musgrave,  1970;  Auld.  1973;  Fryer  and 
Frazer,  1987].  This  procedure  needs  a  high  degree  of  numerical  precision. 
To  avoid  these  problems  Mandal  and  Toksoz  [1990]  derived  the  system 
matrix  A  (function  of  medium  parameters  and  phase  slownesses)  of  the 


differential  system  of  a  displacement-stress  vector  in  a  special  form.  They 
calculated  the  elastodynamic  solutions  by  computing  the  eigenvalues  and 
eigenvectors  of  the  system  matrix  A  using  the  QR  algorithm  (Goliih  and 
Van  Loan.  1983].  This  method  is  very  stable.  The  eigenvalues  and 
eigenvectors  arc  computed  simultaneously.  These  eigensolutions  arc  used 
to  propagate  a  wavcField  from  source  to  receiver  by  a  recursion  scheme 
with  scatutrer  operators  and  scatteier  products. 

The  problem  of  wave  propagation  in  general  anisotropic  media  is 
conveniently  addressed  in  Cartesian  coordinates.  This  coordinate  system 
is  useful  to  introduce  a  point  source  in  an  anisotropic  medium  as 
discussed  by  Fryer  and  Frazer  [1984].  For  each  wavenumber  and 
frequency,  an  equivalent  wave  vector  discontinuity  can  be  established 
through  a  displacement-stress  discontinuity  at  the  source  depth.  7  he 
displacement-stress  discontinuity  is  represented  by  a  point  force  and  a 
moment  tensor  with  a  body  force  equivalent,  given  by  Burridge  and 
Knopoff  [1964].  In  this  way  a  point  force  can  be  introduced  within  a 
stratified  anisotropic  medium  for  each  wavenumber  and  frequency.  The 
point  force  response  of  a  source  is  evaluated  when  all  possible 
wavenumbers  and  frequencies  are  included  in  the  computations.  An 
asymptotic  analytic  solution  of  a  point  source  in  a  transversely  isotropic 
medium  with  a  vertical  axis  of  symmetry  has  receiiUy  bei-  ^  established 
(Ben-Menahem  and  Sena,  1990],  However,  this  meti.,>'  has  not  been 
extended  to  general  anisotropy.  For  a  general  anisotropic  medium,  a  point 
source  analytical  solution  has  not  yet  been  developed  for  possible 
computer  implementation. 

Synthetic  Waveforms  Due  to  an  Explosive  Source 
in  an  Anisotropic  Medium 

This  shows  theoretical  examples  of  synthetic  seismograms  due  to  an 
explosion  source  in  an  anisotropic  medium.  In  this  paper  we  show 
examples  only  for  explosive  sources.  Three  anisotropic  models  are  used 
for  the  theoretical  examples.  The  First  two  examples  demonstrate  the 
source  radiation  pattern  in  an  infinite  anisotropic  medium.  The  third 
example  is  a  layered  anisotropic  medium  where  the  effect  of  anisotropy 
can  be  invcstigauid  both  on  body  waves  as  well  as  on  guided  waves  such 
us  Lg.  We  have  chosen  anisotropic  media  having  hexagonal  symmetry 
with  two  symmetry  axes.  One  axis  is  vertical  known  as  azimuthal 
isotropy  or  transverse  isotropy  with  vertical  axis  of  symmetry.  In  this 
case,  the  medium  is  an  anisotropic  medium  where  no  variation  of 
properties  with  azimuth  in  the  horizontal  plane.  This  type  of  anisotropy 


Azimuthal  isotropic  medium 


Fig.  1.  Source  and  receiver  geometry  in  a  transversely  isotropic  medium. 
The  Z  axis  is  the  symmetry  axis. 
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Fig.  2  Synthetic  seismograms  at  the  receivers  on  an  arc  of  radius  0.5  km 
from  an  explosion  source  (Figure  1).  The  0-50  Hz  responses  arc  convolved 
with  a  Ricker  wavelet  of  20  Hz  center  frequency. 


could  be  found  due  to  presence  of  fine  or  periodic  thin  layers  in  the  crust, 
specially  in  sedimentary  besins  [e.g.,  Postma,  1955],  and  in  the  upper 
mantle  (e.g.,  Anderson  and  Regan.  1983].  The  other  axis  is  horizontal 
which  displays  (aiimuihal  anisotropy).  This  type  of  anisotropy  could  be 
present  in  the  crust  where  fluid-filled  cracks,  microcracks,  or  pore  spaces 
arc  expected  to  align  vertically  perpendicular  to  the  minimum  horizontal 
sucss  [e.g.,  Crampin.  1984]. 

/.  Atimulhal  Isotropy 

For  the  azimuthal  isotropic  model,  we  use  medium  parameters 
measured  in  the  field  at  relatively  shallow  depths  in  the  Eocene  Wills 
Point  formation  at  Sulphur  Springs,  Texas  [Robertson  and  Corrigan, 
1983],  The  medium  is  a  soft  shale  containing  minor  amounts  of  silt  and 
sand.  Robertson  and  Corrigan  calculated  the  five  elastic  constants.  The 
density  normalized  elastic  constants  are: 


Cij/p  (km2s-2)  = 

1.96 


1.50 

1.96 


1.13 

1.13 
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0 

0 

0 
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0 

0 

0 

0 
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0 

0 

0 

0 

0 
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To  study  the  radiation  pattern  from  an  explosion  source  in  this  medium, 
we  computed  synthetic  seismograms  for  receivers  distributed  on  a  vertical 
plane  at  a  radial  distance  of  0.5  km.  The  source-receiver  in  the  vertical 
plane  is  shown  in  Figure  1.  The  frequency  responses  are  calculated  from 
0-50  Hz.  To  calculate  the  synthetic  seismograms  a  souice  wavelet  with  a 
center  frequency  of  20  Hz  is  convolved  with  the  medium  response.  The 
vertical  and  radial  components  of  the  seismograms  are  shown  in  Figure  2 


Fig.  3.  Amplitude  radiation  patterns  of  P-  and  S-waves  in  vertical  plane. 
Subsenpts  Z  and  R  stand  for  vertical  and  radial  components,  respectively. 
Dashed  circles  are  for  reference.  In  an  isotropic  medium,  the  P-wave 
radiation  pattern  would  be  circular  and  there  would  be  no  S-waves.  Note 
that  P-wave  amplitudes  are  magnified  by  a  factor  of  five  in  the  plot. 


for  the  range  from  5°  to  85°  in  one  quadrant  Because  of  symmetry,  the 
responses  in  the  other  quadrants  are  the  same.  The  arrival  times  for  both 
P  and  S  waves  vary  as  a  function  of  angle  B.  as  do  the  amplitudes.  The 
P-  and  S-wave  amplitude  radiation  patterns  for  both  vertical  and  radial 
components  arc  shown  in  Figure  3.  They  are  measured  from  peak 
amplitudes  in  P-  (.2-0.7  S)  and  S-wave  windows  (1.-1.6  S)  of  the 
seismograms  shown  in  Figure  2.  The  P-wave  radiation  patterns  do  not 
differ  significantly  from  the  isotropic  case.  The  S-wave  radiation  paiiems 
are  similar  to  those  of  a  double-couple  source.  (Note  that  if  the  medium 
were  isotropic  there  would  be  no  S  waves  at  all.)  Ben-Menahem  and  Sena 
[1990]  found  similar  results  with  their  asymptotic  analytical  solutions  for 
a  source  in  an  azimuthally  isotropic  medium. 


Azimuthal  anisotropic  medium 


Fig.  4.  Source  and  receivers  arrangement  for  azimuthal  anisoiropic 
medium.  This  case  represents  a  horizontal  maximum  principal  stress 
with  microcracks  aligned  vertically  and  parallel  to  this  stress  axis. 
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(a)  Z  (>  -  90°  R  ,  .  .  T 


Fig.  5.  Three-componeni  syniheiic  seismograms  at  three  differeni  vertical  planes;  (a)  0  =  90°,  (b)  0  =  6"’ .5°,  and  (c)  0 = 45°  from 
(he  crack  plane  (Figure  4).  The  source  cenier  frequency  is  SO  Hz,  chosen  to  clearly  separate  the  phases  at  the  short  (0.5  km) 
source-ieoeiver  distance. 


II.  Aiimulhal  Anisotropy 


In  this  case,  we  focus  on  the  problem  of  an  anisotropic  medium  with  a 
horizonui  symmetry  axis.  Such  a  medium  might  be  appropriate  for 
models  where  there  are  tectonic  stresses  in  the  medium  and  the  maximum 
stress  IS  horizontal.  This  type  of  anisotropy  can  be  explained  by  five 
elastic  constants  at  its  symmetry  axis  direction.  The  anisotropic 
constants  are  derived  from  the  theory  developed  by  Hudson  11980,1981] 
using  a  "cracked  solid"  approximation.  It  is  assumed  that  anisotropy  is 
due  to  vertical  cracks  and  microcracks  oriented  preferentially  by  the 
horizontal  principal  stress.  This  approach  provides  a  convenient  way  to 
calculate  the  elastic  constants.  The  actual  mechanism  producing  the 
anisotropy  could  be  vertical  dikes  or  any  other  geologic  process.  We 
assume  the  host  rock  matrix  is  isotropic  with  parameters  Vp  =  6.132 
km/s.  Vs  =  3.266  km/s,  and  rho  «  2.7  gm/cc.  To  introduce  anisouopy 
wc  assume  the  crack  density  and  aspect  ratio  to  be  0. 1  and  0.001, 
respectively.  The  density  normalized  elastic  constants  are  : 


Cij/p  (km^S  = 

22.1 


9.56  9.56  0  0 
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Fig.  6.  Amplitude  radiation  patterns  at  five  different  azimuthal  vcnical 
planes  (Figure  4).  Solid  lines  are  the  P-wave  radiation  patterns.  Long 
dash  lines  represent  the  S-wave  radiation  patterns.  Small  dash  lines 
represent  the  reference  circle. 
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Isotropic 

hall-space 


Fig.  7.  Schematic  diagram  of  an  anisotropic  layer  over  an  isopopic  half¬ 
space. 


Thr  si'urcc  and  ..xeivcr  geometry  used  in  this  case  to  study  the  radiation 
pattern  are  shown  in  Figure  4.  We  calculate  synthetic  seismograms  at 
five  different  vertical  planes,  =  0, 22.5°.  45°,  67.5°  and  90°.  There  are 
22  receivers  placed  at  equal  angular  spacing  in  each  quadrant  of  each 
azimuthal  vertical  plane.  The  receivers  are  placed  on  an  arc  cf  radius  0.5 
km.  The  impulse  response  is  calculated  for  0-140  Hz  frequency  range, 
and  these  are  convolved  with  a  Ricker  wavelet-type  source  time  function 
with  50  Hz  center  frequency.  Three-component  seismograms  are  shown 
in  Figures  5a-c  for  three  different  azimuthal  planes.  The  azimuth  d  = 
90°  represents  the  plane  of  propagation  perpendicular  to  the  crack 
orientation.  In  this  plane  (Figure  5a),  the  transverse  component  is  zero. 
The  vertical  and  radial  components  show  shear  wave  arrivals  which  would 
not  be  present  in  an  isotropic  medium.  Travel  times  depend  on  the 
direction  for  both  P  and  S  waves.  For  the  plane  d  =  67.5°  (Figure  5b). 
there  are  significant  transverse  components  for  S  waves.  These  are  due  to 
the  anisotropy  of  the  medium.  Similar  r’.ults  are  also  observed  at  the 
plane  d  =  45°  (Figure  5c). 

Figure  6  shows  the  radiation  patterns  of  rms  amplitude  of  P-  and  S- 


waves  A  = 


+  a; 


where  A  is  the  total  rms  amplitude 


and  suffixes  Z.R.T  are  r-,  r-,  /-  component  responses  at  five  different 
azimuthal  vertical  planes.  The  P-  and  S-wave  amplitudes  have  been 
measured  in  different  azimuthal  planes  from  the  lime  domain  responses  of 
the  complete  waveforms  (Figure  5).  The  time  windows  for  P-  and  S- 
waves  are  (.08-.16  S)  and  (.16-.28  S)  respectively.  Diagnostic  features 
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Dist  =  5  Km,  Layer  over  Half-space,  20%  crack  density 


Fig.  8.  Three-component  syntheuc  seismograms  for  the  layers  over  half-space  model  of  Figure  7  at  5  km 
epicentral  distance,  for  five  azimuths  and  at  frequencies  of  I.  2,  3.  and  4  Hz.  Note  the  presence  of 
significant  transverse  shear  waves  at  d  =  67.5°  azimuth. 
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Disi  =  50  Km,  Layer  over  Half-space,  20%  crack  density 

Fig.  9.  Three-componeni  synthetic  seismograms  for  the  layer  over  half-space  model  of  Figure  7  at  SO  km  epicentral 
distance,  for  five  azimuths  and  at  frt<iuencies  of  1 , 2,  J,  and  4  Hz.  The  transverse  (SH)  component  of  Lg  waves  are 
especially  dominant  at  p  »  67.S  and  p  =  22.5°  azimuths. 


are  as  follows: 

(1)  At  the  crack  plane  (d  >  0°)  there  are  no  shear  waves,  i.e., 
behavior  is  the  same  as  the  isotropic  medium. 

(2)  The  radiation  patterns  of  P-waves  do  not  differ  significantly 
between  the  planes. 

(3)  The  shear  wave  radiation  pattern  changes  with  the  plane  of 
propagation. 

(4)  The  shear  wave  radiation  pattern  changes  from  none  (at  p  =  0°)  to 
monopole  (#  »  22.5°),  to  intermediate  (p  =  67.5°),  to  dipole 
(p  s  9HD°)  type  of  source. 

These  features  of  source  radiation  patterns  in  anisotropic  media,  combined 
with  the  anisotropic  interface  effects  (free  surface,  isotropy-anisotropy, 
and  anisotropy-anisotropy)  and  propagation  effects  in  anisotropic  media, 
will  complicate  the  total  responses  at  the  receivers.  Some  of  these 
features  are  discussed  in  Mandal  and  Toksoz  [1989.1990)  and  Mandal 
11991). 

///.  Anisotropic  Layer  Over  an  Isotropic  Half-Space 

To  undersund  the  effects  of  anisotropy  (source  radiation  and 
propagation  including  interface  effects)  on  seismic  waves  from  an 
explosive  source,  we  present  an  example  of  theoretical  seismograms  from 
an  explosive  source  in  a  layered,  azimuthally  anisotropic  medium.  The 


model  cons'-^:>  of  a  2-km-thick  azimuthally  anisotropic  layer  over  an 
isotropic  half-space.  Such  a  model  may  represent  an  anisotropic  tuff  over 
an  isotropic  basement,  or  a  shallow  layer  with  open  microfraciuies 
oriented  preferentially  due  to  tectonic  stresses.  At  greater  depths  the 
microfiacuircs  close  due  to  overburden  pressures  and  the  medium  becomes 
isouopic.  The  source  is  an  explosion  at  1  km  depth  in  the  anisotropic 
layer  of  2  km  thickness,  as  shown  in  Figure  7.  The  anisotropic  layer 
parameters  are  calculated  using  a  model  of  aligned,  vertical,  fluid-filled 
fractures  (aspect  ratio  of  0.(X)1  and  fracture  density  20  per  cent).  The 
density  normalized  elastic  constants  of  the  top  layer  are; 

Cij/p  (km2s-2)  = 

28.7  11.6  11.6  0  0  0 

30.0  12.0  0  0  0 

30.0  0  0  0 

9.0  0  0 

5.86  0 

5.86 

The  isou-opic  half-space  has  P-  and  S-wave  velocities  of  6.2  km/s  and  3.5 
km/s  respectively,  and  the  density  of  2.8  gm/cc. 

In  the  geometry  considered  die  fracture  planes  are  parallel  to  the  east- 
west  direction  as  shown  in  Figure  7,  and  the  north-south  is  normal  to  the 
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frKlure  planes.  We  calculate  seismograms  for  five  different  azimuths 
(NO*.  N22.S“E.  NAS^E.  N67.5°E  and  N90*E)  with  sulions  at  two 
distances,  5  and  SO  km  from  the  epicenter.  After  the  responses  are 
calculated  by  wavenumber  and  frequency  integration  in  the  0-10  Hz 
frequency  band,  the  synthetic  seismograms  are  generated  by  convolving 
these  with  a  Ricker  wavelet-type  pulse  centered  at  I  Hz.  2  Hz,  3  Hz.  and 
4  Hz. 

The  seismograms  are  shown  in  Figures  8  and  9  at  distances  5  km  and 
SO  km,  respectively.  The  transverse  motion  due  to  anisotropy  is 
prominently  illustrated  in  both  figures.  At  SO  km  distance,  the 
seismograms  are  more  complex  due  to  the  presence  of  multiple  reflections 
and  Lg  modes.  The  complexity  of  waveforms  due  to  anisotropy  stands 
out  at  the  higher  frequencies.  Multiple  arrivals  of  quasi-shear  waves  arc 
observed  because  of  shear  wave  spliuing  and  the  presence  of  a  cusp  ( e  g.. 
Shearer  and  Chapman,  1989]  of  the  slowness  surface  in  the  anisotropic 
medium.  However,  the  generation  of  transverse  compunenis.  and  non- 
uniform  radiation  patterns  of  P,  quasi-shear  and  Lg  waves  observed  on 
vertical  and  radial  components,  are  primarily  due  to  anisotropy  at  the 
source.  An  explosion  in  an  anisotropic  medium  has  a  non-uniform 
radiation  pattern  and  generates  significant  transverse  motion  at  certain 
azimuths  because:  (1)  a  spherical  explosion  in  an  anisotropic  medium 
becomes  non-spherical  due  to  the  directional  dependence  of  elastic 
compliance;  and  (2)  the  reflection  (especially  at  the  free  surface)  and 
conversion  of  seismic  waves  propagating  in  an  anisotropic  medium 
further  complicates  the  seismograms  and  their  frequency  dependence. 
These  examples  show  that  anisotropy  may  be  a  significant  factor  in 
contributing  to  the  azimuthal  variations  of  amplitudes  of  P.  qS.  Lg.  and 
Rg  waves  and  the  generation  of  transverse  waves  by  explosions. 

Conclusions 

In  this  study  we  have  shown  the  effects  of  medium  anisotropy  on  the 
generation  and  the  radiation  patterns  of  seismic  waves  from  an  explosion 
source  using  synthetic  seismogram  calculations.  We  used  three  models, 
starting  from  a  simple  homogeneous,  but  anisotropic  full-space,  to  a 
more  representative  layered  model  to  demonstrate  the  effect  of  anisotropy 
The  source  radiation  pattern  in  an  anisotropic  medium  is  different  than  the 
source  in  an  isotropic  medium.  A  spherical  explosion  in  an  anisotropic 
medium  has  a  non-spherical  radiation  pattern  due  to  the  directional 
dependence  of  elastic  compliance.  Also,  anisotropy  may  be  a  significant 
factor  contributing  to  the  generation  of  transverse  waves  by  explosions. 

Our  examples  demonstrate  that  anisotropy  contributes  to  non-uniform 
radiation  patterns  and  to  the  generation  of  SH  waves  by  the  explosions. 
Before  we  can  determine  whether  anisotropy  is  a  major  cause  of 
complexities  of  a  radiation  pattern,  more  work  needs  to  be  done.  If  the 
medium  is  tectonically  stressed,  it  would  be  anisotropic.  In  such  a  case 
both  source  radiation  patterns  in  an  anisotropic  medium  as  well  as 
tectonic  strain  release  would  contribute  to  the  complexity  of  the  radiauon 
pattems.  To  evaluate  the  relative  contribution  of  these  two  effects,  we 
need  to  look  at  all  waves,  at  all  frequencies.  Fur  example,  anisotropy 
produces  a  transverse  component  for  P-waves  as  well  as  characteristic 
radiation  pattems.  Conventional  tectonic  suain  release,  on  the  other  hand, 
docs  not  produce  transverse  P-waves. 

Another  important  question  is  the  effect  of  heterogeneities  near  the 
source.  Large  heterogeneities  could  produce  cos  2t)-type  amplitude 
variation  of  primary  phases  [Lynnes  and  Lay,  I988|.  as  docs  anisouopy. 
The  transverse  components  of  phases  and  radiation  pattems  in  an 
anisotropic  medium  are,  however,  different  from  those  produced  by 
hcurogcncity.  These  differences  also  depend  on  frequency. 

To  separate  the  relative  importance  of  different  mechanisms 
contributing  to  non-uniform  radiation  patterns  by  explosions,  additional 
thcorctical/numcrical  modeling  and  more  detailed  analysis  of  actual  data 
arc  required. 


^  ckrj  fledgmems  Partial  support  was  provided  by  the  Defense 
A.ivaiiced  Re.,car(;h  Projects  Agency  through  contract  F19628-89-K-002C 
ad.Tin.stercd  by  the  Air  Force  Geophysics  Laboratory. 


References 

Anderson,  D.  L.,  and  J.  Regan,  Upper  mantle  anisotropy  and  the  oceanic 
lithosphere.  Ceophys.  Res.  Leu..  10,  841-844.  1983. 

Archambeau,  C.  G..  and  C.  Sammis,  Seismic  radiation  from  explosions 
in  presuessed  media  and  the  measurement  of  tectonic  stress  in  the 
Earth.  Rev  Geophys.,  6,  241-288,  1970. 

Auld.  B.  A.,  Acoustic  Fields  and  Wave  in  Solids,  Vol.  1.  Wiley.  New 
York.  1973. 

Bcn-Mcnahcm,  A.,  and  A.  G.  Sena,  Seismic  Source  Theory  in  Stratified 
Anisotropic  Media,  7.  Geophys.  Res..  95.  15,395-15,427,  1990. 

Booth.  D  C.,  and  S  Crampin,  The  anisotropic  reflectivity  technique: 
theory.  Geophys.  J.  R.  astr.  Soc  .  72.  755-766,  1983a. 

Booth.  D.  C.,  and  S.  Crampin,  The  anisotropic  reflectivity  technique: 
anomalous  reflected  arrivals  from  an  anisotropic  upper  mantle. 
Geophys.  J  R.  astr.  Soc  .  72.  767-782.  1983b. 

Bouchon,  M..  and  K.  Aki.  Discrete  wavenumber  representation  of  seismic 
source  wave  fields.  Bull  Seism.  Soc  Am.,  67,  259-277,  1977 

Burger,  R.,  T.  Lay.  T.  Wallace,  and  L.  Burdick,  Evidence  of  tectonic 
release  in  long-period  S-waves  from  underground  explosions  at  Novaya 
Zcmlya  Test  Sites,  Bull,  a,  i.  S.c.  Am..  76.  733-7a5,  1986. 

Burridge,  R.  and  L.  Knopoff,  Body  force  equivalents  for  seismic 
dislocations.  Bull.  Seism  Soc  Am..  54.  1875-1888,  1964. 

Charreue,  E.  E..  and  M.  N.  Toksoz,  Effects  of  stochastic  heterogeneities 
on  cross-well  imaging.  Expanded  Abstracts  of  the  1989  SEC  Meeting. 
898- 9(X),  1989. 

Crampin,  S.,  The  dispersion  of  surface  waves  in  multilayered  anisotropic 
media,  Geophys.  R  J.  astr.  Soc..  21.  387-402,  1970. 

Crampin,  S.,  A  review  of  the  effects  of  anisotropic  layering  on  the 
propagation  of  surface  waves.  Geophys.  R.  J.  astr.  Soc  .  49.  9-27, 
1977. 

Crampin,  A  review  of  wave  motion  in  anisotropic  and  cracked  cla.stic- 
media.  Wave  Motion.  J,  343-391.  1981. 

Crampin,  S,,  Effective  clastic  constants  for  wave  propagation  through 
cracked  solids,  Geophys.  JJi.  astr  Soc..  78.  691-710,  1984 

Crampin.  S  .  Suggestions  for  a  consistent  notation  for  seismic 
anisouopy.  Geophys  Prosp  .  37.  753-770.  1989, 

Fedorov.  F  1..  Theory  of  Elastic  Waves  in  Crystals.  Plenum  Press.  .Sew 
York.  1968. 

Fryer,  L.  N..  and  L.  N.  Frazer,  Seismic  waves  in  suatificd  anisouopic 
media,  Geophys  J.  R.  astr.  Soc..  78.  691-710,  1984. 

Fryci.  L  N..  and  L.  N  Frazer.  Seismic  waves  in  suatificd  anisouopic 
media — 11:  Elastodynamic  eigcnsolutions  for  some  anisotropic 
systems.  Geophys  J  R  astr  Soc  .  81.  73-101.  1987. 

Golub,  G  H  .  and  C.  F.  Van  Loan.  Matrix  Computations.  The  John 
Hopkins  University  Press,  Baltimore,  1983. 

Gupu.  I.  N  .  and  R.  R.  Blandford,  A  mechanism  for  generation  of  short 
(leriod  Uansverse  motion  from  explosions,  Bu//  Seism  .Vcn  Am  7f 
STI-SVl.  19893. 

Hudson.  J  A  .  Overall  properties  of  a  cracked  solid,  Moi/i  Proc  Camh 
phii  Soc  .  88.  371-384,  1980 

Hudson.  }  A  .  Wave  speeds  and  attenuation  of  elastic  waves  in  material 
conuining  cracks,  Geophys  J  Roy  astr  Soc  .  64.  133-150.  1981 

Johnson,  L  R  ,  Source  characteristics  of  two  underground  nuclear 
explosions,  Geophys  7  .  95.  15-30,  1988 

Keith.  C  M.  and  S  Crampin,  Seismic  body  waves  in  anisouopic  media 
reflection  and  refraction  at  a  plane  inurrfacc,  Geophys  7  R  astr  Soc  . 
49.  181-208,  1977a 

Keith.  C  M  ,  and  S.  Crampin.  Seismic  body  waves  in  anisouopic  media 


SOURCE  JN  AN  ANISOTROl-  C 


propagation  through  layer.  Geopnys  ,  ‘ 

1977b. 

Keith.  C.  M.  and  S.  Crampin.  Seismic  body  waves  in  anisot/opic  media, 
synthetic  seismogram.  Geophys  J  R  aiir  Soc  .  49.  225-243. 
;9-^7c. 

Kcnnclt.  B.  L.  N..  Seismic  U/ave  Propagaiton  in  Siraitjiea  Media. 
Cambridge  University  Press.  1983. 

Kisslinger.  C..  E.  S.  Matcker.  Jr.,  and  T.  V.  McEvilly.  SH  motion  from 
explosions  in  soil,  7.  Geophys.  Res..  66.  3487-3496.  1961. 

lay.  T..  T.  Wallace,  and  D.  Helmberger.  The  effects  of  tectonic  release  on 
short-period  P  waves  from  NTS  explosion.  Bull.  Seism.  Soc  Am  . 
74.  819-847,  1984. 

I  0.  T.  W.,  K.  B.  Coyner  and  M.  N.  Toksoz,  Experimental  determination 
of  clastic  anisotropy  of  Berea  sandstone,  Chicopee  shale  and 
Chelmsford  granite.  Geophysics.  SI ,  164-171,  1986. 

1  ynnes.  C.  S.  and  T.  Lay,  Analysis  of  amplitude  and  travel-umc 
anomalies  for  shori-pehod  P-waves  from  NTS  explosions,  Geophys 
J  .  92.  431-443,  1988. 

Maiidal,  B.,  Reflection  and  transmission  properties  of  elastic  waves  on  a 
plane  interface  for  general  anisotropic  media.  J  Acousi  Soc.  Am  .  90. 
1106-1118,  1991. 

Mandal.  B.,  and  B.  Mitchell.  Complete  seismogram  synthesis  for 
transversely  isotropic  media,  7.  Geophys.,  59.  149-156.  1986. 

Mandal.  B.,  and  M.  N.  Toksoz.  Radiahon  patterns  from  explosions  in 
anisotropic  media.  Proceedings  of  the  DOEILLNL  Symposium  on 
Explosion-Source  Phenomenology,  215-230.  1989. 

Mandal.  B.,  and  M.  N.  Toksoz.  Compulation  of  complete  waveforms  in 
general  anisotropic  media — Results  from  an  explosion  source  in 
anisotropic  medium,  Geophys.  J.  Ini.,  103,  33-45,  1990. 

Marlin,  R.  M.,  Anisotropy  of  Topopah  Spring  Member  Tuff,  NER 
Report,  1990 

Massd.  B.  P.,  Review  of  seismic  source  models  for  underground  nuclear 
explosions.  Bull,  Seism  Soc.  Am  .  71,  1249-1268.  1981. 

McLaughlin.  K.  L.,  L.  M.  Anderson,  and  A.  C.  Lees.  Effect  of  local 
geologic  structure  on  Yucca  Flats,  Nevada  Test  Sue,  explosion 
waveforms:  two-dimensional  linear  finite-difference  simulations.  Bull 
Seism.  Soc  Am..  77.  1211-1222.  1987. 

McLaughlin.  K.  L.  and  R  S.  Jih.  Scattering  from  near-source 
topography  iclescismic  observation  and  numerical  simulations.  Bull 
Sei.rm  Soc.  Am..  78.  1319-1414,  1988. 

Musgrave.  M  J.  P.,  Crystal  Acoustics,  Holden-Day.  San  Fransisco. 
1970. 

Pao,  Y  ,  Elastic  waves  in  solids,  7  Appf  Mech  .SO.  1152-1164,  1983. 

Paiion.  H.  J.,  and  S.  R.  Taylor  (cds,).  Proceedings  of  the  DOEiLLNL 


Symp  isium  on  Explosion-Source  Phenomenology,  Lake  Tahoe.  CA. 
March  14-16,  1989,  251  p..  1989. 

Posima.  G.  W.,  Wave  propagation  in  a  stratified  medium.  Geophysics. 
20.  780-806,  1955. 

Press.  F..  and  C.  Archambeau,  Release  of  tectonic  strain  by  underground 
nuclear  explosions,  7.  Geophys.  Res.,  68,  5777-5787.  1962. 

Pric.silcy.  K,  F..  W.  R.  Wall?'.  V.  Martynov,  and  M  V.  Rozhkov. 
Regional  seismic  recordings  of  the  Sov.a  nuclear  explosion  of  the 
joint  verification  experiment,  Geophys.  Res.  Leu..  17,  No.  2.  179- 
182,  1990. 

Robertson,  J.  D.,  and  D.  Corrigan,  Radiation  patterns  of  a  shear-wave 
vibrator  in  near-surface  shale.  Geophysics,  48.  19-26,  1983. 

Saastamoinen,  P.  R.,  On  propagators  and  scauerers  in  wave  problems  of 
layered  elastic  media:  a  spectral  approach.  Bull.  Seism.  Soc  Am  .  70. 
571-590,  1980. 

Shearer.  P  M.,  and  C.  H.  Chapman,  Ray  tracing  in  azimuthally 
anisotropic  media-I.  Results  for  models  of  aligned  cracks  in  the  upper 
crust,  Geophys.  J..  96.  51-64,  1989. 

Stephen.  R.  A.,  Seismic  anisotropy  observed  in  upper  oceanic  crust. 
Geophys.  Res.  Leu..  8.  865-868,  1981. 

Stephen,  R.  A.,  Seismic  anisotropy  in  the  upper  oceanic  crust.  7 
Geophys.  Res..  90.  11383-113%.  1985. 

Taylor.  S.  R.,  Three-Dimensional  Crust  and  Upper  Mantle  Structure  at 
the  Nevada  Test  Site,  7.  Geophys  Res..  88.  2220-2232,  1983. 

Thomsen.  L.,  Weak  elastic  anisotropy.  Geophysics.  51.  1954-1966. 
1986. 

Toksoz,  M.  N.,  A.  Ben-Menahem,  and  D.  G.  Harknder.  Determination  of 
source  parameters  of  explosions  and  earthquakes  by  amplitude 
equalization  of  seismic  surface  waves,  7.  Geophys  Res  ,  69.  4355- 
4366.  1964. 

Toksoz.  M  N.  and  H.  H.  Kehrer,  Tectonic  strain  release  by  underground 
nuclear  explosions  and  its  effect  on  seismic  discrimination,  Geophys 
J.  R  astr.  Soc..  31.  141-161,  1972. 

Wallace,  T.  C.,  D.  V.  Helmberger,  and  G.  R.  Engen,  Evidence  of  lecmnic 
release  from  underground  nuclear  explosions  in  long-period  P  waves. 
Bull  Seism.  Soc.  Am.,  73,  593-613,  1983. 

Wallace,  T.  C.,  D.  V.  Helmberger.  and  G.  R.  Engen,  Evidence  of  tectonic 
release  from  underground  nuclear  explosions  in  long-period  S  waves. 
Bull.  Seism.  Soc.  Am..  75.  157-174,  1985, 

Wmtersiein,  D.  F..  Anisotropy  effects  in  P-wavc  and  SH-wave  stacking 
velocities  contain  information  on  lithology.  Geophysics.  51.  661- 
672.  1986. 

Wintcrstcin,  D.  F..  Velocity  anisotropy  terminology  for  SMphysicists, 
Geophysics,  55.  1070-1088,  1990. 


231 


AN  ANALYSIS  OF  THE  NATURE 
AND  ATTENUATION  OF  Lg  WAVES 


by 

Ningya  Cheng  and  M.  Nafi  Toksoz 


Earth  Resources  Laboratory 

Department  of  Earth,  Atmospheric,  and  Planetary  Sciences 
Massachusetts  Institute  of  Technology 
Cambridge,  MA  02139 


232 


ABSTRACT 


On  short-period  seismograms  of  regional  seismic  events,  Lg  is  the  most  dominant  phase.  Lg 
waves  can  be  interpreted  as  a  superposition  of  higher  mode  stirface  waves,  or  equivalently,  as 
an  interference  of  multiply  reflected  S  waves  in  the  crust.  Lg  waves  are  widely  used  to  evaluate 
the  meaji  value  of  attenuation  )  of  S  waves  in  the  crust  as  a  function  of  frequency.  They 
are  aJso  used  to  determine  earthquake  magnitudes  Several  observations  indicate  that 

lateral  structure  variations  have  major  effects  on  Lg  wave  propagation  and  attenuation.  The 
exact  mechanisms  responsible  for  this  attenuation  are  not  well  understood  and  have  not  been 
modeled  adequately. 

In  this  paper  we  use  the  mode  summation  approach  to  model  the  Lg  waves.  Using  the 
flat-layered  model  with  frequency  dependent  Q,  the  synthetic  seismogram  of  Lg  and  Rg  are 
calculated.  These  are  in  good  agreement  with  observed  data  recorded  at  Fenoscandian  array 
FINESA.  We  found  that,  in  these  data,  modes  1  to  14  make  up  most  of  the  Lg  waves. 

For  laterally  heterogeneous  crustal  models,  the  coupled  mode  method  is  used  to  synthesize 
the  vertical  component  of  Lg  waves.  This  is  applied  to  propagation  across  a  sedimentary 
beisin  in  a  flat-layered  reference  structure.  There  is  substantial  attenuation  of  the  Lg  phase 
across  the  basin.  The  attenuation  of  the  Lg  phase  across  the  central  graben  of  the  North 
Sea  is  studied  by  modeling  Lg  propagation  across  the  laterally  varying  structure.  The  Lg 
attenuation  can  be  explained  by  the  effects  of  sedimentary  layer  thickening  and  Moho  surface 
uplift  associated  with  the  graben. 
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Abbreviated  title:  Nature  and  attenuation  of  Lg  waves. 


INTRODUCTION 


On  the  short-period  seismograms  of  local  and  regional  seismic  events,  the  Lg  phase  usually 
has  the  largest  amplitude.  Press  and  Ewing  (1952)  first  identified  the  Lg  phase  associated 
with  continental  structure.  Based  on  a  number  of  theoretical  studies,  the  Lg  phase  heis  been 
explained  as  a  combination  of  higher  mode  surface  waves  (Oliver  and  Ewing,  1957,  1958; 
Knopoff  et  ai,  1973;  Panza  and  Calcagnile,  1975).  Using  the  multi-mode  analysis  method, 
Cara  et  ai  (1981)  showed  that  Lg  waves,  recorded  in  California  networks  (SCARLET  and 
CALNET),  propagate  with  a  group  velocity  of  3.2  to  3.5  km/s,  can  be  identified  as  higher 
mode  surface  waves.  Herrmann  and  Kijko  (1983)  simulated  some  empirical  vertical  com¬ 
ponent  Lg  relations  observed  in  eastern  North  America  with  the  higher  mode  surface  wave 
theory.  Synthetic  seismograms  of  the  crustal  phases  at  a  regional  distances  calculated  by  the 
discrete  wavenumber  method  are  in  very  good  agreement  with  data  from  the  French  seismic 
network,  especially  the  Lg  phase  (Bouchon,  1982).  Lg  waves  are  viewed  as  guided  waves 
made  up  of  S  waves  incident  on  the  Moho  at  angles  more  grazing  than  the  critical  incidence 
and  multiply  reflected  within  the  crust  (Bouchon,  1982;  Olson  et  al.,  1983).  Also  the  method 
of  ray  diagrams  applied  to  the  Lg  waves  propagation  in  2-D  and  3-D  structures  provide  a 
graphic  representation  of  the  nature  of  Lg  waves  travelling  within  a  heterogeneous  medium 
(Kennett,  1986;  Bostock  and  Kennett,  1990). 

Because  the  Lg  phase  propagates  efficiently  over  long  distances  and  samples  the  whole 
crust,  its  amplitude  analysis  is  widely  used  to  evaluate  the  mean  quality  factor  (Q)  of  S  waves 
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in  the  stable  continental  crust.  This  analysis  can  bp  done  either  in  the  time  domain  or  in 
the  frequency  domain  These  studies  are  carried  out  in  areas  such  as  North  America  (Street, 
1976;  Jones  et  al.,  1977;  Bollinger,  1979;  Mitchell,  1980;  Dwyer  ct  ai,  1983;  Hasegawa, 
1985;  Chavez  and  Priestley,  1986,  Toksoz  et  al.,  1990),  Western  Europe  (Nicolas  et  al.,  1982; 
Campillo  et  al.,  1985),  and  Asia  (Nuttli,  1980,  1981).  The  most  common  feature  of  these 
studies  is  the  quality  factor  Q  dependent  on  frequency  is  in  the  form  Q  =  Qof^,  where  ^  is 
around  0.5. 

On  the  other  hand,  observations  showed  that  over  some  regions  Lg  waves  are  strongly 
attenuated.  It  has  been  difficult  to  determine  whether  this  Lg  attenuation  is  due  to  structure 
change  or  a  very  low  Q  zone.  These  observations  motivated  studies  on  Lg  propagation  in 
laterally  heterogeneous  crust.  Current  models  have  been  limited  to  the  2-D  SH  case  (Kennett 
and  Mykkeltveit  (1984).  Kennett  and  Mykkeltveit  applied  the  coupled  mod'^  method  to 
the  Lg  phase  across  the  central  graben  of  the  North  Sea  and  shewed  a  very  poor  mode 
transmission  at  1  Hz  for  Love  modes.  Campillo  (1987)  synthesized  the  SH  seismogram 
with  a  combination  of  the  discrete  wavenumber  method  and  the  boundary  integral  equation 
approach  for  the  uprise  of  the  Moho  and  the  basin  model  in  a  0-1  Hz  frequency  band. 

In  this  paper  the  mode  summation  (higher  mode  surface  wave)  is  used  to  to  synthesize 
Lg  wave  seismograms  for  the  P-SV  case.  In  the  first  part  of  the  paper,  the  flat-layered  crust 
model  is  considered.  Syntheiics  are  compared  with  the  observations  at  the  FINESA  array. 
The  mode  analysis  of  Lg  waves  is  provided.  Then  the  coupled  mode  method  is  applied  to 
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the  Lg  phase  in  the  laterally  varying  crust.  The  synthetic  vertical  component  of  the  Lg 
seismogram  and  mode  transmission  matrix  is  obtained.  The  basin  model  and  the  North  Sea 
Cr'ise  are  considered. 


Lg  WAVES  IN  FLAT-LAYERED  CRUST 

In  this  section  the  flat-layered  crust  model  is  used  to  synthesize  seismograms  of  Lg  waves  by 
mode  summation.  Green’s  function  of  Rayleigh  wave  term  is  given.  Synthetic  seismograms 
of  Lg  and  Rg  are  compared  with  the  observations.  Thf:  mode  composition  of  the  Lg  phase 
is  analyzed. 


Green’s  Function  of  the  Rayleigh  Wave  Term 

Green’s  function  for  the  Rayleigh  wave  term  in  a  homogeneous  elastic  layered  medium  has 
a  closed  form  in  the  frequency  domain  (Aki  and  Richards,  1980). 


/V 


(1) 


where  the  source  is  at  with  depth  z,  and  the  receiver  is  at  r  with  depth  2,  and 


r]|*(z)  cos<jl) 


P^{z,4))  - 


r"(2)  sin  4> 
irjCz) 


(2) 


237 


(j)  and  D  are  the  azimuth  angle  and  the  horizontal  distance  between  the  source  and  the 
receiver.  Index  n  refers  to  the  mode  number  with  total  N  modes  at  frequency  uj.  r'^{z)  and 
r2{z)  are  the  radial  and  vertical  displacement  eigenfunctions  of  the  Rayleigh  wave,  c  and  U 
are  the  phase  and  the  group  velocity  of  the  Rayleigh  wave.  Integral  /j  is  defined  by 

1 

/i  =  2/  (3) 

The  displacement  field  excited  due  to  different  types  of  sources  can  be  obtained  from  the 
Green’s  function.  For  a  point  explosion  source,  where  the  moment  tensor  is  a  diagonal  matrix 
with  equal  elements  Mxx  =  Myy  =  =  M,  the  vertical  displacement  in  the  frequency 

domain  is  given  by: 


The  summation  is  taken  from  n  =  0  to  to  get  both  the  Rg  and  Lg  waves.  The  fundamental 
mode  (n  =  0)  corresponds  to  the  Rg  wave  part  and  n  =  1,2,  •  •  •  make  up  the  Lg  waves. 
The  Green’s  function  provides  a  fast  way  to  synthesize  the  Lg  and  Rg  waves  if  eigenfunctions 
of  the  surface  wave  are  known. 

Mode  Analysis  of  the  Lg  Phase 

To  determine  which  modes  contribute  most  strongly  to  Lg  waves  we  use  Lg  seismograms  from 
known  sources,  such  as  quarry  blasts,  and  study  these  using  synthetic  seismograms.  A  typical 
crust  model  with  a  sedimentary  layer  (Figure  la)  is  chosen  for  this  purpose  (Bouchon,  1982). 


The  model  is  purely  elastic,  with  no  attenuation.  The  dispersion  curves  of  fundamental  mode 
Rayleigh  waves  and  higher  modes  are  plotted  in  Figure  lb.  At  5  Hz  there  are  a  total  of  57 
modes.  Energy  distributions  of  the  modes  at  each  layer  are  shown  in  Figure  2  for  frequency 
1  Hz.  The  energy  of  each  mode  is  normalized  to  1.  For  the  fundamental  mode  almost  all  the 
energy  is  confined  to  the  top  sedimentary  layer.  As  the  mode  number  goes  up  the  energy 
tends  to  be  distributed  more  evenly  between  layer. 

Next  we  show  the  synthetic  seismograms  for  a  double-couple  point  source  with  a  step  time 
function.  The  source  parameters  are;  strike  45",  dip  90"  and  rake  0".  Vertical  displacement 
of  Lg  waves  is  calculated  at  a  distance  of  150  km  with  0"  a.zimuth  at  a  0-5  Hz  frequency 
band.  Different  source  depths  (1  km,  10  km  and  20  km)  are  considered  (Figures  3a,b,c). 
The  sources  are  located  at  the  different  layers  of  the  model.  Mode  contributions  from  the 
fundamental  mode — modes  1  to  10,  modes  11  to  20,  and  modes  21  to  30 — are  compared  with 
the  summation  of  total  modes.  For  the  source  at  the  depth  of  1  km  the  amplitude  of  the 
fundamental  mode  is  very  large.  It  is  not  surprising  because  the  shallow  source  excites  the 
lower-order  surface  mode  efficiently.  Most  parts  of  the  Lg  waves  come  from  modes  1  to  10. 
Modes  11  to  20  have  some  contribution  to  the  early  part  of  the  Lg  phase.  However,  for  the 
sources  at  the  depths  of  10  and  20  km,  contributions  to  Lg  can  come  from  modes  up  to  30. 
For  the  shallow  source  Lg  energy  spreads  over  a  longer  time  domain  than  the  deep  source. 

In  Figure  4  we  compare  the  radial  and  vertical  component  of  Lg  waves  with  the  source 
depth  at  10  km.  The  radial  component  of  Lg  waves  shows  the  same  pattern  as  the  vertical 
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component.  This  explains  why  the  observed  Lg  waves  look  about  the  same  on  vertical  and 
horizontal  seismograms. 

Comparison  With  Data 

To  compare  the  synthetic  seismogram  of  Lg  waves  with  the  observed  data,  two  quarry  blasts 
from  Leningrad  recorded  at  the  FINESA  array  were  chosen.  The  velocity  and  attenuation 
models  for  Scandinavian  crust  given  by  Toksoz  et  al.  (1990),  and  are  plotted  in  Figures  5 
and  6,  respectively.  The  feature  of  the  attenuation  model  is  that  Qp  and  Qg  have  the  same 
form  of  frequency  dependence, 

Q  =  Qof  (5) 

with  different  values  of  Qo  and  (  at  each  layer.  It  is  assumed  Qp  =  2Qs.  The  quarry  blast  is 
modeled  as  a  vertical  point  force  at  a  depth  of  40  m.  The  synthetic  and  observed  seismograms 
at  distances  of  200  and  250  km  are  compared  in  Figures  7a  and  7b,  respectively.  Since  the 
site  and  instrument  responses  are  not  known  exactly  at  very  high  frequencies,  both  synthetic 
and  observed  seismograms  are  band  pass  filtered  between  0.5  to  5.0  Hz.  Furthermore  it  is 
important  to  keep  in  mind  that  the  synthetic  seismograms  include  only  the  Lg  and  Rg  waves 
and  not  the  direct  (Pg,  Sg),  refracted  (Pn,  Sn),  or  reflected  body  waves  (PmP,  SmS).  The 
compaj-isons  should  be  limited  to  Lg  and  Rg  waves.  Agreement  between  the  observed  Lg 
and  Rg  seismograms  and  the  synthetics  is  very  good,  especially  when  we  look  at  the  relative 
amplitudes  of  Lg  and  Rg  waves  and  the  time  durations  of  these  phases.  Since  no  scattering  is 


included  in  synthetics,  there  is  no  scattered  coda  in  the  synthetic  models.  Given  the  quality 
of  the  agreement,  we  can  also  state  that  for  these  paths  the  frequency  dependent  Q  model 
is  consistent  with  the  observations.  Mode  analysis  of  Lg  waves  for  a  distance  of  200  km 
(Figure  8)  reveals  that  modes  I  to  14  make  up  most  parts  of  the  Lg  phase. 

CRUST  MODEL  WITH  LATERAL  HETEROGENEITY 

Lg  waves,  interpreted  as  a  superposition  of  higher  modes  surface  waves,  are  sensitive  to 
variation  in  crustal  structure.  Although  this  problem  has  been  looked  at  for  the  simpler 
problem  of  SH  waves  (Kennett  and  Mykkcltveit,  1984;  Campillo,  1987),  no  such  studies 
have  been  carried  out  for  the  P-SV  case.  Since  most  observational  data  are  in  the  form  of 
vertical  component  seismograms,  it  is  important  to  carry  out  this  study.  In  this  section  we 
first  outline  the  observations  of  the  Lg  phase  across  the  regions  with  strong  lateral  variations 
of  the  crustal  structure,  and  then  use  the  coupled  mode  method  to  calculate  the  surface 
wave  mode  propagation  in  laterally  heterogeneous  crust.  The  lateral  structures  considered 
include  a  sediment  filled  basin,  a  thinned  crust  due  to  shallowed  Moho  (“Moho  bump”)  that 
would  result  from  crustal  stretching.  As  an  application  wc  concentrate  on  the  modeling  of 
the  extinction  of  the  Lg  phase  across  the  centra!  graben  of  the  North  Sea. 
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Observations  of  Lg  in  Strong  Laterally  Varying  Crust 


We  focus  observations  at  the  area  where  Lg  waves  are  strongly  attenuated  or  become  com¬ 
pletely  extinct.  These  areas  are  associated  with  active  tectonic  regions.  For  paths  crossing 
the  Tibetan  Plateau  the  Lg  phase  was  not  observed  (Ruzaikin  ei  al,  1977;  Ni  and  Barazangi, 
1983).  There  are  three  possibilities  for  the  absence  of  Lg;  (1)  change  in  the  crustal  structure 
on  the  margins  of  the  Tibetan  Plateau  disrupting  the  waveguide  for  the  Lg;  (2)  a  complex 
velocity  structure  inside  the  thickened  crust;  and  (3)  high  attenuation  in  the  crust.  The  Lg 
waves  crossing  the  Turkish  and  Iranian  Plateaus  were  highly  attenuated  (Kadinsky-Cade  et 
al.,  1981).  This  may  also  be  due  to  the  above  causes  associated  with  a  partial  underthrusting 
of  the  Arabian  Continental  plate  beneath  the  Iranian  and  Turkish  continental  blocks.  The 
Lg  phase  wjis  not  observed  when  the  path  of  propagation  crosses  the  southern  Ccispian  Sea 
auid  the  Black  Sea  (Kadinsky-Cade  et  al.,  1981).  These  aje  consistent  with  the  evidence 
of  oceanic-type  crustal  structure  beneath  these  seas.  An  interesting  observation  is  that  Lg 
propagated  efficiently  when  the  direction  is  parallel  to  the  strike  of  the  Andes  and  the  Lg 
phase  weis  not  observed  for  paths  crossing  the  Andes  (Chinn  et  al.,  1980). 

Another  region  of  Lg  observations  is  near  Denmark  and  the  North  Sea  (Gregersen,  1984). 
The  poor  propagation  of  Lg  across  the  North  Sea  is  similar  to  that  observed  across  a  sedimen¬ 
tary  basin  in  eastern  Greenland.  The  sedimentary  basin  in  eastern  Greenland  is  in  a  similar 
tectonic  setting,  along  a  passive  continental  margin,  to  that  of  the  graben  in  the  North  Sea. 
Both  developed  before  seafloor  spreadijig  separal('d  Greenland  from  Furope  (Barton  and 


Wood,  1984). 


Method  of  Coupled  Modes 

The  method  of  coupled  modes  was  first  used  for  seismological  purposes  by  Kennett  (1984). 
In  this  application  to  2-D  laterally  varying  structure,  we  neglect  body  waves  and  restrict 
calculations  to  the  modal  part  of  the  wavefield.  Following  Kennett  (1984)  and  using  the 
Cartesian  (1,2)  coordinate  system  we  express  the  wavefield  as  a  sum  of  modes  travelling 
both  in  the  positive  and  the  negative  x  direction  with  the  modal  coefficient  dependent  on  x. 

W{x,z)  =  f;(c;t(x)e’‘""W^n(/^'n,^')  +  c;(x)e-*''nF„(-^„,2)]  (6) 

n=0 

where  W'„(fc„,  z)  is  the  displacement  eigenfunction  associated  with  wavenumber  N  is  the 
total  number  of  modes  at  frequency  u>.  The  details  of  the  method  are  given  in  Appendix  A. 
Using  the  equation  of  motion  and  orthogonality  of  the  eigenfunctions,  we  consider  the  re¬ 
flection  and  transmission  problem  of  the  heterogeneous  region  confined  between  X|  and  ir 
as  shown  in  Figure  9.  We  obtain  the  coupled  Ricatti  equations; 

^  -  B—R+ RB^~R- B-+ =0  (7) 

UXi 
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where  R  and  S  are  mode  reflection  and  transmission  matrices  with  initial  conditions 


S{Xr,Xr)  =  I 

R{Xr,Xr)  =  0 


(9) 


where  /  is  the  identity  matrix.  Coefficients  i?'*"*',  and  B~~  depend  on  hetero¬ 

geneity,  as  explained  in  the  appendix. 

After  we  calculate  the  mode  transmission  matrix  at  each  frequency,  the  displacement 
in  frequency  domain  can  be  obtained  by  adding  all  the  transmitted  modes  together.  For 
example,  vertical  displacement  due  to  a  point  explosion  source  across  a  heterogeneous  region 
with  the  mode  transmission  matrix  S{u)  can  be  written  explicitly  as; 


=  Eli; 

n=0  m=0 


2  e’7  ,,  ,  dr2 


The  seismogram  in  the  time  domain  is  obtained  by  the  inverse  Fourier  transform. 


Lg  Waves  Across  a  Sedimentary  Basin 

We  apply  the  coupled  mode  method  to  the  Lg  waves  that  cross  a  basin  (Figure  9).  The 
reference  model  is  the  central  France  model  (Bouchon,  1982  (Fig.  la)].  There  is  no  intrinsic 
attenuation  in  this  model.  The  basin  is  modeled  as  a  block  of  sendimentary  layers.  A 
sedimentary  basin  of  width  IF,  and  a  thickness  of  o  km  is  below  the  top  layer,  as  shown 
in  Figure  9.  This  kind  of  model  can  be  found  in  Kennett's  paper  (198d).  The  source  is 
an  impulse  point  explosion  source  at  a  depth  of  1  km.  The  coupled  Ricatti  equations  are 


solved  numerically  by  the  Runge-Kutta  method  with  initial  conditions  given  in  equation  9 
to  obtain  a  Rayleigh  mode  transmission  matrix. 

The  synthetic  seismogram  is  calculated  at  a  distance  of  150  km  at  a  frequency  band  of 
0-2.5  Hz.  Lg  seismograms  for  the  reference  structure  (without  sedimentary  basin,  W  =  0) 
and  those  crossing  the  20  km  wide  and  the  40  km  wide  basins  are  shown  in  Figure  9b.  The 
fundamental  mode  (n  =  0)  is  not  included  in  these  seismograms.  The  waveform  change 
reflects  the  mode  conversion.  There  is  substantial  attenuation  of  the  Lg  waves  across  the 
basin.  In  Tables  1,  2,  3  and  4  we  list  the  Rayleigh  mode  transmission  matrix  at  frequencies 
0.5,  1.0,  1.5  and  2.0  Hz.  In  these  tables  the  absolute  value  of  each  complex  element  of 
the  matrices  are  shown  and  discretized  with  unity  represented  by  100.  Each  column  of  the 
matrix  shows  the  transmission  amplitude  of  modes  corresponding  to  the  incidence  of  the 
pure  mode  of  that  column  number.  The  fundamental  mode  is  almost  totally  transmitted 
through  the  basin  because  most  of  the  energy  of  the  fundamental  mode  was  confined  near 
the  surface,  especially  at  high  frequencies.  For  the  40  km  wide  basin  the  transmission  is 
poor  at  high  frequencies  and  high  mode  numbers.  It  is  obvious  from  the  band-limited  two 
digits  of  the  transmission  matrix  that  the  most  Rayleigh  mode  conversion  occurs  by  energy 
transfer  between  the  neighboring  modes. 

From  the  mode  composition  of  Lg  waves  it  is  expected  that  there  should  be  more  at¬ 
tenuation  for  a  deeper  source,  which  concentrates  more  energy  in  higher  modes  with  poor 
transmission.  The  Lg  phase  as  well  as  the  Rg  phase  transmitted  across  the  basin  are  shown 
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in  Figure  9c.  The  basin  has  little  effect  on  the  Rg  phase.  Because  of  the  shallow  (/i  =  1  km 
deep)  source,  the  fundamental  mode  (Rg)  has  the  most  energy.  The  shape  and  amplitude  of 
seismograms  dominated  by  the  Rg  do  not  show  any  change.  Please  note  that  since  there  is 
no  intrinsic  attenuation  {Q  =  oo)  in  the  model,  Rg  looks  stronger  than  what  it  would  be  in 
the  case  of  the  real  earth  with  strong  attenuation  near  the  surface. 

The  North  Sea  Case 

An  excellent  data  set  for  the  study  of  Lg  attenuation  comes  from  seismic  refraction  experi¬ 
ments  in  the  central  North  Sea  area  recorded  at  the  NORSAR  array  in  Norway.  The  vertical 
component  seismograms  and  the  location  of  the  shots  on  the  map  of  the  North  Sea  are 
shown  in  Figures  10a  and  10b,  respectively  (from  Kcnnott  and  Mykkeltveit  (1984)].  Plotted 
seismograms  are  band-pass  filtered  between  1.5  and  5.0  Hz  and  each  trace  is  normalized  to 
its  own  maximum  amplitude.  The  paths  that  cross  the  central  graben  (shot  Dl,  D2  and 
F4)  show  no  distinct  Lg  arrivals.  The  attenuation  of  Lg  across  the  central  graben  is  also 
observed  by  Gregersen  (1984)  from  the  study  of  regional  seismic  events. 

In  order  to  \niderstand  the  extinction  of  tlie  Lg  wave  cross  llu'  (cntral  graben  we  used 
a  simplified  structural  model  of  the  central  gral)en.  A  profile  of  the  crustal  structure  of  the 
central  graben  was  obtained  by  a  long-range  seismic  reflection  and  refraction  experiments 
(Barton  and  Wood,  1984).  A  cross-section  of  the  structure  with  velocity  contours  is  shown 
in  Figure  11a.  The  thickening  of  the  sediments  and  thining  of  the  crust  is  clearly  shown  in 
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this  figure.  Our  simplified  reference  velocity  model  of  the  North  Sea  crust  has  three  layers 
with  a  2  km  thick  sedimentary  layer  on  top  (Figure  lib).  The  central  graben  is  represented 
by  a  rectangular  block  of  sediment  pencentrated  down  to  7  km.  The  thinning  of  the  crust 
is  done  by  raising  the  Moho  from  30  km  to  20  km,  as  a  rectangular  block.  The  model  used 
for  calculations  is  shown  by  Figure  11c.  A  similar  model  was  also  used  by  Kennett  and 
Mykkeltveit  (1984)  to  calculate  a  Love  modes  transmission  matrix  at  1  Hz. 

Lg  waves  propagate  with  little  attenuation  across  the  North  Sea  paths  without  the  central 
graben,  as  shown  in  Figure  10a.  We  calculated  Lg  propagation  using  the  simplified  central 
graben  model,  shown  in  Figure  11c.  The  source  is  an  impulse  point  explosion  at  a  depth 
of  1  km  and  the  distance  is  600  km.  The  seismograms  bandpass-filtered  between  0.8  and 
2.4  Hz  are  shown  in  Figure  12  for  three  values  of  basin  width:  W  =0  (reference  model), 

=  30  km  and  W  =  60  km.  In  these  calculations  we  included  attenuation.  In  the  reference 
structure,  Q,  equals  300,  1500,  and  2000  for  layer  1,  2  and  3,  respectively.  It  is  assumed 
that  Qp  =  2Qs,  and  in  all  cases  Q  is  independent  of  frequency.  Both  30  km  and  60  km  wide 
central  graben  models  significantly  attenuate  the  Lg  phase.  The  actual  central  graben  is 
about  100  km  wide,  but  with  much  smoother  change  in  crustal  thickness  than  our  simplified 
model.  The  attenuation  effects  of  the  central  graben  are  increased  by  our  block-like  model. 
Thus,  getting  significant  attenuation  with  a  60  km  wide  model  is  not  surprising. 

W'e  investigated  the  relative  effects  of  different  aspects  of  lateral  structural  change  on 
Lg  phase  propagation.  These  include  having  only  the  sedimentary  basin,  the  Moho  bump. 
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and  the  combination  of  the  two.  The  results  are  shown  in  Figure  13.  The  Moho  bump  has 
a  greater  effect  on  Lg  attenuation  than  the  sedimentary  basin  thickening.  We  note  that  in 
our  model  the  Moho  bump  is  10  km  in  height  but  the  sedimentary  basin  is  only  5  km  deep. 
The  higher-order  modes  are  more  strongly  affected  by  the  Moho  bump  and  the  lower-order 
modes  by  basin  thickening. 

To  compare  the  theoretical  results  with  the  observation  shown  in  Figure  10,  we  calculated 
Lg  wave  synthetics  as  a  function  of  distance.  Two  sets  of  seismograms  were  calculated,  the 
first  set  using  the  flat  layered  reference  model  shown  in  Figure  11b,  and  the  second  set 
with  the  graben  (Figure  11c)  centered  at  x  =  700  km  distance.  Both  models  have  the 
intrinsic  attenuation  used  in  previous  figures.  The  sources  are  explosions  at  1  km  depth. 
Figure  14  shows  the  Lg  synthetic  seismograms  for  both  “reference”  and  “graben”  models 
in  the  distance  range  of  554  km  to  882  km,  corresponding  to  the  distances  of  observed 
seismograms  (Figure  10a).  In  the  synthetic  seismograms  the  amplitudes  are  normalized  to 
the  same  maximum  amplitude  at  554  km. 

Intrinsic  attenuation  reduces  the  amplitude  of  Lg  waves,  as  shown  in  Figure  14a,  for 
the  reference  model.  However,  a  clear  Lg  phase,  with  longer  duration  due  to  dispersion  is 
visible  at  882  km  distance.  With  the  central  graben,  the  Lg  waves  become  almost  completely 
extinct  once  they  cross  the  graben.  The  synthetic  Lg  seismograms  shown  in  Figure  14b  art? 
very  similar  to  the  observed  one  shown  in  Figure  10a.  The  extinction  of  Lg  across  the  North 
Sea  Central  Graben  can  be  explained  by  the  lateral  structure  change  due  to  crustal  thinning. 
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From  a  computational  view  point,  the  coupled  mode  method  is  time  consuming  because 
at  each  frequency  we  have  two  coupled  first  order  differential  equations  to  solve,  and  N 
increases  rapidly  as  frequency  goes  up  {N  is  the  number  of  modes  at  a  given  frequency). 
To  obtain  a  realistic  time  domain  seismogram  we  have  a  large  number  of  frequencies.  For 
example,  for  the  North  Sea  reference  model,  N  =  43  at  a  frequency  of  2.5  Hz.  Fortunately 
the  computations  are  independent  at  each  frequency,  and  calculations  can  be  made  efficiently 
on  a  parallel  machine.  Using  the  64  nodes  of  the  nCUBE  at  the  Earth  Resources  Laboratory 
(ERL),  the  North  Sea  model  with  the  60  km  wide  central  graben  took  3-1/2  hours  of  CPU 
time. 


CONCLUSIONS 

Mode  summation  provides  a  method  to  synthesize  seismograms  of  Lg  wave  propagation  in 
the  flat-layered  or  laterally  inhomogeneous  crust.  Synthetic  Lg  and  Rg  waves,  calculated 
using  a  flat-layered  crustal  model  of  Fennoscandia  with  frequency  dependent  attenuation, 
are  in  good  agreement  with  observations  of  quarry  blasts  recorded  at  the  FINESA  array. 
Mode  analysis  of  composition  of  Lg  phcise  shows  that  as  the  source  goes  deeper,  the  higher 
modes  become  important.  With  the  coupled  mode  method,  synthetic  Lg  waves  show  an 
attenuation  and  the  modes  conversion  acro.ss  the  basin  model.  Using  a  model  in  which 
there  is  a  thickening  sedimentary  layer  and  crustal  thinning,  synthetic  Lg  wave  seismograms 
explain  the  observ'ed  extinction  of  Lg  waves  acro.ss  the  central  graben  of  the  North  Sea. 
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APPENDIX 


Method  of  Coupled  Modes 

In  this  appendix  we  present  the  theoretical  equations  for  the  coupled  modes  as  applied 
to  Rayleigh  waves  following  Kennett  (1984)  and  then  briefly  describe  the  numerical  imple¬ 
mentation  for  calculating  the  Lg  and  Rg  synthetic  seismograms. 

In  the  Cartesian  coordinate  system  in  which  2  is  the  depth  variable,  we  introduce  dis¬ 
placement  vector  IV'  =  (n,  v,  w)  and  stress  vector  T  =  ixz)-  The  equation  of  motion, 

in  terms  of  VV'  and  T  and  keeping  all  derivatives  with  respect  to  x  on  the  left-hand  side,  can 
be  written  as; 


where  «^nd  An  are  operators  which  depend  on  frequency  u)  and  elastic 

constant  A  and  p. 

In  the  two-dimensional  (2-D)  situation  where  the  structure  is  independent  of  y,  the 
wavefield,  restricted  to  the  modal  part,  can  be  expressed  as  a  sum  of  modes  travelling  in 
both  the  positive  x  and  negative  x  directions: 

lR(x,r)  =  f:[c:(x)e*'''‘MR„(fc„,2)-Vc;(x)e-'^"=^lR„(-fc„,2)]  (A.2) 

n=  1 

T(x.2)  =  i:[c:(x)e'''’*"r„(A-„,2)-Vc;(x)e-’'=""T„(-fc„,2)]  (A.3) 

n=l 

svhere  N  is  the  mode  number  at  a  given  frequency.  lT„{A'n,  ~)  is  the  displacement  eigenfunc¬ 
tion.  Stress  vector  'C.fV,  .  z)  can  be  obtained  from  VR„(^-„,x:).  We  assume  that  the  model 


consists  of  a  region  of  heterogeneity  superimposed  on  a  stratified  medium,  it  is  easy  to  work 
in  terms  of  the  modes  in  the  reference  structure.  The  orthogonality  of  the  eigenfunctions  at 


a  fixed  frequency  requires 


*  r[W,{k„z)T,{-k,,z)-T,{k„z)W,i-k„z)]dz  =  6, 
Jo 

JfOO 

I  [W,ik„z)T,{k„z)  -  T,ik„z)W,{k,,z)]dz  =  0. 

0 


(A.4) 


(A.5) 


After  some  algebra,  we  get: 

Q  roo 

— (c+e„)  =  i  dzY^[T-iA^^W„-AM-^V;;:i^tJVn  +  A,,T„)]cte^ 
dx  Jo  ^0 

foa  ^ 

+i  /  dzJ2[T-{A^W-  -  A^,T-)  -  W-iAt^W-  +  A,tT-)]cZe-{\.6) 

n=0 

For  brevity  we  set  W~  =  Wn{  —  kn,z),T~  =  T{—kn,z),en  =  and  e~  =  e"*''"*. 

In  the  absence  of  heterogeneity,  is  a  constant  and  c“  equals  zero.  In  the  reference 
structure  the  corresponding  operators  are  A^^.  .4°,,  A°^,  and  /4°,.  The  effect  of  heterogeneity, 
which  only  depends  on  the  local  departures  from  the  reference  structure,  can  be  expressed 


A.4u,„,  =  A,,„r  —  A?,., 


(A.7) 


AA,,y  =  A(,„  -  A°,, 

AA((  =  Alt  —  A^i 

For  the  laterally  heterogeneous  model  the  modal  equations  are 


^  -  tLmnemfnCt  ”  H 

n=0  n=0 


dx 


mn ^m^ri  ^n 


(A.9) 


where 


A'^„  =  r  dz[T-{AA^^\Vr.  +  AAM  -  +  AAttT^)]  (A.IO) 

Jo 

fOO 

=  /  dz[T-{AA^,,W-  +  AAjr-)  -  W-iAA^JV-  +  AA^T")].  (A.ll) 
Jo 

Introducing  two  new  N  dimensional  vectors:  C"*"  =  {c^),C~  =  (c“)  ,  we  obtain  a  more 


compact  form  of  modal  equations: 


d 

Ox 


c+ 


V  / 


/i++  B-+ 
B+-  D— 


\ 

/ 

\ 

c+ 

/ 

1' 

Z-) 

(A.12) 


where 


(A.13) 


(5++)q  =  xKijCi  ej 

{B^  )ij  ~  iL{jC^  Cj 

{B  )jj  —  iLijCiCj 

{B  )|j  —  il\{j€i€j 

VVe  assume  that  the  region  of  heterogeneity  is  restricted  between  x/  and  Xr,  as  shown 
in  Figure  9a,  and  consider  the  surface  wave  incident  from  the  left.  Defining  transmission 
matrix  S(xr,xi)  and  reflection  matrix  R{xr,xi)  as: 


C+(x.)  =  5(.r.,.T,)C+(x/) 

C“(X,)  =  R(Xr,Xl)C'*'[Xl) 


(A.14) 
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we  obtain  the  coupled  Ricatti  equations  for  R  and  S: 


dR 

dxi 


+  RB^+  -  B—R  +  RB^-R-  5'+  =  0 


+  5B+-*- +  55+-R  =  0. 
an 

We  need  to  integrate  these  equations  starting  at  Xr  with  the  initial  conditions: 

S{Xr,Xr)  =  I 

R{Xr,Xr)  =  0 

where  I  is  the  identity  matrix. 

For  the  P-SV  case,  the  equation  of  motion  is: 


dx 


/  A 

u 

( 

0 

— A(A  +  2/i) 

-{A  +  2/x)-* 

\ 

0 

(  \ 
u 

w 

-dz 

0 

0 

M"* 

w 

—  fKtP' 

0 

0 

-d. 

txx 

\  } 

-  d^{vd^ 

-d,[A(A  +  2^)-> 

“  ; 

\  / 

where  .  = 


The  coefficients  of  K,j  and  L,j  in  the  terms  of  Ap,  AA  and  A/f  arc 

f<ij  =  dr[Apw^(r’,r{  +  r^r^)  -  A\(k,r\  +  ^)ikjr\  + 
-A/x(A:,r‘  -  -  2^^^l(k,k,r\r\  - 


=  J^dz[Ap^’^(r\rl  +  r^r^)  -  AA(-A-,r;  +  ^)(kj>i  + 


dr2 

Ih 


-A/((-^-,r’  -  -  2Api-k,kjr\r\  - 


(A.15) 


(A.16) 


(A. 17) 


(A.18) 


(A.19) 


)]  (A.20) 


whore  D  is  the  region  of  heterogeneity  in  the  z  direction,  k  is  wavenumber.  are  the 

radial  (x)  and  vertical  (2)  displacement  eigenfunctions  of  the  Rayleigli  wave. 

Since  each  frequency  is  independent  in  the  method,  this  provides  a  natural  level  at  which 
to  parallelize  the  algorithm.  The  approach  used  here  is  the  mastcr/slave  algorithm.  The 
master  reads  the  input  file,  calculates  some  of  the  global  variables  and  passes  them  to  the 
slaves.  Then  each  slave  is  given  a  frequency  to  work  on.  At  each  frequency  the  coupled 
Ricatti  equation  is  solved  numerically  by  the  Runge-Kutta  method.  When  finished,  the 
slave  returns  its  results  to  the  master  program,  then  queues  up  for  more  work.  After  all 
the  frequencies  are  calculated,  the  data  which  has  been  collected  by  the  mcister  program  is 
iinerse-Fourier  transformed  into  time  domain  seismograms. 


259 


MODE  F  1  2  3  4  5 

F  95  3  2  5  3  5 

1  2  94  22  13  3  0 

2  2  21  93  13  3  0 

3  4  11  11  95  2  0 

4  0  2  2  2  98  0 

5  7  1  2  2  1  99 


MODE  F  1  2  3  4  5 

F  92  4  5  8  1  2 

1  4  84  41  IS  0  0 

2  4  40  84  19  2  0 

3  5  13  17  93  2  0 

4  0  0  1  4  96  1 

5  3  1  0  2  2  98 


(a)  (b) 


Table  1:.  The  mode  transmission  matrices  of  the  basin  model  at  0.5  Hz.  The  absolute  value 
of  each  complex  element  of  the  matrices  are  shown  and  discretized  with  unity  represented 
by  100.  (a)  20  km  wide  bcisin.  (b)  40  km  wide  basin. 
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11 

F 

99 

5 
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0 
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0 

0 

0 

0 

0 

0 

0 

F 

98 

5 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

4 

«4 

13 

16 

4 

7 

11 

10 
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0 
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5 

40 

IS 

15 

5 

13 

7 

3 

6 

3 

3 

0 

2 

0 

14 

8€ 

29 

21 

11 

3 
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1 

1 

1 

0 
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0 

17 

6V 
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24 

5 

4 

0 

2 

2 

1 

1 

3 

0 

17 

29 

72 

33 

20 

7 

1 

2 

1 

1 

1 

3 

0 

15 

53 

36 

42 

12 

2 

1 

1 

1 

1 

0 

4 

0 

4 

20 

32 

tiO 

19 

9 

2 

0 

0 

0 

1 

4 

0 

6 

23 

41 

72 

23 

6 

1 

1 

1 

0 

1 

5 

0 

7 

10 

18 

18 

89 

8 

4 

3 

2 

0 

0 

5 

0 

13 

4 

11 

22 

85 

10 

2 

1 

3 

1 

0 

6 

0 

12 

2 

6 

8 

8 

91 

a 

8 

6 

1 

1 

6 

0 

7 

3 

2 

5 

9 

88 

11 

6 

2 

2 

2 

7 

0 

10 

1 

0 

1 

5 

9 

91 

14 

11 

3 

4 

7 

0 

3 

1 

1 

1 

3 

12 

86 

20 

8 

3 

3 

8 

0 

4 

1 

2 

1 

4 

9 

14 

89 

18 

8 

4 

8 

0 

6 

2 

1 

2 

1 

7 

21 

80 

27 

7 

1 

9 

0 

2 

1 

1 

0 

2 

7 

13 

19 

87 

18 

1 

9 

0 

3 

2 

1 

2 

4 

2 

9 

29 

73 

29 

3 

10 

0 

2 

1 

1 

0 

0 

1 

3 

9 

19 

90 

16 

10 

0 

2 

0 

1 

0 

0 

3 

4 

8 

31 

78 

24 

11 

0 

1 

2 

4 

3 

1 

2 

5 

4 

3 

17 

89 

11 

0 

0 

1 

I 

2 

0 

3 

3 

2 

4 

26 

78 

(a)  (b) 


Table  2:  The  mode  transmission  matrices  of  the  basin  model  at  1.0  Hz.  The  absolute  value 
of  each  complex  element  of  the  matrices  are  shown  and  discretized  with  unity  represented 
by  100.  (a)  20  kni  wide  basin,  (b)  40  km  wide  basin. 


MODE  F  1  2  3  4  S  6  ^  8  9  10  11  12  13  14  IS  16  17 


F 

99 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

1 

40 

9 

15 

22 

18 

6 

2 

4 

2 

0 

1 

1 

1 

1 

1 

0 

1 

2 

0 

9 

75 

31 
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15 

15 

10 

5 

1 

0 

0 

0 

0 

0 

0 

0 

0 

3 

0 

IS 

31 

64 

20 

4 

13 

13 

9 

3 

0 

0 

0 

0 

0 

0 

0 

0 

4 

0 

21 

12 

19 

70 

30 

14 

8 

8 

5 

0 

1 

1 

1 

0 

1 

1 

0 

5 

0 

17 

15 

4 

30 

53 

40 

24 

8 

3 

2 

0 

1 

2 

0 

1 

1 

1 

6 

0 

6 

15 

12 

13 

39 

65 

30 
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3 

1 

1 

0 

1 

0 

0 

0 

1 

7 

0 

2 

10 

12 

7 

23 

29 

76 
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8 

1 

1 

0 

0 

0 

0 

0 

0 

8 

0 

3 

4 

8 

8 

7 

16 

20 

81 

14 

6 

3 

1 

0 

1 

1 

1 

1 

9 

0 

2 

1 

2 

4 

3 

3 

a 
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84 

11 

9 

5 

1 

1 

1 

1 

2 

10 

0 

1 

0 

0 

0 

2 

1 

2 

7 

12 

88 

11 

8 

5 

1 

2 

1 

1 

11 

0 

1 

0 

0 

1 

0 

1 

1 

4 

10 

12 

86 

13 

10 

4 

1 

2 

0 

12 

0 

0 

0 

0 

2 

2 

0 

0 

1 

6 

9 

13 

85 

16 

11 

3 

2 

3 

13 

0 

1 

0 

0 

1 

2 

1 

0 

0 

1 

6 

12 

17 

79 

23 

14 

5 

5 

14 

3 

2 

0 

0 

1 

1 

1 

0 

1 

2 

1 

5 

12 

24 

74 

27 

13 

8 

15 

J 
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0 

0 

1 

1 

0 

1 

1 

2 

2 

2 
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65 

36 

23 
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1 

c 

0 

1 

2 

1 

0 

2 

1 

1 

3 

3 

6 

19 

37 

59 

36 

17 

V 

1 

0 

0 

0 

2 

2 

0 

2 

3 

1 

0 

4 

6 

9 

23 

36 

69 

( 
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0 
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0 
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0 

0 
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20 

14 

12 

11 

8 

1 

3 

0 

2 

0 

0 

0 

0 

0 

0 

1 

1 

2 

0 

13 

60 

41 

1 

24 

9 

3 

4 

1 

1 

0 

1 

0 

0 

0 

0 

0 

3 

0 

12 

41 

45 

26 

12 

17 

7 

3 

3 

1 

1 

0 

0 

0 

0 

0 

0 

4 

0 

11 

1 

26 

45 

39 

19 

16 
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3 

1 

1 

2 

0 

1 

0 

1 

0 

5 

0 

a 
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12 

38 

34 

38 

14 

5 

3 

1 

1 

1 

1 

1 

0 

0 

0 

6 

0 

1 

9 

16 

18 

38 

58 

35 

12 

3 

1 

1 

1 
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5 
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0 
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0 
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1 

3 

3 

2 

3 

4 
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8 

0 

3 

0 

1 

1 

0 

10 

3 

0 

1 

0 

1 

1 

1 

2 

5 

17 
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17 

8 

1 

3 

1 
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6 
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3 
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1 

1 
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2 

1 

1 

1 

1 

0 

4 

5 

5 

33 

55 

36 

4 

12 

IS 
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0 

1 

0 

1 

1 

1 

1 

1 

1 

1 

3 

7 

4 

37 

45 

42 

12 

16 

0 

1 

0 

0 

1 

0 

1 

1 

1 

1 

1 

3 

2 

9 

4 

43 

37 

44 

17 
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0 

1 

0 

1 

3 

0 
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0 

4 

5 

12 

13 

45 

29 

(b) 

Table  3:  The  mode  transmission  matrices  of  the  basin  model  at  1 .5  Hz.  1  he  absolute  vaJm; 
of  each  complex  element  of  the  matrices  are  shown  and  discretized  with  unity  represented 
by  100.  (a)  20  km  wide  basin,  (b)  40  km  wide  basin. 
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MODE  F  I  2  3  4  S  6  7  8  9  10  11  12  13  14  IS  Ifi  17  18  19  20  21  22  23 


r  99  00QQOQOOO 

1  0  61  23  2443322 

2  0  22  12  S  12  17  14  S  2  3 

3  0  2  5  78  29  17  4  15  10  7 

4  0  4  12  29  57  31  7  14  12  10 

5  0  4  17  17  31  65  26  7  4  7 

6  0  4  14  4  7  25  60  34  17  11 

7  0  3  5  15  14  6  34  54  29  23 

8  0  2  2  10  12  4  16  29  76  22 

9  0  2  3  7  10  7  11  23  22  76 

10  0  2  3  3  3  5  6  10  IS  21 

11  0  2  1  3  3  1  5  2  5  12 

12  0122321313 

13  0120121222 

14  01  1  0012012 

15  0  111112  10  2 

16  0113011100 

17  3  0  1  0  0  3  1  0  1  1 

18  0013002101 

19  0010001100 

20  0010001100 

21  0110000000 

22.  0110000000 

23  0100000001 


MODE  F123456789 

F  99  000000000 

1  0  43  17  1  3  4  4  3  2  I 

2  0  16  90361332 

3  0  1  1  69  39  IS  13  8  4  7 

4  0  3  3  39  45  35  9  14  1  4 

5  0  4  6  15  35  56  23  11  12  7 

6  0  4  1  13  9  23  55  31  9  8 

7  0  3  3  8  14  10  31  40  38  24 

8  0  2  3  4  1  11  9  37  62  35 

9  0  1  2  7  4  7  8  23  35  60 

10  0  1  2  3  5  4  7  5  15  29 

11  0122042836 

12  0121203145 

13  0011010312 

14  0011101121 

15  0120011101 

16  0011010110 

17  0010001101 

18  0010000110 

19  OOOOOOllll 

20  0000000110 

21  0000000001 

22  0000000000 

23  0110000000 


00000000000000 
22211111000111 
31221111100110 
332OO1OOO0QOQO 
43310110000000 
61221110000000 
65112211110000 
10  13201101100  O'O 

15  5121000000000 

21  12  222101000000 
77  20  10  31210110001 

20  78  18  10  6  2  0  1  0  2  2  0  0  1 

1  18  78  17  12  8  3  1  1  1  3  1  0  0 

4  11  17  81  15  13  8  1  2  1  2  3  0  2 

1  6  13  15  85  15  11  4  0  2  1  3  1  2 

2  2  9  14  16  80  19  11  3  2  1  3  3  1 

2  1  3  9  12  20  75  21  13  1  4  4  1 

1  1  1  1  4  12  22  74  25  12  3  14 

2  1  1  2  1  4  14  25  71  25  .6  Iv  2 

2  3  1  1  2  3  1  13  26  69  24  1  10 

1  3  4  3  1  2  5  3  6  25  65  24  1  20 

1  0  2  4  4  4  1  7  10  1  25  60  30  3 

0  0  0  0  1  4  4  1  8  13  0  31  58  33 

2  2  1  2  2  1  1  4  2  11  20  4  34  45 


10  11  12  13  14  15  16  17  18  19  20  21  22  23 

00000000000000 
11100100000001 
12211211100001 
32111010000000 
50201000000000 
44010110000000 
72201100000000 
58131111110000 
15  3412010100000 

30  6521100010000 

64  25  543110111000 

25  65  23  6  1  4  1  1  0  1  1  1  1  0 

5  24  65  23  12  0  5  0  2  1  2  2  0  0 

4  7  24  70  23  14  0  4  0  2  3  0  2  0 

4  1  12  24  75  22  8  3  2  2  1  2  1  0 

2  5  0  14  22  67  26  4  5  0  2  3  1  2 

12509  27  60  26  373151 

C1054S2759324S614 
1020263  33  51  31  7382 

1  2  1  2  3  0  8  4  33  45  30  12  4  9 

2  2  2  4  1  3  4  6  7  31  40  23  16  4 

0  1  2  0  3  4  2  6  3  12  25  41  34  14 

0  1  1  3  2  2  5  1  8  4  16  35  39  26 

10110215394  14  27  14 

(b) 


Table  4'  The  mode  transmission  matrices  of  the  basin  model  at  2.0  Hz.  The  absolute  value 
of  each  complex  element  of  the  matrices  are  shown  and  discretized  with  unity  represented 
by  100.  (a)  20  km  wide  basin,  (b)  40  km  wide  basin. 
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Figure  1:  (a)  A  typical  crust  velocity  model  with  sediment  layer,  (b)  Rayleigh  wave  disper¬ 
sion  curve  corresponding  to  velocity  model  (a). 
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Figure  2:  Energy  layer  distribution  for  different  modes  at  1  Hz.  Energy  of  each 
normalized  to  1. 
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Figure  3c:  Same  as  Figure  3a  with  source  depth  20  km. 
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Figure  4:  Synthetic  vertical  (top)  and  radial  (bottom)  component  seismograms  of  Lg  and 
Rg  with  source  depth  10  km  by  mode  summation.  Contributions  from  fundamental 
mode,  modes  1  to  10,  modes  11  to  20  and  modes  21  to  30  are  compared  with  total  mode 
summation. 
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Figure  5:  Velocity  model  for  Scandinavia. 
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Fieure  7a:  Comparison  of  observed  and  synthetic  seismograms  of  Lg  and  Rg  waves  for  quarry 
blast  at  Leningrad  recorded  at  the  FINESA  array.  Distance  250  km. 


272 


273 


MODE 

All 

1-14 


1-9 


1-4 


F 


TIME-DIS/7  (sec) 


Figure  8:  Mode  analysis  of  quarry  blast  recorded  at  the  FINESA  array  at  distance  200  km. 
Summation  of  fundamental  mode,  modes  1  to  4.  modes  1  to  9,  modes  1  to  14  and  all 
modes  are  shown. 
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Figures  9a,b:  Propagation  of  Lg  and  Rg  waves  across  a  sedimentary  basin,  (a)  The  basin 
model,  (b)  The  vertical  component  seismograms  for  Lg  phase  computed  by  the  coupled 
mode  method  in  the  frequency  range  0-2.5  Hz.  The  cases  of  no  basin  {W  =  0),  a  20  km 
wide  basin  and  a  10  km  wide  basin  are  shown. 
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Figure  9c:  The  vertical  component  seismograms  for  Lg  and  Rg  phase  computed  by  coupled 
mode  method  in  the  frequency  range  0-2.5  Hz.  The  cases  of  no  basin  (H^  =  0),  a  20  kin 
wide  basin  and  a  40  km  wide  bcisin  are  shown. 
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Figure  10:  (a)  Seismograms  from  the  refraction  shots  in  the  central  graben  zone.  Each  trace 
is  normalized  to  its  maximum  amplitude  and  aligned  on  the  P-wave  onsets.  An  arrow 
indicates  a  group  velocity  of  3.5  km/s  corresponding  to  Lg  arrivals,  (b)  map  of  the  central 
North  Sea  basin  and  the  position  of  the  shots  (star).  (After  Kennett  and  Mykkeltveit, 
1984.) 
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Figure  11:  (a)  Cross-section  of  structure  across  the  central  graben  with  velocity  contour. 
Sediments  slashed.  (After  Barton  and  Wood,  1984.)  (b)  Reference  velocity  structure 
used  to  model  the  central  graben  of  the  North  Sea.  (c)  Illustration  of  the  model  for  the 
central  graben  crustal  pinch. 


278 


0 


20 


40  60 

riME-DIS/4  isec) 


80 


100 


Figure  12;  The  vertical  component  seismograms  for  the  Lg  phase  across  the  central  graben 
of  the  North  Sea  model.  Distance  is  600  km.  The  case  of  0  30  km  and  60  km  wide 
central  graben  are  shown. 
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Figure  13:  Effects  of  the  lateral  structure  changes  on  Lg  wave  propagation  in  the  North 
Sea  case,  a:  flat-layered,  b;  sedimentary  basin  thickening,  c:  Moho  uplift,  d:  both 
sedimentary  basin  thickening  and  Moho  uplift.  Distance  is  600  km.  Width  of  structure 
variation  is  30  km. 
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Figure  14:  Vertical  components  of  synthetic  seismograms  in  the  North  Sea  area.  The  dis¬ 
tances  is  indicated  at  the  end  of  each  trace.  The  time  axis  is  the  reduced  time-scale  using 
4  km/sec  velocity,  (a)  Without  the  central  graben.  (b)  With  the  60  km  wide  central 
graben. 
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ABSTRACT 


This  study  utilizes  ultrasonic  water  tank  modeling  to  examine  three-dimensional  scattering 
trends  from  a  random  set  of  parallel  grooves,  and  compares  this  with  theoretical  results 
obtained  from  two-dimensional  finite-difference  calculations.  Ultrasonic  laboratory  model- 
irig  is  carried  out  using  computer-controlled  source  and  receivers  with  an  aluminum  bock 
submerged  in  a  water  tank.  The  block’s  upper  interface  is  plane  for  the  reference  model 
and  grooved  for  the  test  model.  The  grooves  me«isure  about  one-third  the  center  source 
wavelength  and  have  a  Gaussian  distribution  with  a  mean  of  1  wavelength  and  a  standard 
deviation  of  1/3  wavelength.  This  experiment  places  both  the  source  and  receiver  at  the 
water’s  surface  with  the  receiver  array  in  the  horizontal  plane.  The  receiver  line  is  then 
positioned  at  various  angles  to  grooves.  A  staggered-grid  finite-difference  scheme  is  used  for 
theoretical  computations  and  comparisons  with  laboratory  data.  These  theoretical  results 
matched  experimental  data  well  for  both  the  plane  interface  and  the  grooved  model.  Specif¬ 
ically,  this  study  shows  that  scattering  mechanisms  are  different  for  propagation  normal  to 
grooves  tham  those  parallel  to  the  grooves.  In  the  first  case  scattering  takes  place  in  the 
form  of  point  diffractors.  This  causes  reduction  of  the  specular  reflections.  Amplitudes  de¬ 
crease  by  more  than  60%,  relative  to  a  plane  interface,  when  the  incidence  angle  exceeds 
45°.  “Snapshots”  of  finite-difference  synthetics  helped  to  clarify  details  of  scattering.  In 
the  second  Ccise,  where  the  wave  front  is  parallel  to  the  grooves,  scattering  takes  e  form  of 
guided  head  waves  and  continuous  diffractions  giving  rise  to  constructive  and  destructive 
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interference.  This  gives  the  illusion  of  “broken”  reflectors  at  depth.  Amplitude  differences 
appear  as  large  oscillations  about  a  zero  mean  as  head  waves  refract  individually  along  each 
groove  radiating  energy  back  into  the  sagital  plane. 
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INTRODUCTION 


The  scattering  of  a  seismic  wave  from  irregular  interfaces  has  become  a  topic  of  critical 
importance  in  understanding  nonuniform,  low  amplitude  arrivals  which  tend  to  complicate 
ocean  seismograms.  A  number  of  basic  theoretical  approaches  have  been  developed  to  model 
this  scattering.  When  interface  irregularities  are  small  with  respect  to  the  seismic  wave¬ 
length,  small  perturbations  to  velocity  and  density  allow  a  single  scattering  approximation. 
Kennett  (1972)  and  Kuperman  and  Schmidt  (1989)  have  applied  the  Born  approximation 
to  2-D  cases.  Prange  (1989)  has  perturbed  material  parameters  and  interface  height  to 
describe  3-D  scattering  from  randomly  rough  interfaces  in  terms  of  simple  matrix  opera¬ 
tors.  Both  techniques  have  the  advantage  of  separating  the  scattered  wavefield  from  the 
background  field.  However,  when  the  size  of  an  interface  irregularity  approaches  the  incom¬ 
ing  wavelength  and  impedance  contrasts  are  large,  the  above  approximations  break  down 
and  complete  waveform  modeling  must  be  introduced  to  understand  the  multiply  scattered 
waves.  This  involves  implementing  full  waveform  numerical  techniques  such  as  the  discrete 
wavenumber-boundary  integral  (Bouchon  et  al.,  1989),  boundary  element  (DeSanto,  1985; 
Campillo  and  Bouchon,  1985;  Paul  and  Campillo,  1988),  or  finite-difference  (Virieux,  1986; 
Bayliss  et  al.,  1986;  Stephen,  1988)  methods.  Stephen  (1988)  gives  an  excellent  summary 
of  current  acoustic-elastic  finite-difference  techniques,  and  Axilrod  et  al.  (1990)  compares 
run  time  and  accuracy  between  the  various  discrete  wavenumber  techniques.  Although  com¬ 
putational  constraints  usually  require  two-dimensionality,  spreading  factor  corrections  can 
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give  reasonable  amplitude  data  for  comparison  with  three-dimensional  point  sources.  Un¬ 
fortunately,  the  inability  of  full  waveform  techniques  to  model  three-dimensionally  irregular 
interfaces  is  difficult  to  avoid.  In  this  respect  ultrasonic  modeling  has  become  an  important 
tool  for  3-D  modeling,  approaching  the  geometrical,  source,  noise,  and  material  property- 
control  enjoyed  by  the  numerical  techniques  above. 

This  study  utilizes  ultrasonic  water  tank  modeling  to  examine  three-dimensional  scat¬ 
tering  phenomena  from  a  random  set  of  deeply  cut  parallel  grooves,  labeled  as  a  “random 
diffraction  grating,”  and  compares  them  with  theoretical  results  obtained  from  numerical  cal¬ 
culations.  These  grooves  measure  about  one-third  the  incoming  wavelength  and  have  a  Gaus¬ 
sian  spatial  distribution.  These  properties  place  the  interface  in  the  “full  waveform  zone” 
of  Aki  and  Richard’s  scattering  classification  (Aki  and  Richards,  1980).  Finite- difference 
modeling  is  therefore  incorporated  in  the  two-dimensional  scattering  case,  with  a  seismic 
line  perpendicular  to  groove  strike.  These  synthetics  also  avoid  the  source-receiver  effects 
that  arise  in  the  experimental  data.  Amplitude  versus  distance  (AVD)  curves  then  sow  the 
reflected  amplitude  variations  in  both  the  two-  and  three-dimensional  grooved  cases. 

The  random  diffraction  grating,  in  this  case  with  “V”  shaped  grooves,  may  be  related  to 
many  different  structural  regions.  In  extensional  zones,  such  as  the  Basin  and  Range  province 
of  the  western  United  States,  extensive  normal  faulting  occurs  over  short  distances.  This 
may  leave  jagged  boundaries  between  the  layers  severed  by  faulting.  Mid-ocean  ridges  and 
continental  rifting  areas  with  extensional  faulting  may  similarly  result  in  irregular  interfaces, 
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giving  the  effect  of  elongated  grooves.  In  addition,  poorly  understood  deep  boundaries,  such 
as  the  Mohorovicic  discontinuity,  may  be  highly  irregular,  possibly  explaining  coherent  noise 
encountered  on  short-period  seismograms.  Similar  situations  exist  in  all  frequency  ranges 
including  the  ultrasonic  range  investigated  here. 

ULTRASONIC  MODEL  DESCRIPTION 

Ultrasonic  modeling  is  carried  out  in  our  in-house  water  tank,  where  computer-controlled 
transducer  holders  can  move  the  source  and  the  receiver  in  all  coordinate  directions.  An 
aluminum  block  with  30  x  30  cm  area  and  15  cm  height  is  used  as  the  ultrasonic  tank 
model.  This  model  has  physical  properties  similar  to  upper  crustal  rocks,  thus  giving  a  large 
impedance  contrast  with  water  and  large  reflected  amplitudes. 

Figure  1  shows  a  two-dimensional  view  of  the  block  studied.  Figure  la  shows  the  control 
case  with  a  plane  interface  on  both  the  upper  and  lower  boundaries.  Figure  lb  illustrates 
the  block  with  an  irregular  upper  interface.  The  interface  consists  of  parallel  “V”  shaped 
grooves,  each  with  a  constant  depth  of  3  mm  and  a  60°  lower  acute  angle.  The  grooves 
form  a  Gaussian  distribution  with  a  1  cm  average  standard  deviation  of  3  mm,  and  the 
constraint  that  grooves  do  not  overlap.  Due  to  this  spatial  randomness  the  interface  is 
termed  a  “random  diffraction  grating.”  Although  the  slope  discontinuities  and  steepness 
of  each  groove  allow  for  local  multiple  scattering  effects,  we  focus  only  on  the  interference 
caused  by  the  groove  distribution  as  a  whole. 
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EXPERIMENTAL  METHODS 


Ultrasonic  water  tank  modeling  involves  submerging  a  structure,  in  this  Ccise  the  aluminum 
block  described  above,  in  a  water  tank.  Although  the  tank  is  of  finite  dimension,  any 
reflection  from  its  sides  arrives  outside  the  desired  time  window.  Piezoelectric  transducers 
act  as  the  source  and  receiver.  A  vertically  polarized  cylindrical  transducer  generates  the 
sharp  pulse  that  is  important  in  resolving  multiple  scattered  trends.  However,  in  making 
the  source  impulsive,  the  source  radiation  pattern  becomes  a  strong  function  of  the  angle 
from  the  axis.  This  pattern  will  be  important  later  in  comparing  experimental  amplitudes 
with  synthetic  results.  For  now  we  only  note  that  a  large  amplitude  oriented  downward  in 
the  radiation  pattern  renders  amplitudes  in  the  first  few  traces  useless.  These  traces  are 
therefore  muted  from  the  ultrasonic  results. 

Placing  the  transducers  just  beneath  the  surface  eliminates  scattering  from  the  source 
and  receiver  supports.  Unfortunately,  this  source  position  distorts  recorded  wave  amplitudes 
as  the  incident  and  surface  reflected  waves  interact  near  the  receiver.  The  analysis  of  this 
effect  discussed  in  detail  in  the  next  section,  shows  that,  although  the  surface  distorts  the 
appearance  of  the  seismogram  eis  a  function  of  source  receiver  separation,  it  has  little  effect 
on  the  comparison  of  relative  amplitudes  between  different  interfaces. 

The  experiments  involve  a  single  source  and  a  line  of  multiple  receivers.  As  shown  in 
Figure  1,  the  source  is  positioned  over  the  interface,  5  cm  from  the  block’s  edge.  The 
receiver  array  begins  at  the  source  and  extends  5  cm  past  the  opposite  corner  with  2.85  mm 


spacing.  The  source  wavelet  is  a  narrow  band  pulse  with  0-300  kHz  frequency  range  and 
peak  amplitude  at  185  kHz.  The  center  wavelength  measures  1  cm  and  varies  from  1.5  to 
.5  cm  over  the  effective  frequency  range  of  the  source.  The  grooves  therefore  range  from 
one-fifth  to  three-fifths  the  width  of  the  incoming  wavefield.  All  traces  are  averaged  over 
1,024  source  sweeps,  reducing  random  noise  amplitudes  far  below  that  of  the  scattered  field. 

Plane  Interface 

Figure  2a  shows  the  experimental  results  from  the  plane  interface  control  block.  The  re¬ 
flected  wave  appears  earliest  in  the  seismogram  with  the  largest  amplitude.  Other  phases 
are  identified  by  looking  at  their  apparent  velocities.  Refracted  P-wave  energy  is  barely 
identifiable  at  this  scale,  while  the  shear  head  wave  exhibits  much  larger  excitation.  This 
is  cormnon  with  acoustic-el<istic  boundaries  as  normal  displacement  and  normal  tractions 
at  the  boundary  have  major  components  in  the  direction  of  shear  head  wave  displacement. 
Due  to  its  phase  shift  and  large  amplitude,  this  head  wave  interferes  with  the  reflected  wave 
amplitudes  destructively  and  then  constructively  over  a  large  distance.  Reflected  amplitudes 
cannot  be  studied  in  this  range. 

Following  the  primary  reflection,  diffractions  occur  from  both  corners  of  the  block.  The 
hyperbolic  trend  and  limiting  water  velocity  at  large  distances  identify  the  diffraction  nearest 
the  source.  The  opposite  corner  diffraction  appears  at  about  265  fis.  The  low  energy 
bottom  of  the  block  reflection  arrives  at  190  ^is.  Due  to  the  high  acoustic  impedance,  one 
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reverberation  from  within  the  block  is  also  observed  at  230  fis.  The  first  water  multiple  is 
muted  along  the  top  of  the  seismogram  starting  at  250  fis. 

Grooved  Interface 

Three  groove  geometries  are  studied  in  this  section.  We  begin  by  examining  the  two- 
dimensional  diffraction  grating.  Turning  to  the  limiting  3-D  case,  with  the  grooves  parallel 
to  the  seismic  line,  we  take  advantage  of  the  simplified  geometry  to  understand  the  different 
style  of  scattering.  These  two  limiting  cases  become  very  valuable  because  they  form  a  tool 
for  explaining  scattering  phenomena  observed  in  the  third  case,  where  the  grooves  strike  is 
diagonal  to  the  source-receiver  line. 

Perpendicular  to  the  Grooves 

Figure  3a  shows  the  seismogram  recorded  along  a  receiver  line  oriented  perpendicular  to 
the  groove  strike.  The  primary  reflected  wave  still  dominates  the  seismogram.  However, 
its  amplitude  varies  nonuniformly  as  scattered  energy  interacts  with  and  trails  the  initial 
reflection.  These  scattered  arrivals  persist  until  the  seismogram  ends.  Comparing  these 
traces  to  those  in  the  plane  interface  case  suggests  that  the  grooves  completely  obstruct 
both  S  and  P  head  wave  propagation.  Some  of  this  energy  most  likely  appears  as  time- 
delayed  low  energy  arrivals. 

Scattered  energy,  immediately  following  the  primary  reflection,  exhibits  distinct  trends. 
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Hyperbolic  arrivals  (all  originating  within  the  primary  reflection)  appear,  paralleling  the 
trend  of  the  corner  diffraction  identified  in  the  control  case.  Since  each  hyperbola  follows  a 
point  diffractor  trajectory  with  a  limiting  water  velocity,  these  arrivals  appear  to  be  multiple 
scattered  diffractions  originating  from  the  grooves.  The  difficulty  in  correlating  any  one 
diffraction  with  a  specific  scatterer  suggests  that  each  groove  acts  as  a  complex  multiple 
diffractor.  Futhermore,  the  energy  coalesces  into  a  narrow  wedge  of  high  amplitude  trailing 
the  primary  reflection,  causing  a  large  amount  of  interference.  Although  the  bottom  of  the 
block  reflections  are  still  identifiable,  the  larger  amplitude  diffractions  muffle  their  presence. 
Migration  may  act  as  a  tool  in  bringing  out  the  bottom  of  the  block  reflector  as  diffractions 
collapse  back  into  grooved  secondary  sources. 

Parallel  to  the  Grooves 

The  simplest  three-dimensional  case  arises  when  the  seismic  line  extends  parallel  to  the 
groove  strike.  As  shown  in  Figure  4a,  scattered  energy  appears  following  a  large  amplitude 
reflection  from  the  irregular  boundary.  The  trends,  although  taking  the  form  of  continuous 
hyperbolic  curves,  differ  greatly  from  the  two-dimensional  situation.  The  hyperbolas  do  not 
originate  within  the  primary  reflected  wave.  Instead,  they  intersect  the  first  trace  with  a 
distinct  time  delay  and  tend  to  parallel  the  primary  reflection  at  small  offsets.  At  larger 
offsets,  these  trends  converge  on  the  primary  reflection  instead  of  diverging  like  the  point 
diffractors  in  the  two-dimensional  case.  This  smears  the  primary  reflected  wavelet  so  that 
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it  shows  little  similarity  to  the  incident  wavelet.  The  convergence  of  these  hypc-bolas  to 
one  another  results  in  additional  interference,  giving  the  appearance  of  broken  reflectors  at 
depth,  not  ein  irregular  interface. 

The  S  head  wave  is  still  prominent  in  the  profile.  At  later  times  secondary  arrivals 
paralleling  the  initial  head  wave  branch  also  appear.  Each  later  branch  can  be  traced  back 
to  its  origin  which  lies  within  the  trailing  hyperbolas  described  above.  This  intersection 
with  the  h3T)erbolas  smears  the  constructive-destructive  interference  between  the  primary 
reflected  and  earliest  head  wave  to  larger  times. 

The  above  observations  suggest  that  each  individual  groove  acts  as  a  continuous  diffractor 
of  energy.  The  geometry  for  a  continuous  groove  diffractor  allows  a  number  of  paths  to  exist, 
each  having  slower  moveout  than  the  primary  reflected  arrival.  This  explains  the  observed 
convergence  of  individual  hyperbolas  at  large  distances.  In  addition,  the  parallel  head  wave 
arrivals  and  the  extension  of  constructive  head  wave  interference  both  suggest  that  each 
groove  acts  as  a  head  wave  guide,  continuously  releasing  energy  back  into  the  vertical  plane 
of  the  receiver  array. 


Diagonal  to  the  Grooves 

Utilizing  our  knowledge  from  the  two  limiting  cases  described  above,  one  can  understand 
scattered  trends  recorded  at  intermediate  receiver  array  azimuths.  We  now  describe  the 
trends  on  a  seismic  line  positioned  diagonal  to  the  grooves. 
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Figure  4b  shows  the  seismic  data  recorded  with  a  receiver  line  oriented  45°  to  groove 
strike.  The  trends  display  more  complexity  than  the  first  two  cases.  The  primary  reflection 
contains  the  largest  amplitude,  and  scattered  arrivals  again  form  hyperbolic  trends.  Some 
hyperbolas  never  intersect  the  primary  reflection  but  instead  intersect  the  first  trace  with 
some  time  delay.  Other  trends  originate  within  the  primary  reflection  and  appear  more  as 
point  diffractions  from  the  interface.  In  both  cases  the  hyperbolas  are  divergent  from  the 
primary  reflection  branch,  with  a  slope  between  the  limiting  cases  studied  previously.  Head 
waves  also  appear,  but  they  dissipate  within  a  few  traces  after  they  are  formed. 

The  two  limiting  cases  above  suggest  an  explanation  for  these  observed  trends.  Compo¬ 
nents  of  both  cases  are  clearly  present,  suggesting  that  scattering  from  a  random  diffraction 
grating  can  be  explained  in  terms  of  the  multiple  point  diffraction  and  head  wave  obstruc¬ 
tion  observed  in  the  two-dimensional  case  along  with  the  continuous  diffraction  and  head 
wave  guidance  for  the  case  parallel  to  the  grooves.  More  specifically,  shooting  diagonal  to 
the  grooves  gives  the  appearance  of  45°  dipping  reflectors  at  depth  as  each  groove  contin¬ 
uously  diffracts  energy.  However,  some  diffractions  give  the  impression  of  interface  origin. 
The  slight  persistence  of  head  waves  suggests  that  energy  radiates  into  the  sagittal  plane 
as  groove-guided  refractions  cross  underneath  the  receiver  hne.  Head  waves  propagating 
parallel  to  the  seismic  line  are  obstructed. 
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Amplitude  Versus  Distance 


In  this  section  we  investigate  how  a  random  diffraction  grating  changes  reflected  wave  ampli¬ 
tude  with  distance  from  the  source.  AV D  curves  for  the  grooved  interface  are  compared  with 
the  amplitude  curve  for  a  plane  reflector.  More  useful,  however,  is  the  “relative  difference” 
in  amplitude  between  the  plane  and  grooved  reflection.  This  gives  an  accurate  measure  of 
sunplitude  variation  induced  by  the  random  diffraction  grating. 

Figure  5a  shows  the  AVD  curve  for  the  plane  layer  control  case.  Destructive  and  con¬ 
structive  interference  of  the  shear  refraction  affects  amplitudes  from  the  critical  angle  at 
30°  to  about  40°,  as  marked  on  the  graph.  In  the  scattered  cases,  this  destructive  null  and 
constructive  buildup  is  greatly  reduced,  causing  amplitude  differences  as  high  as  100%  in 
this  range.  Therefore,  amplitudes  in  this  region  are  not  studied.  The  measured  amplitude 
over  the  two-dimensional  grooved  interface  is  also  shown.  Comparing  the  primary  scattered 
reflection  to  the  control  case  reveals  a  decrease  in  reflected  amplitudes  at  most  offsets.  The 
reflection  amplitude  rises  above  the  control  case  only  during  the  S  head  wave  interference 
zone.  Notice  that  the  grooved  interface  also  appears  to  shift  the  head  wave  interference  zone 
to  larger  incident  angles.  (Part  of  this  offset  appears  to  result  from  a  difference  in  velocity 
between  the  two  blocks  and  will  be  corrected  in  any  future  work.  However,  another  portion 
of  this  offset  may  also  represent  anisotropy  created  directly  by  the  grooved  interface.  This  is 
supported  by  the  smaller  lag  iri  crossover  distance  when  shooting  diagonal  to  the  grooves  in 
the  next  section.)  The  relative  difference  between  the  two  curves,  also  shown  in  Figure  5a, 
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strongly  depends  on  offset.  Waves  near  normal  incidence  lose  an  average  of  10-15%  of  their 
amplitude.  At  angles  greater  than  40“  the  difference  quickly  climbs  to  values  as  large  as 
60%.  Clearly,  increasing  the  incident  angle  greatly  reduces  reflected  amplitudes. 

Figure  5b  plots  the  AV D  curves  for  the  three-dimensional  geometries  studied.  In  the 
limiting  case,  parallel  to  groove  strike,  an  average  of  15%  loss  in  amplitude  is  recorded 
at  small  incident  angles,  most  likely  resulting  from  interference  with  diffractions  from  the 
nearest  grooves.  At  larger  angles,  amplitudes  start  oscillating  rapidly  about  the  plane  AVD 
curve  causing  relative  differences  larger  then  80%.  This  oscillation  is  apparently  due  to 
the  multiply  refracted  S  head  wave  arrivals  crossing  the  primary  reflection.  Turning  to  the 
intermediate  case,  with  grooves  striking  45°  under  the  seismic  line,  scattering  causes  reflected 
amplitudes  to  rise  by  about  15%  at  lower  incident  angles.  The  amplitude  decreases  below 
the  control  case  only  after  the  refractive  critical  angle.  At  large  angles  amplitudes  are  very 
similar  to  the  two-dimensional  case,  approaching  50-60%  lower  amplitude  at  angles  greater 
then  45°. 

In  all  cases,  the  AVD  curves  establish  10-15%  amplitude  variations  at  low  angles  of 
incidence.  Increasing  the  incident  angle  reduces  amplitudes  by  as  much  as  60%.  Although 
this  maximum  deviation  of  60%  appears  similar  between  models,  AVD  signatures  vary 
greatly  between  different  groove  azimuths. 
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COMPARISON  WITH  FINITE-DIFFERENCE 


Two-dimensional  finite-difference  techniques  allow  full  waveform  modeling  in  both  water  and 
the  aluminum  block.  In  addition,  source-receiver  distortions,  which  noticeably  affect  experi¬ 
mental  data,  axe  not  present  in  these  synthetics.  In  the  next  section  we  investigate  the  nature 
of  distortions  present  in  the  experimental  tank.  These  distortions  are  then  applied,  using 
various  approximations,  to  the  finite-difference  synthetics.  Amplitudes  are  then  compared 
to  the  experimental  results  of  the  previous  section. 

Finite- Difference  Algorithm 

One  of  the  fundamental  problems  with  the  finite- difference  technique  occurs  when  modeling 
a  sharp  interface  between  two  media  with  widely  varying  elastic  constants.  Two  difficulties 
in  particular  arise  when  dealing  with  the  acoustic-elastic  boundary  on  a  non-staggered  grid. 
First,  a  boundary  condition  with  continuous  normal  stress  and  displacement  must  be  ap¬ 
plied.  For  a  non-staggered  grid  this  boundary  condition  must  be  set  up  artificially  by  the 
programmer.  Second,  large  impedance  contrasts  can  cause  large  instabilities  at  the  interface 
rendering  some  results  useless  (Stephen,  1988).  Fortunately,  the  staggered  grid  solves  these 
two  problems  naturally  by  offsetting  horizontal  and  vertical  displacement  grids;  no  explicit 
boundau’y  condition  is  required.  However,  the  boundary  condition  is  not  absolutely  abrupt 
and  is  approximated  over  one  finite  grid  spacing,  allowing  some  averaging  to  occur.  The 
models  in  this  paper  were  created  using  a  stress- displacement  finite-difference  algorithm. 
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This  algorithm  was  adapted  to  an  nCUBE2  multiple  instruction,  multiple  data,  parallel 


processor. 

This  staggered-grid  scheme  is  stable  for  the  high  impedance  contrast,  acoustic-elastic 
boundary  encountered  in  this  study.  First-order  absorbing  boundaries  developed  by  Lind- 
man  (1975)  and  later  introduced  to  geophysics  by  Randall  (1989)  are  implemented.  These 
boundaries  give  reflection  amplitudes  less  then  one  percent  the  incident  wave  amplitude  at 
all  angles  less  then  90°. 

The  synthetic  model  parameters  were  chosen  to  minimize  grid  dispersion.  The  grid  mea¬ 
sures  960  by  813  points  with  a  grid  spacing  of  .375  mm.  The  time  increment  is  approximately 
.03  fis,  where  the  actual  sampled  time  interval  is  .4  fis.  Therefore  the  shortest  wavelength  of 
5.0  mm  is  sampled  with  13  grid  points.  The  smallest  time  period  is  sampled  110  times,  which 
is  well  within  the  stability  limits.  A  windowed  Ricker  wavelet  with  a  0-300  kHz  frequency 
range  and  185  kHz  peak  amplitude  is  used  to  approximate  the  transducer  source  wavelet. 

Numerical  Results 

Figure  6  shows  two  finite-difference  time  slices  of  a  wave  reflecting  from  the  plane-bounded 
block  (Figure  la).  The  grey  scale  plots  vertical  displacement  resulting  from  a  vertical  point 
source  and  is  scaled  to  one-half  the  maximum  amplitude  on  the  grid.  Each  feature  present 
in  the  experimental  data  is  identified  in  Figure  6.  Figure  7  gives  similar  time  slices  for  the 
random  diffraction  grating.  Scattered  energy  takes  the  form  of  large  amplitude  diffractions 
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trailing  the  primary  reflected  wave.  A  large  amount  of  reverberative  energy  trapped  within 
the  block  also  results  from  transmission  through  the  irregular  boundary.  A  few  broken 
multiple  head  waves  project  from  the  primary  reflected  wave  like  faint  spears.  This  suggests 
that  each  groove  acts  as  its  own  secondary  source  for  head  wave  energy,  which  the  remaining 
grooves  quickly  obstruct. 

Figure  2b  presents  the  synthetic  pressure  record  for  the  plane- bounded  aluminum  block 
and  compares  this  with  the  experimental  recordings.  The  synthetic  emphasizes  diffractions 
and  refractions  created  by  the  block  corners,  again  demonstrating  how  a  slope  discontinuity 
C2U1  create  head  waves  and  diffractive  waves.  Figure  3b  illustrates  synthetics  recorded  over 
the  grooved  interface.  Scattered  trends  are  accentuated.  These  trends  aure  similar  to  those 
observed  in  the  experimental  data  with  a  narrow  zone  of  coalescing  diffractions  trailing 
the  primary  reflected  wave.  Lower  amplitude,  backscattered  energy  appears  sloping  toward 
a  laurger  offset.  Figure  8  gives  the  pressure  field  recorded  over  the  same  block,  but  with 
a  volume  source.  The  volume  source,  in  comparison  to  the  vertical  point  source,  creates 
much  greater  backscattered  diffractive  energy  at  a  large  offset.  Note  that,  although  a  three- 
dimensional  spreading  factor  (discussed  below)  has  I  een  applied  to  both  seismograms,  the 
scattered  amplitudes  exhibit  higher  amplitude  than  the  experimental  case.  Two  additional 
first-order  tank  distortions  must  be  applied  to  the  finite-difference  results  before  the  primary 
reflected  and  later  scattered  arrival  amplitudes  can  be  compared  to  the  experimental  data 
of  the  previous  section. 
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A  total  of  three  corrections  applied  to  the  volume  source  synthetics  for  comparison  with 
experimental  data.  Fhe  first  correction  accounts  for  the  transducer  source  radiation  pattern 
and  the  receiver  sensitivity  pattern;  both  vary  strongly  as  a  function  of  inclination.  We 
a.ssume  that  the  energy  contributing  to  the  primary  reflected  amplitude  comes  from  a  small 
zone  about  the  path  that  a  plane-reflected  wave  would  follow.  Each  trace  is  multiplied  by 
a  single  scaling  factor  based  on  the  transducer  source  amplitude  in  the  direction  of  that 
path.  This  geometrical  correction  is  valid  only  in  the  vicinity  of  the  primary-reflected  wave 
as  later  scattered  arrivals  do  not  follow  this  assumed  path.  This  correction  demonstrates 
the  distortion  of  experimental  scattered  arrivals  as  a  function  of  a  ray’s  emergence  from  the 
source.  Notice  that  the  amplitude  of  head  waves  and  the  bottom  of  the  block  reflections  are 
not  properly  corrected  because  these  paths  also  differ  from  the  specular  field.  The  second 
correction,  already  implemented  above,  involves  correcting  the  2-D  synthetic  data  for  3-D 
spreading.  If  the  scattered  wave  travels  exclusively  in  the  water,  multiplying  amplitudes  by 
an  factor  corrects  for  spreading  of  the  specular  wavefield.  In  this  case,  r  is  the  total 

distance  traveled  in  the  water. 

The  third  correction  factor  involves  correcting  for  wavefield  interference  at  the  water’s 
surface.  The  boundary  conditions  at  the  free  surface  give  the  pressure  field  near  the  receiver. 

P  =  exp[— -b  ^7^Jx](exp[^^r^^]  —  exp[— (1) 
assuming  a  plane  incident  wave  with  wavenumber  k  =  (A:,.,  Atj).  Taking  2  to  be  small  the 
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pressure  depends  only  on  vertical  wavenumber  and  receiver  depth, 


f*  oc  |fc|^cos(Q),  (2) 

where  a  is  the  incident  angle  of  the  wave  impinging  on  the  receiver,  measured  from  normal. 
Notice  that  the  pressure  field  goes  to  zero  at  the  surface  as  expected.  This  correction 
is  applied  using  the  geometrical  ray  angle  approximation  summarized  above  for  the  first 
correction.  Expression  (2)  shows  no  amplitude  distortion  at  normal  incidence  but  accounts 
for  one-half  the  wave  amplitude  at  a  60®  incident  angle.  This  corresponds  to  the  last  receiver 
on  the  profile.  Note  that  the  relative  difference  in  amplitude  due  to  scattering  is  not  changed 
(to  first-order)  by  the  above  distortions  in  the  tank  since  the  distortions  appear  as  identical 
multiplicative  factors  in  both  the  scattered  and  the  plane  layer  case  (the  corrections  factor 
out  and  cancel  in  the  relative  difference  calculation). 

It  is  important  to  emphasize  that  the  corrections  implemented  above  apply  only  in  the 
vicinity  of  the  first-reflected  energy.  It  is  difficult  to  determine  the  exact  path  a  scattered 
wave  traverses  in  traveling  from  source  to  receiver.  Therefore,  these  corrections  hold  only 
near  the  specular  field.  Since  finite-difference  avoids  these  distortions,  it  may  be  useful  for 
future  amplitude  analysis.  However,  the  correction  for  spherical  spreading  is  a  good  approx¬ 
imation  only  where  an  unperturbed  wave  travels  exclusively  in  water.  The  3-D  spreading  of 
diffractions  are  also  left  uncorrected.  In  addition,  waves  traveling  through  any  part  of  the 
block,  such  as  the  bottom  of  the  block  reflections,  are  under-corrected. 

Figures  9a  and  9b  show  the  two-dimensional  experimental  AVD  curves  overlaid  on  the 
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corrected  finite-difference  results.  For  a  plane  layer  (Figure  9a)  the  curves  agree  within 
15%  at  most  angles.  In  the  area  of  head  wave  interference,  rapid  changes  in  amplitude 
cause  larger  differences.  Comparing  the  results  for  the  random  diffraction  grating  with 
»  the  synthetics  (Figure  9b),  they  match  very  well  at  wide  angles.  A  larger  disagreement, 

however,  occurs  at  low  incident  angles  where  finite-difference  predicts  greater  then  30% 
•  lower  amplitudes  in  some  regions.  These  differences  may  result  from  rapid  changes  in  the 

transducer  radiation  pattern  and  slight  variations  between  the  filtered  Ricker  wavelet  and 
the  transducer  wavelet.  Figure  9c  shows  the  AVD  signature  predicted  by  finite-difference. 
As  expected,  finite-difference  predicts  5-10%  more  scattering  about  the  lower  incident  angles 
than  experimental  data.  The  synthetics  support  a  maximum  amplitude  change  of  60%  for 
wide  angle  reflections  approaching  60®. 

Discussion 

Ultra.sonic  water  tank  experiments  reveal  that  waves  scattered  from  a  random  diffraction 
grating  can  be  understood  in  terms  of  two  simple  models.  First,  in  the  case  where  the 
incoming  wavefield  travels  perpendicular  to  the  grooves,  scattering  takes  place  in  the  form  of 
i  point  diffractors  and  obstructed  refractions.  Amplitude  variations  relative  to  the  the  control 

case  of  a  plane  reflector  average  about  10-15%  at  lower  incident  angles  (0-20®)  and  rise  as 
high  as  60%  at  angles  greater  than  45®.  Second,  in  the  case  where  the  receiver  array  is  parallel 
to  the  grooves,  scattering  takes  the  form  of  guided  head  waves  and  continuous  diffractions. 
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giving  the  illusion  of  broken  reflectors  at  depth.  The  relative  differences  reach  magnitudes 
similar  to  the  two-dimensional  case  above.  However,  at  a  large  offset  this  difference  takes  the 
form  of  large  oscillations  about  zero  as  multiple  head  waves  intersect  the  primary- reflected 
wave.  Diagonal  to  the  grooves,  scattering  becomes  a  combination  of  trends  identified  in 
the  two  limiting  cases  above,  and  amplitudes  show  an  AVD  signature  similar  to  the  two- 
dimensional  case. 

Finite-difference  modeling  gives  primary  reflected  wave  amplitudes  that  match  experi¬ 
mental  results  to  within  15%  over  most  angles  in  both  the  plane  and  grooved  cases.  However, 
in  some  small  offset  regions  over  the  grooved  interface,  finite-difference  predicted  30-40% 
lower  amplitudes  than  were  observed.  Larger  differences  were  also  observed  due  to  rapid 
variation  in  head  wave  interference  zones. 

Numerical  calculations  have  since  been  carried  out  for  models  with  different  velocities, 
including  cases  where  the  shear  velocity  of  the  solid  is  above  and  below  the  P-velocity  in 
water.  These  show  distinct  trends  in  amplitude  variation  and  have  implications  for  AVD 
analysis.  Further  studies  may  include  the  frequency  analysis  of  diffracted  and  transmitted 
waves  at  the  interface.  In  addition,  the  effect  of  migration  on  reducing  scattered  noise  may 
serve  as  an  interesting  test  for  the  resolving  power  of  techniques  such  as  Kirchhoff  migra¬ 
tion.  Although  this  study  keeps  groove  geometry  constant  to  allow  for  careful  comparison 
with  experimental  data,  further  studies  will  use  more  general,  random  interfaces  to  study 
scattering  amplitudes  and  trends. 
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APPENDIX  A.  ABSORBING  BOUNDARY  CONDITIONS 


The  paxaxial  approximation  to  the  one-way  equation  is  the  foundation  for  absorbing  bound¬ 
aries  on  a  non-staggered  grid.  This  method  is  known  in  electromagnetic  theory  ^ls  the 
Enquist-Majda  absorbing  boundary.  In  elastodynamics  it  is  better  known  as  the  Clayton- 
Enquist  absorbing  boundary.  Unfortunately,  the  second-order  Clayton-Enquist  scheme  is 
unstable  for  our  staggered  differencing  scheme  (when  applied  to  the  displacement  field). 
However,  the  Lindman  boundary  condition  referenced  in  the  text  is  stable  for  a  homoge¬ 
neous  eleistic  medium  represented  on  a  staggered  grid.  Unfortunately,  the  use  of  potentiads 
makes  it  unstable  when  inhomogeneous  boundary  conditions  present.  The  water  tank 
has  water  bounding  all  sides  of  a  solid  object  Therefore,  the  homogeneity  requirement  is 
satisfied  and  only  the  acoustic  portion  c'  the  boundary  condition  is  implemented. 

The  Lindman  absorbing  boundary  condition  attempts  to  adapt  the  one-way  wave  equa¬ 
tion  to  larger  incident  angles,  where  the  paraxial  approximation  breaks  down.  The  one-way 
wave  equation  for  a  wave  traveling  in  the  negative  x  direction  (applicable  to  the  left  grid 
boundary)  can  be  written  as 


cos/"'^*c 


(l>{l,uj)  =  0, 


(3) 


where  0  is  the  angle  between  the  incoming  wavenumber  and  the  normal  to  the  boundary 
surface,  c  is  the  velocity  of  acoustic  medium,  and  kj.  =  u;cosd/c.  Approximating  [cos0]~* 
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by  the  rational  expression 


and  hi  is  now  independent  of  the  angle  of  incidence  and  can  be  applied  to  any  wave  incident 
on  the  boundary.  Lindman  (1975)  calculated  the  constants  that  minimize  the  reflection 
coefficient  over  the  widest  range  of  angles.  Expansion  to  n  =  3  gives  reflection  coefficients 
less  then  one  percent  for  all  incident  angles  less  then  89°.  In  this  caise  the  constants  become 
Q,  =  0.3264,  0.1272,  0.0309  and  A  =  0.7375,  0.98384,  0.9996472.  Once  the  potential  has 
been  calculated,  its  gradient  gives  the  displacement  boundary  value  actually  assigned  to  the 
grid’s  edge. 

Large  amplitude  bursts  from  the  grid  corners  are  almost  always  a  large  problem  in  any 
finite-difference  code.  They  are  also  poorly  documented.  We  note  that  one  stable  scheme 
involves  approximating  equation  A-11  directly  (Sergio  Kostek,  pers.  comm.).  The  left-hand 
side  of  A-4  represents  the  two-way  wave  equation.  We  approximate  the  left  side  with  the 
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one-way  wave  equation  and  set  the  right-hand  side  of  A-4  to  zero, 


-  Cy/{^i)d^hi{T,t)  =  0. 


(7) 


This  is  implemented  with  a  forward  difference  scheme  and  is  good  to  first  order  in  grid 
spacing.  Note  that  the  sign  preceding  the  second  term  in  A-5  changes  for  opposite  corners 
of  the  grid. 


308 


Figure  1:  Two-dimensional  cross-section  of  block  geometry  used  for  ultrasonic  water  tank 
2md  finite-difference  modeling,  (a)  The  control  case  with  an  upper  and  lower  plane 
boundary,  (b)  The  randomly  grooved  interface,  looking  down  the  strike  of  the  grooves. 
The  boundairy  in  both  cases  is  acoustic-elastic. 
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Figure  2;  Seismogram  recorded  10  cm  above  the  smooth  interface  vising  a  small  pinhead 
transducer.  The  record  starts  at  125  microseconds,  truncating  the  direct  arrival.  Am¬ 
plitudes  are  trace  normalized  to  1.0  and  all  recordings  over  the  grooved  interface  are 
scaled  with  this  same  factor,  (a)  corresponds  to  the  experimental  control  case  while  (b) 
corresponds  to  finite-difference  synthetics. 
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Figure  3:  Similar  to  Figure  2  but  for  the  two-dimensional  case  with  the  seismic  line  oriented 
perpendicular  to  the  groove  strike,  (a)  corresponds  to  the  experimental  results  and  (b) 
to  the  finite-difference  synthetics. 


distance  (m) 


distance  (m) 


Figure  4;  Similar  to  Figure  2  but  for  (a)  the  simplest  three-diniensiojial  experimental 
with  the  seismic  line  parallel  to  the  grooves,  aiul  (b)  the  more  romi)lex  experimental 
of  a  seismic  line  oriented  at  45°  with  respect  to  groove  strike. 
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Figure  5:  Wavefield  amplitude  in  the  acoustic  medium  versus  distance  from  the  source  for 
a  primary  reflected  wave:  (a)  Plots  the  experimentally  derived  curves  for  both  the  plane 
interface  and  the  two-dimensional  grooved  surface  along  with  their  relative  difference  as 
a  function  of  incidence  angle,  (b)  is  similar  to  (1),  except  the  curves  are  for  a  seismic  line 
oriented  both  parallel  and  45°  to  groove  strike. 
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Figure  6:  Two  finite-difference  time  slices  showing  flie  vertical  displac('ment  from  a  vertical 
point  source.  The  source  receiver  geometry  is  identical  to  t  hat  of  the  e.xperimental  models 

(Figure  1). 
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Figure  7:  Similar  to  Figure  6,  but  for  the  two-dimensional  random  diffraction  grating. 


315 


distance  (m) 

0.1  0 


ill 


:.M  Mil 


distance  (m) 

<■  0.05  0.1  0.15 

I , . , ,  I . 


Figure  8:  Synthetic  seismograms  for  a  volume  sttun  r  over  (a)  a  Hat  interface  and  (b) 

the  two-dimensional  grooved  interface.  Noli-  t';e  iaige  iin  ieasr  in  backscattered  energy. 
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Figure  9:  Shows  the  comparison  of  finite- difference  amplitudes  (corrected  for  the  experimen¬ 
tal  distortions  with  ultrasonic  tank  results.  The  plane  layer  (a)  and  the  grooved  interface 
(b)  cases  both  match  very  well,  (c)  compares  the  predicted  AVD  curves  predicted  by 
these  finite-difTere-’ce  svnthetics  and  gives  their  relative  difference. 
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ABSTRACT 


The  spatial  energy  density  distribution  in  2-D  random  medium  is  derived  for  a  point  source 
using  the  radiative  transfer  theory.  Synthetic  data  calculated  by  an  exact  discretized  theory 
for  2-D  and  3-D  acoustic  media  are  used  to  test  our  (2-D)  and  Wu’s  (3-D)  radiative  transfer 
theory.  The  results  show  that  the  energy  transfer  theory  gives  reasonable  results  and  allows 
the  separation  of  scattering  effect  from  anelastic  attenuation  in  the  case  of  high  seismic 
albedo  (strong  scattering)  and  sufficiently  large  observation  range  (the  range  must  be  longer 
than  the  extinction  length).  The  2-D  theory  is  applied  to  Rg  data  from  Maine. 

INTRODUCTION 

Energy  losses  of  seismic  waves  can  be  due  to  anelasticity  (frequency  independent  or  fre¬ 
quency  dependent),  or  frequency  dependent  scattering  (Aki  and  Chouet,  1975;  Aki,  1980; 
Toksoz  and  Johnson,  1981;  Sato,  1982,  1984;  Toksozet  al.,  1990;  Campillo,  1990).  The  latter 
is  an  energy  redistribution  process  in  space,  and  is  difficult  to  separate  from  the  anelastic 
attenuation.  If  there  is  no  scattering,  the  energy  intensity  after  geometrical  correction  will 
p.xponentially  decay  in  space  due  to  anelastic  attenuation.  Unfortunately,  scattering  is  strong 
in  the  Earth  at  the  local  scale  (0-100  Km),  especially  in  tectonically  active  arezis,  and  scat¬ 
tering  attenuation  can  make  a  large  contribution  to  the  apparent  attenuation  (Wu  and  Aki, 
1988;  Toksoz  et  al.,  1988).  In  general,  an  exponential  form  will  not  fit  the  data:  because  of 
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scattering,  the  received  energy  near  the  source  may  actually  increase  and  reach  a  maximum 
value,  then  decay  with  distance,  and  will  only  fit  an  exponential  in  the  far  field  (Wu,  1985). 
In  this  case,  the  geometrical-spreading  corrected  energy  distribution  will  have  an  arch  shape 
as  a  function  of  distance,  i.e.,  there  is  an  maximum  at  non-zero  distance  (Figure  1);  and 
is  critically  dependent  on  two  parameters:  extinction  length  (the  distance  over  which  unit 
incident  wave  intensity  is  attenuated  by  due  to  both  scattering  and  anelastic  attenua¬ 
tion)  and  seismic  albedo  (the  ratio  of  extinction  length  to  scattering  length;  the  scattering 
length  is  defined  similarly  to  the  extinction  length).  The  theoretical  formulation  and  plots 
of  this  arch  shape  can  be  found  in  reference  texts  such  as  Ishimaru  (1978).  Wu  and  Aid 
(1988)  were  among  the  first  to  recognize  its  usefulness  in  seismology;  recently  Zeng  et  al. 
(1990)  develop 'd  a  general  theory  of  which  Wu’s  formulation  is  a  special  case.  Theoretically, 
by  matching  ihe  observed  data  with  the  theory,  we  can  uniquely  obtain  the  scattering  co¬ 
efficient  and  absorption  coefficient,  thus  separating  out  the  scattering  effect  in  the  apparent 
attenuation. 

On  of  the  most  effective  methods  of  computing  intensities  in  multiple  scattering  situations 
is  the  radiative  transfer  theory.  The  objective  of  this  paper  is  to  numerically  study  the 
ability  of  this  theory  to  accurately  predict  the  variation  of  intensity  with  distance  in  multiple 
scattering  situations  and  thereby  to  separate  scattering  and  intrinsic  attenuation.  We  extend 
this  theory  to  the  case  of  two  dimensional  wave  scattering.  We  test  this  case  and  the 
three  dimensional  case  of  Wu  (1985)  using  synthetic  seismograms  calculated  for  a  discrete 
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scattering  media  by  an  exact  method  (Peng  et  a’.,  1992).  As  a  practical  example,  we  apply 
the  2-D  transfer  theory  to  Rg  waves  from  a  USGS  refraction  experiment  in  Maine,  U.S.A. 

THE  SPATIAL  ENERGY  TRANSFER  (SET)  THEORY 

In  this  section,  radiative  transfer  theory  is  applied  to  the  problem  of  finding  the  variation 
of  intensity  of  scattered  energy  (coda)  with  distance  from  a  point  continuous  and  isotropic 
source;  we  call  this  Spatial  Energy  Transfer  (SET)  theory. 

For  multiple  scattering  to  be  well  approximated  by  radiative  energy  transfer  theory  re¬ 
quires  that  (Ishimaru,  1978);  (1)  the  locally  modified  far  field  approximation  is  valid,  (2) 
the  correlation  function  of  the  scattered  wave  varies  slowly  with  distance.  Also  we  ignore 
wave  conversion.  Under  these  assumptions,  the  mutual  coherence  function  in  multiple  scat¬ 
tering  theory  is  the  Fourier  transforni  of  the  specific  intensity  in  transfer  theory.  The  great 
advantage  of  the  radiative  transfer  theory  is  that  it  gives  analytical  formulations  that  may 
be  efficiently  calculated.  This  is  an  important  consideration  for  parameter  estimation  or 
inversion,  for  example. 

Below,  we  first  derive  expressions  for  the  2-D  case,  which  has  not  been  treated  in  the 
literatures.  Then  we  test  both  the  2-D  and  3-D  cases  against  synthetic  data  calculated  by 
exact  formulations. 
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Seismic  Wave  Energy  Transfer  in  2-D  Random  Medium 


The  two  dimensional  energy  transfer  equation  can  be  written  in  the  frequency  domain  as 
(Ishimaru,  1978) 

=  -p<7tl{r,s)  +  ^  j^^p{sj)l{r,s)dd  ^  £{r,s)  (1) 

where  /(r,  s)  is  the  specific  intensity,  which  is  the  average  power  flux  density  within  a  unit 
frequency  band  for  a  unit  angle;  p  is  the  number  density  of  the  scatterers  and  will  be  taken 
as  a  constant  because  we  only  deal  with  wave  propagation  in  spatially  stationary  media;  at 
is  the  total  cross  section  of  a  scatterer;  a^  is  the  scattering  cross  section  of  a  scatterer;  p(  J,  s  ) 
is  the  phase  function;  and  £{f,s)  is  the  interior  source.  The  first  term  in  (1)  represents  the 
energy  attenuation  due  to  absorption  and  scattering,  the  second  term  represents  the  energy 
increment  from  other  directions  due  to  scattering,  and  the  third  term  is  the  energy  increase 
due  to  interior  sources. 

To  solve  (1),  we  follow  a  similar  procedure  to  that  ofWu  (1985)  for  the  3-D  case,  assuming 
a  continuous  source  in  time. 

Using  average  intensity  U{r) 

=  (2) 


the  solution  of  ( 1 )  is 


exp{-pat  I  f  -  r'  |) 
2ir  I  r  —  r'  | 


du 


(3) 
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where  dO  =  da/  j  r  —  r'  |  ,  dads  =  dv.  Here  we  have  assumed  no  external  incident  waves 
other  than  the  interior  source. 


For  isotropic  scattering,  p{s,s)  is  constant.  Then 

r 

U{f)  =  f  Go{r-  r')[p(T,U{r')  -f  £{r',s)]dv 

Jv 


(4) 


Here 

^  /..N  exp(-p<Ttr) 

Consider  the  radiation  from  a  point  source  with  power  a,,  i.e., 

£(r-)  =  g<(f-  r')  (6) 

then 

U{f^  =  ^Go(r)  +  p<T,  J  Goir-  r')U{r')dv  (7) 

If  we  denote  by  G(f)  the  intensity  C/(f)  when  the  source  is  located  at  the  origin  with  power 
Po  =  27r,  we  obtain 

G(f)  =  Go(f)  +  per,  f  Go{f~  r')G{r')dv  (8) 

Jv 

Define  pa,  =  rj,,  the  scattering  coefficient,  pat  =  7^,  the  extinction  coefficient.  The  equiv¬ 
alent  lengths  (scattering  length  and  extinction  length)  are  the  reciprocals  of  the  coefficients. 
The  above  equation  can  be  then  written  as 

G(r)  =  Go(r)  Go(f -  r'‘')G(P)du  (9) 

Jv 
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Taking  the  Fourier  transform  in  space,  we  get, 


GiK)  = 


Go{I<) 


l-VsGo{I<) 


(10) 


Inverae  Fourier  transform  yields, 


1  < 


Go{K) 


(27r)2  J.oo  1  -  ri^GoiK) 


—  exp{iK  •  r)dK 


(11) 


It  is  easy  to  find 


Then  we  obtain 


Ga(^)  »  /  Go{f)exp{—iK  ■  f)df=  ■  .  ^ 


1  KJo{Kr) 


-dK 


(12) 


(13) 


Let  Bq  =  the  seismic  albedo;  D*  =  the  numerical  extinction  distance  (Wu, 
1986),  and  define  the  normalized  (meaning  correction  for  geometrical  spreading)  energy 
density  G„(r)  =  27rrG(r),  then 


G 


n(f^  =  dJ 
Jo 


sJojD^s) 

'o  ,/WTl-Bo 


ds 


(14) 


In  an  alternative  form  which  is  numerically  stable  for  computation,  (14)  can  be  decom¬ 
posed  as. 


G„  =  D.BoKo  (Uev/l  -  -Bg)  +  £ 


xJo(x) 


zdx  (15) 


(x2  +  Dl  -  DlBD^x^  +  Dj 
The  first  two  terms  describe  the  energy  decrecise  due  to  scattering  and  intrinsic  attenua¬ 
tion,  and  the  third  term  represents  the  energy  increase  due  to  multiple  scattering. 


Figure  1(a)  shows  the  theoretical  normalized  energy  intensity  curve.  Compared  with  its 
3-D  counterpart  shown  in  Figure  1(b)  (Wu,  1985),  for  the  same  Bq,  Figure  1(a)  decays  with 
distance  more  rapidly  at  large  distance  and  has  a  maximum  at  shorter  distance.  This  is  due 
to  the  loss  of  freedom  in  the  2-D  case  (energy  can’t  arrive  at  the  receiver  from  the  out-of-plane 
direction).  The  shape  of  f?„(r)  is  sensitive  to  the  seismic  albedo  of  the  medium,  especially 
*  for  Bq  >  0.5  (i.e.,  the  scattering  coefficient  is  greater  than  the  attenuation  coefficient).  The 

arch  shape  of  the  energy  transfer  curves  (Figure  1)  is  determined  by  Bq  and  Le  =  ^/Ve- 
By  matching  the  theoretical  curves  with  observations,  one  can  infer  the  seismic  albedo  and 
extinction  length.  Other  parameters  can  be  calculated  by  the  following  two  relationships: 


Ve=Va+  Vs 


Bo 


Vs 

Va+Vs 


where  77^  is  the  absorption  coefficient. 


(16) 


Test  of  Spatial  Energy  Transfer  Technique  (SET) 

Unlike  anelastic  attenuation,  the  scattering  attenuation  is  an  energy  redistribution  in  time 
and  space.  The  wave  energy  is  scattered  by  the  heterogeneities  from  the  propagation  direc¬ 
tion  to  other  directions,  and  may  be  re-scattered  back  to  the  propagation  direction  and  arrive 
at  the  receiver  at  a  later  time.  This  is  expressed  in  Figure  1  by  the  arch  shape  of  the  curves 
at  high  seismic  albedo.  This  observation  can  be  used  to  separate  the  scattering  coefficient 
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from  the  absorption  coefficient  (Wu  and  Aki,  1988;  Frankel  and  Wennerberg,  1987;  Toksbz 
et  al.,  1988,  Hoshiba,  1991). 

The  essence  of  the  spatial  energy  transfer  technique  (SET)  is  to  match  the  energy  intensity 
distribution  in  space  at  a  set  of  frequencies  with  the  theoretical  curves  of  Figure  1 .  The  energy 
intensity  can  be  obtained  by  taking  the  square  of  the  Fourier  transform  of  all  (or  part)  of 
a  seismogram  after  geometrical  correction.  By  using  the  Fourier  transform,  we  turn  the 
transient  source  into  a  continuous  harmonic  source  at  a  practical  frequency.  In  this  section 
we  test  this  technique  using  exact  synthetic  seismograms  calculated  for  discrete  scattering 
media.  We  will  particularly  focus  on  the  estimation  of  intrinsic  Q,  both  because  it  is  an 
important  quantity  in  the  earth  and  because  the  comparison  of  the  model  and  the  estimate 
is  unambiguous. 

2-D  case 

Synthetic  seismograms  are  computed  by  the  method  of  Peng  et  al.  (1992).  The  model  has 
a  constant  velocity  background  with  600  homogeneously  and  randomly  distributed  isotropic 
scatterers  in  a  50  Km  x  50  Km  area.  The  size  of  the  scatterers  is  1/16  of  the  wavelength 
associated  with  the  central  frequency.  The  background  velocity  is  5.0  Km/s,  the  velocity  of 
the  scatterers  is  2.0  Km/s  and  the  intrinsic  Q  is  100.  The  source  time  history  is  the  derivative 
of  a  Gabor  wavelet  with  central  frequency  1  Hz.  Figure  2  shows  one  of  the  eight  sections  of 
complete  synthetic  seismograms,  together  with  the  scattering  contributions.  After  Fourier 
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transform  of  whole  seismogram  being  taken,  an  average  is  performed  over  receivers  that  are 
located  at  a  given  radius  around  the  source  to  get  a  statistically  reasonable  data  set  for  the 
SET  technique. 

'  Figure  3  shows  the  measured  intensity  (hereafter  called  numerical  intensity)  and  best 

theoretical  fit  in  the  frequency  band  0. 6-2.6  Hz.  Generally  the  fit  is  very  good  except  at  2.6 
•  Hz,  where  the  source  energy  is  very  small. 

Table  1  lists  the  estimated  seismic  albedo  Bq,  extinction  length  scattering  length 
/.,,  absorption  length  La,  intrinsic  Q  and  the  error  in  Q  estimation.  The  SET  technique 
shows  a  resisonable  ability  to  separate  the  scattering  effect  from  intrinsic  attenuation  at  high 
frequency.  It  underestimates  the  anelastic  Q  at  low  frequency,  probably  because  in  this  case 
the  extinction  length  is  close  to  or  larger  than  the  maximum  source  receiver  distance  and 
the  shape  of  the  normalized  energy  intensity  curve  is  insensitive  to  the  seismic  albedo  and 
extinction  length  (or  trade-off  between  these  two  parameters).  The  seismic  albedo  estimated 
by  SET  in  this  case  increases  with  increase  of  frequency,  and  the  extinction  length  and  the 
,  scattering  length  decrease  with  increase  of  frequency  with  negative  power  slightly  greater 
than  1.  This  probably  means  that  the  derived  parameters  are  tending  to  the  correct  answer 
at  high  frequencies  -  the  scattering  length  is  expected  to  be  constant  with  frequency  for  point 
scatterers  (Dainty,  1981) 
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S-D  case 


The  model  and  physical  parameters  chosen  for  synthetics  (Peng  et  al.,  peng)  is  similar  to 
the  2-D  case  except  in  the  3-D  case  600  scatterers  are  randomly  distributed  in  a  volume  of 
50  X  50  X  50  Km^.  The  fraction  of  volume  occupied  by  scatterers  is  much  smaller  than 
the  fraction  of  area  in  the  2-D  case.  Thus  the  multiple  scattering  is  correspondingly  much 
we2dcer.  Figure  4  shows  the  numerical  intensity  from  the  synthetics  and  its  best  theoretical 
fit  by  Wu’s  3-D  formulation  of  SET  theory  (Wu,  1985;  Wu  and  Aki,  1988)  in  the  frequency 
range  between  0.6-2.6  Hz  for  3-D  acoustic  wave  scattering.  Table  2  lists  the  estimated 
parameters,  L*,  i,,  La  and  estimated  intrinsic  Q  as  well  as  the  error  in  intrinsic  Q 
estimation.  Again  the  SET  technique  gives  a  reasonable  separation  of  intrinsic  attenuation 
and  scattering  attenuation  at  high  frequency.  The  problem  of  the  extinction  length  being 
close  to  the  source- receiver  separation  (aperture  of  observational  array)  is  particularly  evident 
in  this  case  -  good  estimates  of  the  extinction  length  are  probably  only  being  acquired  at 
the  high  frequencies. 

Summary 

These  two  numerical  tests  show  that  the  Spatial  Energy  Transfer  (SET)  technique  has  a 
reasonable  ability  to  separate  the  scattering  attenuation  and  anelastic  attenuation  for  certain 
combinations  of  the  seismic  albedo  and  extinction  length.  In  the  case  of  strong  scattering 
{Bq  ^  0.5,  the  2-D  case),  the  quality  of  parameter  estimation  as  indicated  by  estimation 
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of  intrinsic  attenuation  is  good  provided  that  the  aperture  of  seismic  array  is  significantly 
greater  than  the  extinction  length.  In  the  case  of  weaker  scattering  {Bq  <  0.5,  the  3-D 
example),  the  seismic  albedo  decreases  with  increase  of  frequency,  and  the  estimation  of 
parameters,  as  shown  by  the  case  of  intrinsic  Q,  is  subject  to  larger  error  due  to  insensitivity 
or  trade-off  in  the  SET  technique.  In  this  case,  no  maximum  exists  anywhere. 

USGS  REFRACTION  DATA  IN  MAINE 

We  test  the  usefulness  of  the  SET  technique  by  applying  it  to  some  observed  data.  The  data 
comes  from  a  refraction  survey  conducted  in  Maine  by  the  USGS;  a  complete  description  can 
be  found  in  Murphy  and  Luetgert  (1986,  1987).  We  use  only  a  subset  of  the  experimental 
data  shown  in  Figure  5  after  1-10  Hz  bandpass  filtering  and  10  second  time  windowing.  This 
data  has  previously  been  interpreted  by  Reiter  et  al.  (1988)  and  Toksoz  et  al.  (1988).  In  this 
data  set,  the  Rg  phase  is  particularly  well  recorded,  and  is  very  suitable  for  the  application 
of  our  2-D  SET  technique.  We  intend  to  compare  the  attenuation  estimates  by  the  SET 
technique  to  those  of  Reiter  et  al.  (1988)  and  Toksoz  et  al.  (1988).  We  also  obtain  other 
parameters  which  cannot  be  determined  by  the  methods  used  before. 

Shown  in  Figure  6  is  the  measured  energy  intensity  (black  circles)  and  the  best  fit  by  our 
2-D  energy  transfer  theory  (empty  triangles)  in  the  frequency  range  2.0-5. 5  Hz.  Generally 
the  fit  is  good  with  the  correlation  coefficient  greater  than  0.80.  Table  3  lists  the  estimated 
seismic  albedo,  extinction  length,  scattering  length,  absorption  length,  and  apparent  and 
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intrinsic  Q.  It  should  be  noted,  however,  that  scattering  of  Rg  to  body  waves  (P  or  S) 
could  appear  as  intrinsic  attenuation,  since  this  type  of  wave  conversion  is  not  included 
in  our  theory.  The  seismic  albedo  is  less  than  0.5  except  at  2.5  and  3.0  Hz,  suggesting 
the  scattering  effect  is  weak  compared  to  the  intrinsic  attenuation  for  this  data,  thus  the 
exponential  formulation  used  in  Reiter  et  al.  (1988)  and  Toksoz  et  al.  (1988)  is  applicable. 
This  contrasts  with  the  2-D  synthetic  case  where  scattering  is  very  strong,  but  is  similar 
to  the  3-D  case.  The  extinction  length  decreases  with  frequency.  Based  on  our  experience 
with  the  synthetic  examples,  parameter  estimation  will  certainly  be  worse  at  low  frequencies 
due  to  the  extinction  length  being  of  the  same  order  as  the  observation  distance.  At  high 
frequency  (above  3  Hz),  the  attenuation  (extinction)  Q~^  (sohd  circle)  agrees  well  with  that 
estimated  by  Toksoz  et  al.  (1988)  (open  circle)  as  shown  in  Figure  7a,  while  it  is  not  true 
for  points  associated  with  low  frequencies.  Figure  7b  shows  the  intrinsic  attenuation  as  a 
function  of  frequency;  the  high  frequency  portion  can  be  fitted  by  a  power  law  with  a  power 
index  C  ^  0.90.  This  is  larger  than  that  predicted  by  the  fluid  flow  relaxation  model  (0.5, 
Toksoz  et  al.  1988)  but  does  indicate  frequency-dependent  attenuation.  We  also  have  not 
considered  depth-dependent  attenuation  properties  in  this  study,  as  was  done  by  Toksoz 
et  al.  Because  of  the  large  error  of  the  SET  technique  in  separating  scattering  effect  from 
intrinsic  attenuation  at  low  frequency,  the  low  frequency  portion  in  Figure  7b  is  least  reliable 
and  does  not  fit  the  power  law. 


330 


SUMMARY  AND  CONCLUSIONS 


In  this  paper,  we  have  extended  the  energy  transfer  theory  to  2-D  wave  scattering  and  given 
two  numerical  studies  of  the  SET  technique.  We  have  applied  this  technique  to  the  USGS 
refraction  data  in  Maine  to  study  the  attenuation  of  the  Rg  wave  and  compared  our  results 
with  previous  work.  Summing  up, 

•  Numerical  tests  show  that  the  Spatial  Energy  Transfer  (SET)  technique  has  a  reason¬ 
able  ability  to  separate  the  scattering  attenuation  and  anelastic  attenuation  at  high 
albedos  and  extinction  lengths  shorter  than  the  observation  range. 

•  The  2-D  energy  transfer  theory  fits  the  field  data.  The  attenuation  estimated  by  the 
SET  technique  in  the  Maine  data  is  consistent  with  the  results  obtained  by  other 
methods  at  high  frequency. 
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Table  1:  Estimated  parameters  by  matching  the  synthetic  and  theoretical 
energy  transfer  in  space  in  2-D  case 


i|  Freq.(Hz) 


Bo 


Lf  (Km) 


L,{Km) 


La(Km) 


Intrinsic  Q 


True  Q 


Error 


0.6 


0.80 


12.33 


15.42 


61.66 


46.50 


100 


53.50% 


I  0.8 


0.75 


13.67 


18.63 


51.25 


51.52 


100 


48.48% 


1.0 


0.83 


8.67 


10.40 


52.00 


65.43 


100 


34.57% 


1.2 


0.85 


6.33 


7.48 


41.30 


62.30 


100 


37.70% 


1.4 


0.89 


5.00 


5.60 


46.87 


82.46 


100 


17.54% 


1.6 


0.89 


4.33 


4.87 


39.39 


79.21 


100 


20.79% 


1.8 


0.90 


3.33 


3.68 


35.72 


80.78 


100 


19.22% 


2.0 


0.93 


3.17 


3.42 


43.18 


119.38 


100 


19.38% 


2.2 


0.92 


3.00 


3.23 


40.90 


113.10 


100 


13.10% 


2.4 


0.89 


3.50 


3.93 


31.82 


95.96 


100 


4.04% 


2.6 


0.92 


3.00 


3.23 


40.91 


133.66 


100 


33.66% 


Qs 

Qa 

Q 

Q~^ 


uj  L  s 

V 

L  a 

V 

W  Z/  e 

V 


where  v  is  velocity  and  u  is  angular  frequency. 
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Table  2:  Estimated  parameters  by  matching  the  synthetic  and  theoretical 
energy  transfer  in  space  in  3-D  case 


Freq.(Hz) 

mm 

L,  (Km) 

La{Km) 

Intrinsic  Q 

True  Q 

Error 

0.6 

0.87 

8.67 

9.96 

66.67 

50.26 

200 

74.87% 

0.8 

0.88 

8.67 

9.85 

72.22 

72.60 

200 

”63.70% 

1.0 

0.79 

16.66 

21.18 

78.13 

98.17 

200 

mom 

1.2 

0.74 

28.00 

37.67 

109.10 

164.50 

200 

17.75% 

1.4 

0.62 

43.01 

70.18 

132.28 

200 

33.86% 

1.6 

0.66 

18.00 

27.14 

53.46 

107.50 

200 

46.25% 

1.8 

0.61 

16.33 

26.77 

41.88 

94.73 

200 

52.64% 

2.0 

0.54 

30.33 

57.59 

64.08 

161.06 

200 

19.47% 

2.2 

0.66 

18.00 

27,13 

53.46 

147.81 

200 

26.10% 

2.4 

0.45 

34.67 

76.47 

63.42 

191.25 

200 

4.38% 

2.6 

0.46 

29.67 

64.49 

54.94 

179.50 

200 

10.25% 

Table  3:  Estimated  parameters  by  matching  the  observed  (Rg)  and  theo¬ 
retical  energy  transfer  in  space{USGS  Refraction  Data  in  Maine. 1986) 


Freq.(Hz) 

le  (Km) 

X,(Km) 

i.a(Km) 

Apparant  Q 

Intrinsic  Q 

2.0 

0.45 

14.33 

32.09 

25.90 

76.63 

138.52 

2.5 

0.65 

9.33 

14.43 

26.42 

63.17 

178.85 

3.0 

0.7^ 

QTQIIIII 

5.33 

16.00 

32.64 

130.56 

3.5 

0.18 

22.20 

4.88 

38.25 

46.64 

4,0 

0.25 

2.68 

10.52 

3.57 

29.14 

39.03 

4.5 

0.13 

QQjmin 

23.07 

3.45 

36.88  1 

42.39 

5.0 

0.36 

ESsSlHI 

8.33 

4.68 

40.97 

64.02 

0.05 

OQumiii 

75.00 

4.23 

60.10 

63.49 
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20  Theor«ticdl  Energy  Intensity  Curve 


Figure  1: 
curve: 


(b) 


30  Theoreticdl  Energy  Intensity  Curve 


Theoretical  normalized  (i.e.,  corrected  for  geometric  spreading)  energy  intensity 
(a)  2-D  case,  (b)  3-D  case. 


MULTIPLE  SCATTERING 
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Figure  2:  Sjmthetic  whole  waveforms  (a),  total  scattering  contributions  (b),  multiple  scatter 
ing  contributions  (c)  and  single  scattering  contributions  (d)  along  a  cross  section  through 
the  point  source. 
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Nurwitiurd  encrsj'  inlrnMiy  Noraulucd  entrgy  inlriuity 
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Figure  4,  continued. 
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Figure  5:  A  subset  of  the  USGS  refraction  data  in  Maine  after  1  10  Hz  bandpass  filtering 
and  moveout  correction  of  the  first  arrival.  The  source- receiver  distance  ranges  from  1 LO 
km  to  30.0  km.  Also  shown  here  are  two  original  traces  at  10  km  and  1.5  km  offsets.  The 
dominant  phase  here  is  Rg  wave. 
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Figure  6:  The  measured  Rg  intensity  and  its  best  theoretical  fit  by  the  2-D  radiative  energy 
transfer  theory.  Frequencies  range  from  2.0  Hz  to  5.0  Hz. 
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Figure  6,  continued. 
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Figure  7:  (a)  Apparent  attenuation 
Toksoz  et  al.  (19S8)  (open  circle 
the  fit  by  a  power  law  model  onl 
at  low  freqnep'  V  nf'f  fit  the  p 


Frequency  (Hz) 
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estimated  by  the  SET  technique  (black  circles)  and  by 
s).  (b)  Estimated  intrinsic  attenuation.  The  solid  line  is 
y  for  the  high  frequencies.  The  highlighted  three  points 
lower  law. 
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